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Structure of the Set of Norm-attaining
Functionals on Strictly Convex Spaces

Ondrej Kurka

Abstract. Let X be a separable non-reflexive Banach space. We show that there is no Borel class which
contains the set of norm-attaining functionals for every strictly convex renorming of X.

R. Kaufman proved in [3] that every non-reflexive Banach space admits an equiv-
alent norm such that the set of norm-attaining functionals is not Borel. He also
observed that the set of norm-attaining functionals is Borel in the case that the space
is separable and strictly convex. G. Debs, G. Godefroy, and J. Saint Raymond asked
in [1] whether there exist strictly convex norms with the set of norm-attaining func-
tionals of arbitrarily high Borel class. We answer this question affirmatively in Theo-
rem[]}

Let (X, - ||) be a real normed linear space. We denote by Bx and by Sx the
closed unit ball and the unit sphere of X and we recall that the set of norm-attaining
functionals with respect to the norm || - || is

NA(| - ) = {f € X* : 3x € Bx(f(x) = || f}-

The main result follows. Its proof is given at the end of the paper.

Theorem 1 Let X be a separable non-reflexive Banach space and ow < wy. Then there
exists an equivalent strictly convex norm || - ||| on X such that NA(||| - ||) is not of the
additive Borel class c.

Of course, it is not essential whether we consider additive or multiplicative class.

One of the ingredients of our construction of the new unit ball is the following
result of R. Kaufman. By the Baire space we mean the countable topological product
NN of natural numbers endowed with the discrete topology.

Proposition 2 ([3],[4]) LetY be a closed linear subspace of a Banach space X. IfY is
not reflexive, then there exists a continuous mapping 1p: NN — By such that
(i) if Am)men is a sequence of probability measures on N such that the integrals
le\ Y dy,, m € N, belong to a compact subset of Y, then the sequence (Am)men
is uniformly tight, i.e., for every € > 0, there is a compact set K C N such that
Am(K) > 1 — ¢ for all m,
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(ii) if F € NN is closed, o: F — X is a continuous mapping with o(F) relatively
compact and 0 denotes |p + g, then, for every x € COO(F), there is a probability
measure \, on F such that

x = / 0d,.
F

In fact, (ii) is a consequence of (i). Since the mappings are continuous and N" is
separable, it is not essential whether the integrals are understood in the Pettis or in
the Bochner sense. We do not distinguish the Baire space and the Polish space of all
infinite sets of natural numbers (denoted by J in [3] and by ¥ in [4]), because they
are homeomorphic (the topology on the space of all infinite sets of natural numbers
is induced by the topology on 2V).

The proof of the following proposition is given in the form of a series of claims.
There are some connections between it and the main result from [4] (more details
are discussed in Remark|[g]).

By an analytic set we mean a continuous image of a Polish space F (i.e., separable
completely metrizable topological space). By [5, Theorem 7.9], we can consider F to
be a closed subset of NIV,

Proposition 3 Let X be a non-reflexive Banach space and ¢, ¢ € X* be linearly
independent. Let M C [0, 7/2] be analytic and dense in [0,7/2]. Then there is an
absolutely convex closed bounded set R C X such that, for everyt € [0, 7/2], (cost)p+
(sint)¢ has the supremum 1 on R, and it is attained if and only if t € M.

Since M is analytic, there are a closed subset F of NV and a continuous mapping
p: F— [0,7/2] such that p(F) = M.

Notation 4 We denote
Y = Ker ¢ N Ker ¢.

The space X can be viewed as
X=Y ®R?

where
p(0;1,0) =1, ¢(0;0,1) =0,
#(0;1,0) =0, ¢(0;0,1) =1
(fory € Y,r,s € R, we use (y;71,s) instead of (y, (r, s)) ). We put
u, = (cost)p + (sint)¢ fort € [0,27).

Since X is not reflexive, Y is not reflexive, too. Let ): N¥ — By be as in Proposition2l
We define

0(n) = (1(n)scos p(n),sinp(n)) forn € K,
P=0(F), R=co(PU(-P)).

Further on, we consider the Euclidean norm on R"(n = 2, 3) and we denote it by | - |.
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Claim 5 Let R’ besuchthatP C R’ C Y X Bge. Ift € [0,7/2], then u; has the
supremum 1 on R’, and it is attained if t € M.

Proof For x = (y;rcosa,rsina) € Y x Bg:, we have u;(x) = r(cosacost +
sinasint) = rcos(ae — t) < 1. Since R” C Y X Bge, the inequality sup u,(R") < 1
holds. On the other hand, for n € F, we have () € P C R’ and u,(6(n)) =

ut(d)(n); cos p(n), sin p(r])) = cos p(n) cost + sin p(n) sint = cos(p(n) — t) . The
inequality sup u,(R") > 1 follows from the fact that M = p(F) is dense in [0, 7/2].

Now, lett € M = p(F). Forn € p~'(t), we have (1) € P C R’ and u,(9(7))) =
U (1/)(7)); cos p(n), sin p(n)) = cos?t+sin’t=1= sup u;(R'). [ ]
Claim 6 Lett € [0,2m).
(a) Ifx € CoP satisfies u;(x) > 1, then x € 06 (p~'(t)).
(b) Ift ¢ M, then u,(x) < 1 for every x € COP.
Proof (a) Clearly, the image of the mapping p: € F — (0; cos p(n), sin p(n)) is

relatively compact. By the choice of ¢ and P, there is a probability measure A, on F
such that x = [, 6 d\,. We obtain

1<) = [ u(60m)
F
= /(cos p(n) cost + sin p(n) sin t) d\,
F

= /cos(p(n) — t) dX,,
F
and thus )\x({n € F:cos(p(n) —t) = 1}) = 1. Since p(n) — t € (—2m, /2]
forn € F, cos(p(n) — t) = 1is the same as p(n) = t, ie,n € p~(t). We get
x= fFGd)\x = fp,l(t) 0d\, € Ee(p_l(t)).

(b) Ift ¢ M = p(F), then %G(p’l(t)) is empty. Considering (a), we see that
u;(x) < 1 for every x € coP. [ |

Claim 7 (a) RN (Y X S][RZ) = (ﬁPU (*EP)) N (Y X SJR@)-
(b) Ift € [0,7/2] \ M, then u,(x) < 1 foreveryx € R.

Proof Fort € [0, 7), we prove the implication
(1) x€R&u(x)>1 = x¢€CcolP.

Lett € [0,7), x € Rand u(x) > 1. We denote m = min{0,cost} > —1 and
M = sup,. . pllz|| < oo. Lete > 0 be arbitrary. There are a,b € coP and A €

[0, 1] such that ||x — (1 — Na — A(=b)|| < e. Forn € F, we have ut(ﬂ(n)) =
Mt(1/J(77); cos p(n), sin p(n)) = cos p(n) cost + sin p(n) sint = cos(p(n) — t) , and
thusm < u,(6(n)) < 1,because p(n)—t € [—t,7/2]. It follows that m < u,(a) < 1
and m < u,(b) < 1. We compute 1 < u(x) < ut((l —Na + /\(—b)) + ||luelle <
(I = A) —Am+ ||u]le. So A < |Jue]le/(1 + m) and dist(x,coP) < ||x —a|| <
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e+lla—(1—=XNa—A=b)| < (1 + 2||ue || M/ (1 + m)) €. Since € > 0 was arbitrary,
we obtain x € ¢oP, and (I is proved.

(a) It is enough to prove the inclusion R N (Y X Sg2) C coP U (—coP). Let
x € RN (Y x Sg2). For some y € Y and t € [0,27), we have x = (y;cost,sint).
We have u,(x) = cos*t + sin’t = 1. Ift € [0, 7), then () says that x € CoP. If
t € [m,2m), then (d)) says that x € —COP because u;_(—x) = —u;(—x) = u;(x) = 1.

(b) Lett € [0,7/2] \ M and x € R be such that u,;(x) > 1. Then () says that
x € coP, which is a contradiction with Claim[6lb). |

Now, Proposition Bl follows from Claim[5land Claim[Z(b).

Remark 8. (a) Ife > 0 is small enough, then ¢6(R U Bx) has the same property as
R. Taking ||| - [|| as the norm which has €6(R U eByx) for its unit ball, we get a norm
such that, for every t € [0,7/2], (cost)p + (sint)¢p € NA(|| - |||) if and only if r € M.
Considering M C [0, 7/2] to be dense, analytic and non-Borel, we obtain the result
from [3].

(b) Proposition 3] (and also Proposition[@below) can be generalized as follows.

Let (X, || - ||) be a non-reflexive Banach space and let 1, pa, . ..,y € X* be lin-
early independent. Let M C co{py, ..., @, } be analytic. Then there is an equiv-
alent norm ||| - || on X such that, for every f € co{p1,...,0u}, f € NA(||-|I) if
and only if f € M.

Assuming that M is dense in co{¢1,..., .}, we can prove this in a similar way
as Proposition Bl In the general case, we realize that M U (co{¢1, ..., ©u, @ns1} \
co{@1,...,u})isdensein co{y1, ..., ©n, Pni1}, where @, € X* is chosen so that
©1y - -+ s ©n, Pu1 are linearly independent.

(c) In [1], the authors also ask whether every separable non-reflexive Banach
space with separable dual admits a Fréchet smooth norm such that the set of norm-
attaining functionals is not Borel. This question is answered affirmatively in [4].
There is a simple way how to give the positive answer with use of Proposition
We can proceed as follows. Let X be a separable non-reflexive Banach space with
separable dual. We choose M C [0,7/2] to be analytic, non-Borel and dense in
[0,7/2] and ¢, ¢ € X™* to be linearly independent. As M is not Borel, it is enough to
find an equivalent Fréchet smooth norm || - ||| on X such that, for every ¢t € [0, 7/2],
(cost)p + (sint)p € NA(J|| - |||) if and only if t € M.

By [2, Theorem I1.2.6], there is an equivalent norm || - || on X such that the dual
norm ||-|| is l.u.r. on X*. Also, there is an equivalent norm ||-||” on X such that the dual
norm || - ||’ is Lu.r. on X*, too, and, for every t € [0, 7/2], (x,)sen is convergent in X
whenever ||x,||” < 1forn € Nand ((cost)go-i—(sin t)(b) (%) — |[(cost)p+(sint)g||’.
Indeed, this can be shown for the norm ||(y;7,5)||” = |(||y]l,7,5)|, (731,5) € Y x R?,
where Y is as in Notation[4

Let R be as in Proposition Bl We define ||| - || to satisfy

Bocji-my = By + R
For u € X*, we have ||ul| = |lul|" + sup,cp u(x). From here, it can be shown that
I - Il is Lu.r. on X*. Consequently, || - ||| is Fréchet smooth [2, Proposition II.1.5]. It is
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straightforward to check that, for every ¢ € [0,7/2], (cost)p + (sint)d € NA(|| - |II)
ifand only if+ € M. So the norm ||| - ||| works.

(d) In fact, this method is a simple analogy of the method from [4]. Our method
allows us to choose which analytic subset of an arc will be the intersection of this arc
with the set of norm-attaining functionals. In [4], these functionals are chosen from
a considerably greater set. The following was proved.

If X is a separable non-reflexive Banach space with separable dual, then there is
a set H C X*, homeomorphic to the Hilbert cube [—1,1]V, such that, for every
analytic subset M of H, there is an equivalent Fréchet smooth norm || - || on X
such that HNNA(| - |||) = M.

In this case, to find the norm corresponding to our norm || - ||’ (mentioned in (c)) is
much more complicated. One of the reasons is that the analogy of our space Y above
has infinite codimension, and thus it does not have to be complemented.

Proposition 9 Let (X, || - ||) be a strictly convex non-reflexive Banach space and let
0, ¢ € X* be linearly independent. Let M C [0, /2] be Borel and dense in [0, 7/2].
Then there is an equivalent strictly convex norm || - || on X such that, for every t €
[0,7/2], (cost)p + (sint)p € NA(|| - |||) if and only ift € M.

The proof of the proposition is also given in the form of a series of claims.

Since M is Borel, there are a closed subset F of NN and a one-to-one continu-
ous mapping p: F — [0, 7/2] such that p(F) = M [5, Theorem 13.7]. We define
Y,u, 1,0, P, R as in Notation[d Clearly, Claims BHZ hold. The condition that p is
a one-to-one mapping makes the situation more concrete and allows us to improve
some of them.

Proof It is enough to prove (coP) N (Y x Sgz) C P because the other inclusion is
obvious. Let x € (coP) N (Y x Sg:). Thereare y € Y and ¢ € [0, 27) such that x =
(y;cost,sint). We have u;(x) = cos? t+sin t = 1. By Claim[8(a), x € @06 (p~' (1))
Let 1) denote the only element of p~!(t). We obtain x € cof( p~'(t)) =co{b(n)} =
{o(m} c P. u

Proof It follows immediately from Claims[I0land[Z(a). ]

In the proof of the following claim, we need a continuous function f: [0,2] X
[0,1] — [0, 1] with properties
(@) f(x,y) <1—yfor(x,y) € [0,2] x [0,1],
(b) f(Aa+(1=N)b) > Af(a)+(1—N)f(b) fora,b € [0,2]x[0,1),a # b, X € (0,1),
(¢) f(x1,y) > f(x2,y) whenx; < xpand y < 1, f(x,y1) > f(x, y2) when y; < y,.
An explicit example of such a function is
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It is easy to check that the partial derivatives of f are negative on [0,2] x [0, 1) and
that

O*f 2 [s_l—yrr_lz

8(r,s)2(x’y):_6fx 6—x 3%

which is negative on [0, 2] x [0, 1) (by %(x, ¥) we mean the second derivative of
f at (x, y) in the direction (r, s)). '

Claim 12 There is a continuous function p: 2By X Bg: — [0, 1] with properties

(@) p(y;r,s) < 1—|(r,s)| for (y;1,5) € 2By X Bpe,

(b) p()\a + (1 — )\)b) > Ap(a) + (1 — N)p(b) fora,b € 2By X (Bg: \ Sg2), a # b,
Ae(0,1),

(¢) p(x) = p(—x) for x € 2By X Bpa.

Proof We put

P()/) 7 S) = f(Hy”? ‘(ra S)Dv (yy L8 S) € 2BY X B]R{Z'

Properties (a) and (c) are obvious, let us check (b). Let (y1,21), (¥2,22) € 2By X Bpe,
r1,21) # (y2,22), |z1] < 1, |z2] < 1, A € (0, 1). We need to check the inequality

FUY + @ =gl Az + (1= Nza) > Af (Il |zi]) + @ =N f([lyall, |2]) -

If [yill # [lyall or |21 # |z], then f([Ayr + (1 = Myall, Az + (1 = Nzl) >
Sl +@=Myall, Mz + (1= Nlzal) > Af(yalls [z + (1 =X flyall, 22D
by the properties of the function f. If ||y1|| = ||y2|| and |z1| = |z|, then, by the
strict convexity of || - ||, | - | and by (y1,21) # (¥2,22), we have ||[Ay; + (1 — My <
Myl + @ = NIyl or [Azi + (1 = Nza| < Alzi| + (1 — N)|z2], and thus f([|Ay; +
(1= Nyl Az + (1 = Nzf) > F(Alyill + @ = V2l Azl + (1= Nz]) =
AMlyall lzeD) + @ =) flyzll, 2] u

Let us take the function p from Claim[12} We denote

17,20 = max{[ly[l, |2}, (r,2) €Y @R,
Bix,r)={(y,2) €EYBR*: |x — (5,2)]|looc <7}, XxEY DR r>0.

We choose a sequence of positive numbers (&;);en such that
oo oo 1
ZE{SI, H(1*€i)>0, lim—Za:l,
i=1 i=1 n i
and define

Ry=R, R,= | B(xepx), neN, Re= Ru
XER, n=0

It is easy to verify by induction that R, C (1 + Z?:l €;)By X B2, and thus R,,,n € N,
are well defined. Besides this, the sets R,,, n € N, are absolutely convex.
Further on, by dist we mean the distance with respect to || - || oo-
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Claim 13 R, N(Y X Sgz) = PU (—P).

Proof Using Claim[IT] we have PU (—P) = RN (Y X Sgz) C Roo N (Y X Sg2). It is
enough to show thatif (y,z) € Y X Sge and (y,z) ¢ R, then (y,z) ¢ Roo.

Let (y,2) € (Y x Sg2) \ R. We denote d = dist((y,2),R) . As (y,z) ¢ Rand Ris
closed, d > 0. Let n € N. Given x = (y’,2’) € R,y and (y",2"") € B(x,e,p(x)),
we have

//72//)”00

15",2") = (1, Dlloe 2 [Ix = (5, 2lloc — [l = (¥
2 [lx = (7, 2)loc — €np(x)
> [lx = (7,2 lloe — &n(1 = |2])
= [lx = (5,20 — enllz] — [2])
> [lx = (7, 2)]|oo (1 = £4).
It means that dist((y, z), B(x, enp(x))) >(1—¢,)|x—(y,2)||o forevery x € R,,_;.

By the definition of R, dist( (y, z),Rn) > (1 —¢g,) dist((y7 z),Rn_l). By an easy
induction argument,

dist((y,z),Rn) >d[[1—¢€), n=0,1,...,

i=1

dist((y,2). Ro) = dT[(1— &),
i=1

So (y,z) ¢ Ru by the choice of the sequence (¢;);en. [ |

Claim 14 If a, b are two distinct points of R, then Aa + (1 — A\)b is an element of
the interior of R for every A € (0, 1).

Proof Given sucha, b, A, we denote x = Aa+(1—\)b. Let us realize that x ¢ Y X Sge.
Assume that x € Y X Spa. Since a,b € R, C Y X By, there is z € Sy such that
a,b €Y x {z}. By Claim[I3] we have a, b € P U (—P). By the definition of P and by
the fact that p is a one-to-one mapping, the set (P U (fP)) N (Y x {z}) has at most
one element. Thus a = b, which is a contradiction.

Sox €Y X (Bge \ Sgz). We may suppose that a,b € Y X (Bg: \ Sg:), too (we may
take (1/2)(a + x), (1/2)(b + x) instead of a, b). We have

plx) = p()\a +(1— )\)b) > Ap(a) + (1 — A)p(b).
We choose 1’ > r > p(a) and s’ > s > p(b) such that
p(x) > Ar' + (1 — N\)s'.

Since p is continuous, we can choose u > 0 and v > 0 such that p < r on B(a, u)
and p < son B(b, v). Let us prove that, for n € N,

dist(a, R,) > min{u — &, dist(a,R,—) — re, }.
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If y € Ry—y \ B(a,u) and z € B(y,e4p(y)), then |ja — z|oc > [la — ylloc — Ily —
Zlloo = U —eup(y) > u—e, Ify € Ry_y NB(a,u) and z € B(y, Enp()/)), then
la—zlloo = lla—yllooc — |y — 2||co > dist(a, R,—1) —e,p(y) > dist(a, R,—1) — re,.

Now, since dist(a, R,,) — 0 and u—e, — u > 0, there is ny such that dist(a, R,,) >

dist(a, R,—1) — re, for every n > ng. For n > ny, we have
dist(a, R,) < dist(a, Ry41) + eyt

oo
< dist(a, Ryy2) +1ep1 + 162 < - <1 Y0 €
i=n+1

oo

By the same way, we can find mq such that dist(b,R,) < s) .= . & for n > my.
We put N = max{ny, mg} and, for every n > N, we choose a,, b, € R, such that
la = aulle < "> 6 and [[b — bylloc < s">°°,, €. Forn > N, we put
X, = Aay + (1 — A\)b,,. Since p is continuous, we have p(x,) — p(x). Since

M+A =N 1 = '+ (1= N)s’
_ g — ——— < 1,
pxn) En+l i:zn-:i—l p(x)

we can choose n > N such that ()\r' +(1— )\)s’) S & < p(x4)Ens1. We have

i=n+l

[ = Xnlloo < Alla = anlco + (1 = N6 — byl

<A A=) D & < plen)en.

i=n+l
So x is an element of the interior of B (xn, Entl p(xﬂ)) , whichis a subset of R,,;;. M

Claim 15 Ift € [0,7/2], then u, attains its supremum on Ry if and only ift € M.

Proof Considering Claim [5] it remains to prove that u,(x) < 1 for every x € Ry
in the case that t ¢ M. Suppose thatt ¢ M, x = (y;rcosa,rsina) € Ry and
u(x) = 1. We have 1 = u,(x) = r(cosacost + sinasint) = rcos(a — t), which
is possible only if r = 1 and o = t, i.e, x € Y X {(cost,sint)}. By Claim [I3]

x € PU(—=P) C R. By Claim[/(b), u;(x) < 1, which is a contradiction. [ |
Now, we define || - || as the norm with the unit ball R,. Proposition [l follows
from Claims[I4]and [[5

Proof of Theorem[I] Let o, ¢ € X* be linearly independent. We take M C [0, /2],
dense in [0, 7/2], which is Borel, but not of the additive Borel class « [5, Theo-
rem 22.4]. It is known that there is an equivalent strictly convex norm || - || on X
[2, Theorem I1.2.6]. By Proposition[d there is a strictly convex norm ||| - ||| on X such
that, for every t € [0, 7/2], (cost)p+ (sint)¢p € NA(|||-||) ifand only if+ € M. Since
M is not of the additive Borel class o, NA(]|| - [||) is not of the additive Borel class «,
too (¢t € [0,7/2] — (cost)p + (sint)¢ is a continuous mapping). [ |

The author is grateful to Petr Holicky for suggesting the problem and for valuable
remarks on the preliminary versions of this work.
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