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ON GENERALISED MOBIUS INVERSION FORMULAS

T1aN-X1A0 HE, LEETSCH C. Hsu AND PETER J.S. SHIUE

We provide a wide class of Mdbius inversion formulas in terms of the generalised
"Mobius functions and their application to the setting of the Selberg multiplicative
functions.

1. INTRODUCTION

This paper is concerned with the problem of construction for a general type of
Mébius inversion formulas for the set of the generalised M6bius function po. Other types
of generalised Mobius inversion formulas can be seen in the recent article by Sandor and
Bege [7]. In addition, an application of the Mébius inversion formulas in physics can be
found in [3].

For any z € C, a generalised Fleck-type M6bius function (see [4]) is defined by

(8 lt) = -0 ()

for any t € C, where [ltl] is the integer part of |t}, p runs through all the prime divisors
of [|t]], and ep([ltl]) = o'rd,([|t|]) denotes the highest power k of p such that p* divides
[I£]. Obviously, u1(n) = u(n), n € N, is the classical Mébius function.

Brown, Hsu, Wang and Shiue in [1] show that pu, (z € C) is a multiplicative function,
that is, if m and n are relatively prime, then u,(mn) = u,(m)u,(n). In addition, uo(n)
= &1 (n € N), the Kronecker symbol, that is, uo(n) equals to 1if n = 1 and 0 otherwise. It
can be easily proved that, for each complex number z, . is not a completely multiplicative
function except for pg, which is completely multiplicative.

Let E denote an arbitrary arithmetical semigroup. The set of all complex-valued
arithmetical functions on E will be denoted by A(E). Note that the definition of an
arithmetical semigroup E implies that E is countable. For the sake of definiteness, one
could if desired express E in the form E = {a; = 1, a3, a3, ...}, where |a;| < |ais1}-

Received 21st September, 2005

The first author would like to thank IWU for a sabbatical leave during which the research in this paper
was carried out. The third author would like to thank UNLV for a sabbatical leave during which the
research in this paper was carried out.

Copyright Clearance Centre, Inc. Serial-fee code: 0004-9727/06 $A2.00+0.00.

79

https://doi.org/10.1017/50004972700038648 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700038648

80 T-X. He, L.C. Hsu and P.J.S. Shiue 2]

Let h € A(E) be a nonzero completely multiplicative function. We now give gener-
alised Mobius inversion formulas for the set My = {u, = p.h : z € C} with respect to
the the generalised Dirichlet convolution * defined as follows.

DEFINITION 1.1: Let h € A(E) be a nonzero completely multiplicative function.
Given two functions f,g € A(E), the generalised Dirichlet convolution, denoted by
(f * g)n, is also in A(E). It is defined by (f * g)» = (fh) * (gh), where * is the Dirichlet
convolution; that is,

(f * 9n(n) = ((h) * (gh))(n)
(1.2) = Y (m@en)(3)

din

n .
= dlzn(fh)(g) (9h)(d)
for n = {|t|] witht € E.
"Next we recall a fairly more general notation of multiplicativity, introduced first by

Selberg [8], which apparently did not prevail in the literature.

DEFINITION 1.2: A number-theoretical function F is said to be Selberg—multi;;licative
if, for each prime p, there exists f, : Ng — C with f,(0) = 1 for all but finitely many p
such that

(1.3) F(n) = I, f,(ey(n))
holds for every n € N. The class of all Selberg-multiplicative functions is denoted By G.

DEFINITION 1.3: A Dirichlet formal series f(s) (s € C) of the sequence {F(n)}is
defined by

flo)=S"Fmn= (s#0).

One of the main advantages of this more general notation of multiplicativity is that
it can be used without change to define multiplicative functions of several variables.

In next section, we shall show that (Mp,*) is a group with the identity element
Hon = Moh (uo(n) = ,.1) and establish a kind of Mobius type inversion. We shall also
apply these results to the setting of Selberg-multiplicative functions class (G, *) = {Fh:
F € G} in Section 3, where h € A(E) is a nonzero completely multiplicative function
with A(0) = 1. Hence, h(n) = I h,(ep(n)) with hy(ep(n)) := h(p®™) and h,(0) = 1.
The application is based on the following lemmas. ’

LEMMA 1.4. Let G be the Selberg class of multiplicative functions defined in
Definition 1.2. If F € G, then for s € C we have the fomal identity

(1.4) i F(n)n™* = Zn"l‘[,,f,, (ep(n)) =11, pr(r)p"",
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in which the product on the rightmost extends over all prime numbers.

PROOF: We can denote n = II,p%™. Clearly we have

left hand side of (1.4) 2 Tp/y(e5(n)) Z 1, Lo(e2(m)

— n p-"p(") = paep(n)
. HOL S, 50 50,
i 1 — P 4 p
right hand side of (1.4) =1, { R N b -}
In addition, on the left hand side of (1.4), for every n = p}'p3?p}® - where r; 20and 2
h

< pp < --- are primes, the term

(1_5) fPl (le'{ms(:?);fza(rii) e
P, P2 °DPs

occurs exactly once in the expansion of the right hand side of of (1.4).
On the other hand, in the right hand side expansion, every term with the form (1.5),
corresponds to a term with n = p{'pi*p3® - - - . Hence, the lemma holds. 0

Lemma 1.4 has its own importance, which can be seen from its special case shown
as in [9, Theorem 2.6.1].
From Definition 1.3 and product of series, we immediately have the following lemma.

LEMMA 1.5. Given formal series

fly=3_F(mn~* and (s Zc(n (s #0).

Then f(s) - §(s) generates the sequence {E F(n/d) G’(d)}.
dln - .

2. A GENERALISED MOBIUS INVERSION FORMULA

THEOREM 2.1. The generalised Dirichlet convolution is commutative and satis-
fies the associative law. In addition, (f = g)n is also a multiplicative function whenever f
and g are multiplicative functions.

PROOF: Obviously, the generalised Dirichlet convolution is commutative. The as-
sociativity can be established from the following statement.

((f + 9+ 0),(m) = 3°( * Dn(@(wh)(5)

din

= S S umeen (&) wn (2)

dln ¢cld
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=% (fh)(c)(gh)(f)(“h)(g) (”"" %) |

cin £(n/c)

= (fR)() Y _(gh)(&)(uh) (%)

cin 4z

= (e g+ un(Z)

cln

= (f * (g* wa)n(n).

We now prove that (f * g), is also multiplicative whenever f and g are multiplicative
functions. If (a,b) = 1, then

(f * 9)nlat) = (W)@ o) (5).

dlab

Let u = (a,d) and v = (b,d). Then uv =d, (u,v) =1, and

( * hnlab) = 32 S (fh)ae)(gh) (2)

ula vjb

= S UnEEn(2) Suneen ()

ula v|b

= (f * g)n(a)(f * g)n(b).
This completes the proof of the theorem. 0

THEOREM 2.2. Let h € A(E) be a nonzero completely multiplicative function,
and let = be the Dirichlet convolution. Then (M4, *) is a group with the identity element

Hon = toh.
PRroOF: First, the set M, is closed with respect to *: for all g, pgn € M,

(Hah * #aa)(n) = ) pa(d)h(d)ps (%) h(%)
din
= h(n) Y _ pa(d)us (%)
din
2.1) = pla+p,n(n),

where the last step is due to [1, Lemma 2].

Secondly, the convolution * is commutative and associative in M), from Theorem 2.1.
Finally, from (2.1) the identity element of (M, *) is o s = poh and the inverse of pq 4 is
P—an- This completes the proof of Theorem 2.2.

By using Theorem 2.2, we immediately obtain a generalised Mobius inversion formula
as follows.
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THEOREM 2.3. Leth € A(E) be any nonzero completely multiplicative function
with h(—1) =1, and let U, V' denote complex-valued functions of a positive real variable

t. Then

(2.2) V)= Y U/ IK)hk)
keE; k|t

for all t > 0, if and only if

(2.3) Ut)= Y n(R)V(t/IK|)A(k)
keE;|k|<t

for all t > 0.

PROOF: (2.2) and (2.3) are equivalent to the statement
V=Uspp=2U=Vrpu_,s,
which follows from
V=U*u,_h4=>V*u_m:(U*u,',,)*g_',,h=U*po,h=U. 0

REMARK 1. Various consequences including some classical inversion formulas can be
deduced from Theorem 2.3 by special choices of E, z, and h(-). In particular, the classical
Mébius inversion pair is a particular case of (2.2) and (2.3) shown in Theorem 2.3 with
E =N, z=1, and h(-) = 1 (see [6] for a different approach).

COROLLARY 2.4.  Letty, > 1, and let h(k) be a nonzero completely multiplica-
tive function. Then for all t, 1 £ t £ &y, and complex-valued functions F and G,

(24) G(t)= ) us(K)F(t/k)h(k)

1<kt

if and only if

(25) Ft)= 3 uo(RIG(t/E)h(k).
1<kt
In Corollary 2.4, we may take

F(t) = f(t) ifteZ,
0 ift¢z,
)(t) ifteZ,

cy =0 1
0 ift¢Z.
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Hence, for n € N we write (2.4) as

oM =Gm) = Y wk)F(n/k)(k)

1<k<n

=D u:(k)f(n/k)h(k)

kin
= 3 us(n/d)f(@)h(n/d).

din

Similarly, from (2.5},

f(n) = F(n) =Y p.(k)g(n/k)h(k)

kin
= 3 - (n/d)g(d)h(n/d).
din
Therefore, we obtain the following corollary.

~ COROLLARY 2.5. Let h be any nonzero completely multiplicative function, and
let f and g be complex-valued functions. Then for alln € N,

(2.6) | 9(n) = 3~ (k) f(n/k)h(k)

k|n

if and only if

(2.7) f(n) =Y p.(K)g(n/k)h(K).

kin

REMARK 2. Corollary 2.5 can be derived by using a similar argument to that in [1] with
the consideration of the Abelian group M, = {g,» = p;h : 2 € C} with respect to the
addition * defined by

(Han * ta)(n) := D pa(k)h(k) ua(n/k)h(n/k) = parsp(n),
kin

where h is a nonzero completely multiplicative function.
In Theorem 2.3, after substituting F(t) = f(1/t) and G(t) = ¢(1/t) into (2.2) and
(2.3) and replacing 1/t by t afterwards, we can obtain the following results.

THEOREM 2.6. Leth € A(FE) be any nonzero completely multiplicative function,
and let f and g be complex-valued functions of positive real variablet < 1,

(2.8) g®)= D pe(k)f(Iklt)h(K)

kEE;|k|<1/t
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for all 0 < t < 1, if and only if

29 @)= Y m(k)g(lklt)h(k)
keE;|ki<1/t

forall0 <t < 1.

REMARK 3. (2.8) and (2.9) can be proved directly as follows.
Proor: If (2.8) holds, then

> w(R)g(klit)h(k) = D p(k)h(k) D po(m)f(Imklt) h(m).

Ikl<1/t [kl<1/t iml<1/(1k]t)

By setting mk = r on the right-hand side of the above equation and noting that
Pr* poyi= 3, p(m)p_.,(k) = po(r), we can write it as follows.
mk=r

S wak)poe(m)b(mk) f(imkle) = 3 A(mk)f (jmklt) 3 p(k)u-z(m)

Imki<1/t Iri<1/t mk=r
= h(1)f(t) = f(t). -
Similarly, from (2.9) we can derive (2.8). . ‘ -0

If we choose E = N, then we have

COROLLARY 2.7. Let0 < np < ny, and let h.(.k) be any nonzero completely
multiplicative function. For every nyg € t £ ny and complex-valued functions f and g,

(2.10) dt)= 3 u.(B)f(kt)h(E)

1<k<n /t

if and only if

(2.11) F&) = > p(k)g(kt)h(k).

1<kgny/t

REMARK 4. A special case of h =1 and z = 1 can be found in Theorems 268 and 270
of [5, Section 16.5].

3. A MOBIUS INVERSION FORMULA FOR THE SETTING OF THE SELBERG
MULTIPLICATIVE FUNCTIONS

We now give an application of Theorem 2.2 to the setting of Selberg-multiplicative
functions. Similar to Theorems 2.1 and 2.2, for a nonzero completely multiplicative
function h with h(0) = 1, A(E)s := {fh: f € A(E) ~ {0}} forms an Abelian group with
respect to the Dirichlet convolution defined in Definition 1.1. We shall show that (G, *)
is a subgroup of (A(E)s, *).
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Let F,G € G; that is, for any n € N, F(n) = II,f,(e,(n)) and G(n) = I,g,(e,(n)),
where for each prime p f;, g, : Ng = NU {0} — C with f,(0) = g,(0) = 1. For each prime
p and a fixed nonzero completely multiplicative function h, with hy(0) = 1, we define

(3.1) a(r) = hp(r) Y Fo(p)gp(r — p) (r € No).

Thus g,(0) = 1. Furthermore, since Q := (F * G)x € A(E)x, where h(n) = IL,h,(e,(n))
and hy(ey(n)) = h(p®™), we have '

ep(n)

Q(n) = LEE*™) =1L, ) F(F*)G(p=™*)h )

=0
ep(n)
=1, Z f5(p) gp(ep n) — P)hp(ep(n)) = Hp‘]p(ep(n)),
p=0

where the last two equalities are derived from the expressions of F', G, and H and (3.1).
Consequently, (F * G), € G if Fh,Gh € G;.
To prove that Fh € G, implies its inverse F~'h € Gy, for each prime p we deﬁne

(3.2) 9,(0) =1, pr(l’)gp("' -p)=
p=0 ' , _
for r = 1,2,---. Since f,(0) = 1 this is uniquely possible. From (F * F 1), =¢, the

identity of (A(E Yhy %), We have

=e(p) = h(p')ZF(pP)F '(p"*) = h(p") Zf p)F'(p7~*)

p=0
for each prime pand r € N, Then from (3.2), we immediately obtain F~ 1(1) = 1= g,(0)
and F~!(p") = gp(r) for each prime p and r € N. Consequently,

(3.3) F(n) = HPF—I(PCP(")) =Il,gp (ep(n)),
where F~! € G. Hence, constructed F~1} is the inverse of Fh in Gs. (3.2) also give an
algorithm to find F~!. .

We now use Lemmas 1.4 and 1.5 to derive the Mébius inversion formulas over (G, *)
as follows.

THEOREM 3.1. Let either sequence of {a(n)} and {B(n)} be given arbitrarily.
For F € G, its inverse G € (G, *) exists so that the general type of Mébius inversion
formulas
(3.4) )= F( d)a( )h(d) = a(n) = ZG(d)ﬂ( ) (d)

din

hold for any nonzero completely multiplicative function h with h(0) = 1 and for o, 8 :
N~ C.
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PROOF: For given F € G, F(n) = I1, f,(ey(n)), from Lemma 1.4 we have

(3.5) fa(8) =Y Fn)h(n)n™" =TI, Y fy(ep(n)) Ay (en(m)),

n=l1

where fy(s) is the Dirichlet formal series of the sequence { F(n)h(n)} (see Definition 1.3).
Solving system (3.2) or its equivalent form

(36) (fj Hoh(r)2")

for each prime p and r = 1,2,---. From (3.3), the inverse of F(n)h(n) in (G, *) can be
written as G(n)h(n), where

(3.7) ‘ G(n) = Hng(ep(n)) (g,(0) =1).

Denote by ga(s) the Dirichlet formal series of the sequence {G(n)h(n)}. From Lemra
1.4, we obtain ' ’

=3 gp(r)hp(r)z”

(38) B(s) 1= 3 Gh(mn™ =T, 3 gp(ep(m)) yep(m) .
n=1 P .

Since (3.6) implies

(3.9) n(s) = 1/fa(s),

for the Dirichlet formal series, &(s) : N — C, of any given sequence {a(n)} we have
B(s) := fa(s)@(s) implies &(s) = 9»(3)B(3), and the last expression implies the previous
one if A(s) is indicated, namely

(3.10) B(s) = fa(s)a(s) <= @(s) = Gn(s)B(s).

Obviously, from Lemma 1.5, inversion relation (3.10) is equivalent to (3.4). This com-
pletes the proof of the theorem. o

REMARK 5. A special case of (3.4) for h = 1 and a subgroup of G = G; can be found in

2].
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