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ON GENERALISED MOBIUS INVERSION FORMULAS

TIAN-XIAO HE, LEETSCH C. HSU AND PETER J.S. SHIUE

We provide a wide class of Mobius inversion formulas in terms of the generalised
Mobius functions and their application to the setting of the Selberg multiplicative
functions.

1. INTRODUCTION

This paper is concerned with the problem of construction for a general type of
Mobius inversion formulas for the set of the generalised Mobius function na. Other types
of generalised Mobius inversion formulas can be seen in the recent article by Sandor and
Bege [7]. In addition, an application of the Mobius inversion formulas in physics can be
found in [3].

For any z € C, a generalised Fleck-type Mobius function (see [4]) is defined by

(1.1) " • ( ( ) : = n ' (

for any f g C , where [|t|] is the integer part of |t|, p runs through all the prime divisors

of [|t|], and epf [|<|] J = ordp([|i|] J denotes the highest power k of p such thatp* divides

[\t\]. Obviously, fii(n) = n(n), n € N, is the classical Mobius function.
Brown, Hsu, Wang and Shiue in [1] show that /iz (z € C) is a multiplicative function,

that is, if m and n are relatively prime, then nz{mn) = (j,z(m)(j.z(n). In addition, ^o(n)
= <5in (n e N), the Kronecker symbol, that is, Ho(n) equals to 1 if n = 1 and 0 otherwise. It
can be easily proved that, for each complex number z, \iz is not a completely multiplicative
function except for fio, which is completely multiplicative.

Let E denote an arbitrary arithmetical semigroup. The set of all complex-valued
arithmetical functions on E will be denoted by A(E). Note that the definition of an
arithmetical semigroup E implies that E is countable. For the sake of definiteness, one
could if desired express E in the form E = {ai = l,a2, a 3 , . . .} , where \a{\ < |ai+i|.
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Let h G A(E) be a nonzero completely multiplicative function. We now give gener-
alised Mobius inversion formulas for the set M/, = {/iZih = fMzh i z e C } with respect to
the the generalised Dirichlet convolution * defined as follows.

DEFINITION 1.1: Let h G A(E) be a nonzero completely multiplicative function.
Given two functions f,g € A(E), the generalised Dirichlet convolution, denoted by
( / * 9)h, is also in A(E). It is defined by (/ * g)h = (fh) * {gh), where • is the Dirichlet
convolution; that is,

(f*9Un):=((fh)*{gh))(n)

(1.2)
d\n

d\n

for n = [|*|] with t G E.

Next we recall a fairly more general notation of multiplicativity, introduced first by
Selberg [8], which apparently did not prevail in the literature.

DEFINITION 1.2: A number-theoretical function F is said to be Selberg-multiplicative
if, for each prime p, there exists fp : No •-> C with /p(0) = 1 for all but finitely many p
such that

(1.3) F(n) = np/p(ep(n))

holds for every n e N. The class of all Selberg-multiplicative functions is denoted by Q.

DEFINITION 1.3: A Dirichlet formal series f(s) (s € C) of the sequence {F(n)} is

defined by

n=l

One of the main advantages of this more general notation of multiplicativity is that
it can be used without change to define multiplicative functions of several variables.

In next section, we shall show that (M/,, *) is a group with the identity element
fxoh = y^h (no{n) = <Sni) and establish a kind of Mobius type inversion. We shall also
apply these results to the setting of Selberg-multiplicative functions class (Gh, *) — {Fh :

F G Q} in Section 3, where h € A(E) is a nonzero completely multiplicative function
with /i(0) = 1. Hence, h{n) = Tlphp(ep(n)) with hp(ep(n)) := h(pe»^) and hp{0) = 1.
The application is based on the following lemmas.

LEMMA 1 . 4 . Let Q be the Selberg class of multiplicative functions defined in

Definition 1.2. IfF € Q, then for s G C we have the fomal identity

(1.4) £>(«)*»- = f>-'IIp/p(ep(n)) = IIpf;/p(r)p-",
n=l n=l r=0
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in which the product oa the rightmost extends over all prime numbers.

P R O O F : We can denote n = Upp
e^nK Clearly we have

left hand side of (1.4) = V WiW")) = J V & S
n=l pr n=l r

and

In addition, on the left hand side of (1.4), for every n = Pi'p^pjJ3 • • > where Tj ^ 0 and 2

Pi
<P2< ••• are primes, the term

occurs exactly once in the expansion of the right hand side of of (1.4).

On the other hand, in the right hand side expansion, every term with the form (1.5),

corresponds to a term with n = p\lP22P33 ••• • Hence, the lemma holds. D

Lemma 1.4 has its own importance, which can be seen from its special case shown
as in [9, Theorem 2.6.1].

From Definition 1.3 and product of series, we immediately have the following lemma.

LEMMA 1 . 5 . Given formal series

oo

L —5 nn^J ^f n\ _ _ ^ ^ Z**' / M \ an ~ 3 In _£ f\\

|7i ano ~9\S) ~~ / o^7iJn \S ^ \)).
n=l n=l

Tien /(s) -g(s) generates the sequence lj2F(n/d) G(d)\-

2. A GENERALISED MOBIUS INVERSION FORMULA

THEOREM 2 . 1 . The generalised Dirichlet convolution is commutative and satis-
fies the associative law. In addition, (f * g)h is also a multiplicative function whenever f
and g are multiplicative functions.

P R O O F : Obviously, the generalised Dirichlet convolution is commutative. The as-
sociativity can be established from the following statement.

d\n

d\n c\d
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c|n /|(n/

We now prove that (f*g)h is also multiplicative whenever / and g are multiplicative
functions. If (a, b) = 1, then

d\ab

Let u = (a, d) and v = (b, d). Then uv = d, (u, v) = 1, and

' g)h(ab) =
u|o v|6

u|o v\b

This completes the proof of the theorem. D

THEOREM 2 . 2 . Let h € A(E) be a nonzero completely multiplicative function,
and let * be the Dirichlet convolution. Then (Mh, *) is a group with the identity element

PROOF: First, the set Mh is closed with respect to *: for all na,h,Vp,h G Mh,

i\n

d\n

(2.1) = Ha+0,h(n),

where the last step is due to [1, Lemma 2].
Secondly, the convolution • is commutative and associative in M/, from Theorem 2.1.

Finally, from (2.1) the identity element of (M/,, *) is ^0,/i = IMih and the inverse of //<,,/, is
H-aji- This completes the proof of Theorem 2.2. D

By using Theorem 2.2, we immediately obtain a generalised Mobius inversion formula
as follows.
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THEOREM 2 . 3 . Let h € A(E) be any nonzero completely multiplicative function

with h(-l) = 1, and let U, V denote complex-valued functions of a positive real variable

t. Then

(2.2) V(t)= £ p,{k)U(t/\k\)h(k)

for all t > 0, if and only if

(2.3) U(t)= £ p_t(k)V{t/\k\)h(k)

for allt>0.

P R O O F : (2.2) and (2.3) are equivalent to the statement

which follows from

V = U * /iz,h <=> V * n-Zih = (U* /xZih) * n-z<h = U* noih = U.

REMARK 1. Various consequences including some classical inversion formulas can be
deduced from Theorem 2.3 by special choices of E, z, and h(-). In particular, the classical
Mobius inversion pair is a particular case of (2.2) and (2.3) shown in Theorem 2.3 with
E = N, z = 1, and h() = 1 (see [6] for a different approach).

COROLLARY 2 . 4 . Let t0 > 1, and let h(k) be a nonzero completely multiplica-

tive function. Then for all t, 1 ̂  t < t0, and complex-valued functions F and G,

(2.4) G(t) = 2 nz{k)F{t/k)h{k)

if and only if

(2.5) F(t) = £ »-z(k)G(t/k)h(k).

In Corollary 2.4, we may take

1 0 if ti Z.
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Hence, for n € N we write (2.4) as

g(n) = G(n) = £ n,(k)F(n/k)h(k)

d|n

Similarly, from (2.5),

/(n) = F(n) =
k\n

d\n

Therefore, we obtain the following corollary.

COROLLARY 2 . 5 . Let h be any nonzero completely multiplicative function, and
let f and g be complex-valued functions. Then for all n € N,

(2.6) 9(n)
k\n

if and only if

(2.7) f(n) = ^ i
Jk|n

REMARK 2. Corollary 2.5 can be derived by using a similar argument to that in [1] with
the consideration of the Abelian group Mh = {fitlh = nth : z € C} with respect to the
addition * defined by

*/W()
*|n

where ft is a nonzero completely multiplicative function.

In Theorem 2.3, after substituting F{t) = /(1/t) and G(t) = g(l/t) into (2.2) and
(2.3) and replacing 1/t by t afterwards, we can obtain the following results.

THEOREM 2 . 6 . Let h 6 A(E) be any nonzero completely multiplicative function,
and let f and g be complex-valued functions of positive real variable t < 1,

(2.8) g(t)=
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for all 0 < t < 1, if and only if

(2.9) f(t)= £ K(k)g{\k\t)h(k)
*6Ei|*|£l/t

for ail 0 < * < 1.

REMARK 3. (2.8) and (2.9) can be proved directly as follows.

PROOF: If (2.8) holds, then

^{k)g(\k\t)h(k) = £ l*.(k)h(k) £ »-z(Tn)f(\mk\t)h(m).

By setting mk = r on the right-hand side of the above equation and noting that

/zz * /x_z := 5Z Mz(m)/i-z('i;) = /^(r), we can write it as follows.
mfc=r

mt=r

Similarly, from (2.9) we can derive (2.8). D

If we choose E = N, then we have

COROLLARY 2 . 7 . Let 0 < no ^ n\, and let h(k) be any nonzero completely

multiplicative function. For every no < t ^ ni and compiex-vaiued functions / and g,

if and only if

(2.11) / (* )=

REMARK 4. A special case of ft = 1 and z — 1 can be found in Theorems 268 and 270
of [5, Section 16.5].

3. A MOBIUS INVERSION FORMULA FOR THE SETTING OF THE SELBERG

MULTIPLICATIVE FUNCTIONS

We now give an application of Theorem 2.2 to the setting of Selberg-multiplicative

functions. Similar to Theorems 2.1 and 2.2, for a nonzero completely multiplicative

function h with ft(0) = 1, A{E)h := {/ft : / € A(E) - {0}} forms an Abelian group with

respect to the Dirichlet convolution defined in Definition 1.1. We shall show that {Gh,*)

is a subgroup of (A(E)h, *).
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Let F,G € Q\ that is, for any n € N, F{n) = IIp/p(ep(n)) and G(n) = TLpgp(ep(n)),
where for each prime p fp, gp : No = Nu {0} i-+ C with /p(0) = gp(0) = 1. For each prime
p and a fixed nonzero completely multiplicative function hp with hp(0) = 1, we define

(3-1) qP(r) := hp(r) j^fp{p)gp{r - p) (r 6 No).

Thus gp(0) = 1. Furthermore, since Q -.= (F * G)h € A(E)h, where /i(n) = np/ip(ep(n))
and ftp(ep(n)) := /i(pe»(n)), we have

,r(n)

Q(n) = ( )

p=0

where the last two equalities are derived from the expressions of F, G, and H and (3.1).
Consequently, (F *G)h€G if Fh, Gh € Qh.

To prove that Fh € Gh implies its inverse F~lh € Gh, for each prime p we define

(3.2)

for r = 1,2, • • •. Since /p(0) = 1 this is uniquely possible. From (F • F"1)/, = e, the
identity of (A(E)h, *), we have

0 = e{?) = h(pr)

for each prime p and r € N. Then from (3.2), we immediately obtain ^" ' (1) = 1 = </p(0)
and F~l{pT) = gp(r) for each prime p and r € N. Consequently,

(3.3) F-1(n)

where F~l € G- Hence, constructed F~lh is the inverse of Fh in Gh- (3.2) also give an
algorithm to find F~l.

We now use Lemmas 1.4 and 1.5 to derive the Mobius inversion formulas over (Gh, *)
as follows.

THEOREM 3 . 1 . Let either sequence of {a{n)} and {P(n)} be given arbitrarily.
For F € G, its inverse G G (Gh, *) e?rists so that the general type of Mobius inversion
formulas

(3.4) f$(n) = r£F(d)a{^)h(d) <=> a(n) =
d\n d\n

hold for any nonzero completely multiplicative function h with h(0) = 1 and for a, ft :
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P R O O F : For given F 6 Q, F(n) = n p / p ( e p (n ) ) , from Lemma 1.4 we have

(3.5) fh(s) := fV(n)Mn)n-' = np£/p(ep(n))/lp(ep(n)))
n = l

where //,(s) is the Dirichlet formal series of the sequence (F(n)/i(n)} (see Definition 1.3).
Solving system (3.2) or its equivalent form

(3-6) (f2fp(r)fh(r)A * = f^ gP(r)hp(r)x'
V r = l

for each prime p and r = 1,2, • • •. From (3.3), the inverse of F(n)h(n) in (Qh, *) can be
written as G(n)h(n), where

(3.7) G(n) = np5p(ep(n))(«;p(0) = l ) .

Denote by <7h(s) the Dirichlet formal series of the sequence {G(n)/i(n)}. From Lemma
1.4, we obtain

oo oo

(3.8) gh(s) •= X>(")Mn)""" = np£<7P(ep(n))/ip(ep(n)).
n = l p

Since (3.6) implies

(3.9) gh(s) = l / / h ( s ) ,

for the Dirichlet formal series, a(s) : N H-> C, of any given sequence {a(n)} we have
/?(s) := fh(s)a(s) implies S(s) = SA(S)/8(S), and the last expression implies the previous
one if /3(s) is indicated, namely

(3.10) 0(s) = fh(s)a{s) <==> a(s) = gh(s)P(s).

Obviously, from Lemma 1.5, inversion relation (3.10) is equivalent to (3.4). This com-
pletes the proof of the theorem. D

REMARK 5. A special case of (3.4) for h = 1 and a subgroup of Q ~ Qx can be found in

[2]-
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