
HOMOTOPY THEORY IN ABELIAN CATEGORIES 

H E I N R I C H KLEISLI 

Introduction. The concept of homotopy for homomorphisms of modules, 
suggested by analogy with fundamental properties of the topological homo­
topy, was developed by Eckmann and Hilton (3; 9; 10). In the present paper, 
this concept of homotopy is generalized to additive categories with an addi­
tional structure, and the theory of homotopy, including in particular various 
exact homotopy sequences, is established in full detail. It may be helpful to 
the reader to realize that most of our theorems, concepts, and constructions 
have their analogues in the homotopy theory of topological spaces. Many of 
these analogues may be found in a recent paper by Eckmann and Hilton (4). 
Explicit references will be given at various places in the paper. 

Aside from the possibility of new applications, the aim of our generalization 
is twofold. First, we intend a completely self-dual development of the theory. 
Second, we want the generalization to cover the case of the category of pairs 
where, already for modules (cf. (3)), a restricted class of monomorphisms 
and epimorphisms is distinguished. 

An obvious possibility for a generalization, as already mentioned in (3), 
consists in replacing the category of modules by an exact category in the 
sense of Buchsbaum (1). Unfortunately, an exact category does not have 
enough structure to cover the case of the category of pairs of modules with 
the distinguished class of maps considered in (3). However, in the additive 
category of pairs, this subclass of its maps turns out to form an abelian 
structure in the sense of Heller (8). Thus, additive categories with an abelian 
structure, in short, "abelian categories," seem very appropriate for our pur­
pose. Their use appears to have many advantages in the development of the 
theory (cf. Remark at the end of § 2.7) as well as in further applications 
(cf. (5)). 

On the other hand, the concept of an abelian structure might be generalized 
and formulated in a way even more convenient with respect to our intention 
(for example, choice of two subclasses of distinguished maps dual to each 
other, choice of a weaker system of axioms for these structures). However, 
we shall use here the formulation of Heller, considering that, in doing so, we 
can dispose of the whole ' 'arsenal" of propositions given in (8). 

In § 1, the basic definitions concerning abelian categories are formulated. 
Examples are given partly to illustrate the new concepts and partly to prepare 
the ground for the arguments put forward in the subsequent sections. 
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140 H. KLEISLI 

Section 2 is devoted to the abs t rac t t r ea tmen t of the fundamental concepts 
of (3) . In the category P® of pairs in an abelian category JÏ, an abelian 
s t ruc ture , depending only on t h a t of $, is chosen, and ' ' r e la t ive" homotopy 
groups are defined as part icular homotopy groups in P$. T h e passage from 
the abelian category $ to the abelian category P$ can be i terated, thus leading 
to the category P2$ of double pairs in $ . 

In § 3, we establish various homotopy sequences, namely the two dual 
homotopy sequences of a pair and of a triple. Instead of verifying the exact­
ness directly, term by term, a method is used whereby the reasoning is done 
in the category of pairs, and whereby the exactness follows from t h a t of the 
homology sequence associated with an exact sequence of complexes. In addit ion, 
the two dual concepts of "f ibrat ion" are t rea ted, and the corresponding "ex­
cision theorems" (cf. (3) , Theorems 5.2 and 5.3) are proved. 

Section 4 contains three applications to special categories. Thus , special 
homotopy theories are obtained (homotopy theory of modules, "weak homo­
t o p y " for modules, and chain homotopy for complexes). 

SECTION 1. A B E L I A N C A T E G O R I E S 

1. Addi t ive ca tegor i e s . An additive category 2 is a category* in which 
the sets (A, B) of maps from A to B are abelian groups (addit ively wri t ten) 
and the following axioms are satisfied for the te rms of JÎ: 

(A) The composition a/3 of two maps a, ft of $ is bilinear. 

(AO) $ has a zero-object. 

(Al) Any two objects of $ have a direct sum. 

An object A of $ is a zero-object 0 if the ident i ty m a p 1A of .1 is the zero-
element o G {A, A). Axiom (Al) means : For any two objects Ai, A2 of Ë, 
there exists an object A of $ and maps it £ {A u A), TT t 6 (A, Ai) (i = 1, 2) 
satisfying the relations (i) TTJI* = lAi> (ii) ^%h = o for i ^ J, (iii) 11^1 + ^2^2= 1^. 
A system {A 1, A 2, ti, wi, L2, 7r2) of such objects and maps is called a direct 
sum decomposition of A; the object A is said to be a direct sum A± + A2. 

T h e terminology and notat ion used here are those of (8) with the following 
exceptions: The sets Horn (A, B; $ ) are denoted by (.1, B) ; the ident i ty map 
1 : A of A is wri t ten as 1A . For examples of addi t ive categories, see (7; 8 ) 
or § 1.4 below. 

T h e theory of addi t ive categories is self-dual in the sense of (1). There is 
a rule to dualize s ta tements and notions in $ : For a s t a t ement (or a term) in 
$ the dual s t a tement (or dual term) is obtained by replacing the primitive 
te rms 

*For the concepts of category, functors, and related notions such as identity map, equiva­
lence, etc., see (6, chapter iv). 
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(.4, B) by (J3, .4) ( tha t is, by reversing the maps) and 

a/3 by &a ( tha t is, by reversing the composition of maps) . 

A s ta tement , a system of s ta tements , or a defined term is called self-dual if 
it coincides with its dual s ta tement , system of dual s ta tements , or dual term. 
The system of axioms of an addit ive category is easily seen to be self-dual. 
Hence, with every s ta tement in $ which can be derived from the axioms, the 
dual s ta tement is t rue. We shall refer to this by saying t h a t a s t a t ement 
follows by duality. 

In the following, we sometimes have to dualize s ta tements and notions 
involving two different addit ive categories S and 8. There we shall have to 
specify whether one has to apply the general rule in JÏ or 8 or in both . Now, 
whenever this si tuation arises in the sequel, the s ta tements and notions can 
always be given in terms of one of the categories, say $ . Thus , the dualization 
will be carried out by applying the above rule in $ alone (cf. Theorems 10 
and 10*). In particular, let F be a functor from ^ to 8, defined in terms of $ , 
and such t h a t the dual definition gives again a functor. This new functor is 
then called the dual functor of F (for example, functors Uj and 1 1 / of § 2.6). 

In an addit ive category $, l'exactness" and related notions may be intro­
duced with the help of those in the category ® of abelian groups, where they 
are assumed to be known. 

Let a Ç {A, B) be a map of $ . For any Cof $ , one defines a homomorphism 
a*: (C, .4) —> (C, B) by sett ing a*cj) = a<t> for all <j> € (C, ,4), and a homomor­
phism a*: (B,C)^> (A, C) by sett ing a*(j> = <j>a for all <t> G ( 5 , C). The m a p 
a is a monomorphism or an epimorphism if, for all C of S , a* or a* respectively 
are monomorphisms in the usual sense. Clearly, these two notions are dual. 

A short sequence, t ha t is, a sequence of the form 

0 >AX—^A2—'^As >0, 

is a short exact sequence, abbreviated "s .e .s . ," if for all C of $ the two induced 
sequences in © 

0 > (C, A,) - ^ (C, A2) - 2 ^ (C, Az) 

0 > (A,, C) —U (A2, C) - C (Ah C) 

are exact in the usual sense. 
A sequence 

A
 ao A oil A an 

Ao > AY > . . . > An > An+1 

is exact, if there are s.e.s. 

0 > Ij — A A j —i-> Ij+1 > 0 for j = 1, 2, . . . , n, 

an epimorphism e0:-40 —»/i, and a monomorphism nn+\\ In+i —* An+1 such 
tha t <xj = Mm6;- The term s.e.s., and thus the notion of "exactness ," is 
self-dual. 
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An s.e.s. 

0 —> Ax -± A2 --^ A, —> 0 

splits, if there exist maps a / G (A2, Ai) and a2 G (^3,^2) such that 
{Ax, Ai, «î, a / , a2', «2) is a direct sum decomposition of A2. 

If for a map a G C4, 23) there exist s.e.s. 

and 

such that the diagram 

(1.1) 

0-

0-

0-

0. 

K ±A -Ul-1 >0 

I- hB- ?>c-> • 0 

K ±A A l ­ *0 

C 
IT 

i i / 
• 0 

is commutative, these s.e.s. are unique up to equivalence. We therefore refer 
to a = jue as the canonical factorization of the map a (if it exists). The objects 
K, I, and C are called kernel, image, and cokernel of a; t and T are called 
canonical monomorphism from the kernel to A and canonical epimorphism 
from JB to the cokernel. We shall use the following abbreviations: K = Ker a, 
I = Im a, C = Coker a, and Ker a—> A resp. B —> Coker a for 1 resp. 71-. 

A map a is said to split if there exists a canonical factorization of a; such 
that the s.e.s. of diagram (1.1) split. 

2. Abelian structures. Let $ be an additive category and 3 a subclass 
of its maps. The class 3 is called an abelian structure in $ , if the following 
axioms are satisfied for its elements, called proper maps: 

(PO) Every identity map is proper. 
(PI) If a is a proper epimorphism, (3 is proper, and /3a is defined, then (3a 

is proper. 
(PI*) If a is a proper monomorphism, /3 is proper, and a/3 is defined, then a/3 

is proper. 
(P2) If /3a is a proper monomorphism, then a is proper. 

(P2*) If a/5 is a proper epimorphism, then a is proper. 
An s.e.s. is called proper s.e.s. if its maps are proper. 

(P3) If a G (A, B) is proper, there are proper s.e.s. 0 —> i£ —•> A —+ I —> 0 
and 0—>I—>B—>C—>0 such that the diagram 

0-+K-+A-+I-+0 
(2.1) ai I h 

0<-C*-B<r-I<r-0 

is commutative. 
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HOMOTOPY THEORY IN ABELIAN CATEGORIES 143 

We briefly say, there exists a proper canonical factorization of the map a ; 
the objects K and C will be called proper kernel and proper cokernel of a re­
spectively. 

(P4) If in the commutative diagram 

0 0 0 
Sf -Y -Y 

0->A1->A2->Az->0 

(2.2) 0-^B1-*B2->Bz->0 
N' -Y •V 

0 -> d -> C2 -> C3 -> 0 
vj' N ' vl' 

0 0 0 

a/Z columns and the second two rows are proper s.e.s., //^w the first row 
is also a proper s.e.s. 

If the class of all maps of $ defines an abelian structure, it is called an 
exact structure. For an exact structure, it is sufficient that axiom (P3) holds, 
since (PO-2) are obviously redundant, and since it can be shown that (P4) too 
is redundant (see (1), Theorem 5.5). 

The notion of an additive category $ with a subclass S of its maps satis­
fying (PO-4) is due to Heller (8) who calls it an abelian category. It is a 
generalization of the notion of an exact category (with direct sum axiom) in 
the sense of Buchsbaum (1), where g is the class of all maps of $ . It should 
be noted that the terminology varies in the literature: exact categories of (1) 
and (8) are called abelian categories by Grothendieck (7). To avoid any 
misunderstanding, we prefer to use the explicit expression "additive category 
with abelian structure" instead of "abelian category." For examples, see § 1.4. 

In view of (P3), an abelian structure in $ is completely characterized by 
the class of proper s.e.s.. A class © of s.e.s. is called abelian if it is the class 
of proper s.e.s. of an abelian structure. The axioms (PO, 1, 2, 4) can be trans­
lated for an abelian class © (see (8, Proposition 3.2)); axiom (P3) simply 
becomes a characterization of the class 3 of proper maps: a map a belongs 
to 3 if a = fxe for an epimorphism e of an s.e.s. in © and a monomorphism JJL 
of an s.e.s. in ©. 

As one notices, the dual statement (P4*) of axiom (P4) is not listed among 
the axioms of an abelian structure. However, it can be shown that (P4*) 
follows from the other axioms (see (8, Proposition 4.1)). This result plus the 
fact that axiom (P3) is self-dual show that the theory of abelian categories 
is again completely self-dual. 

Finally, let us introduce two notions concerning additive subcategories of 
an additive category $ with abelian structure 3. 

An additive subcategory St' of $ is called complete, if for every mapaÇ (A,B) 
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of $ , A and B in $ ' imply a in $ ' . Thus, a complete additive subcategory $' 
of $ is determined by the class of its objects. 

If $ is an abelian structure in $, the class §f of those maps of 3 belonging 
to $ ' is called the induced structure in $ ' . 3' does not necessarily form an 
abelian structure in $ ' ; in order for it to be an abelian structure, it is sufficient 
that axiom (P3) holds. 

3. Injectives and projectives. Let JÏ be an additive category and © be 
a class of short sequences in $ . An object X of $ is injective with respect to © 
or ^-injective if for every sequence 

in © the induced sequence in @ 

(3.1) 0-> (AZ,X) -% (A2,X) -^ (AhX) -^0 

is exact. If © is abelian, 3 the abelian structure given by ©, X is sometimes 
called ^-injective or, simply, injective (if no confusion is possible). 

The injective closure CI*© of a class © of short sequences is the class of all 
short sequences 0 —> Ax —» ^42 —» 4̂ 3 —» 0 such that for every ©-injective X, 
the sequence (3.1) is exact. The class © is injectively closed if © = CI*©. 

The notions of ^-projectives, the projective closure CI*©, and projectively 
closed classes © are defined dually. A class © of short sequences is, simply, 
closed, if © = Cl*© n Cl*©. 

This terminology is taken over from (8), where many propositions con­
cerning these notions are found. Let us state only one of them that will be 
used in the sequel: if © is an abelian class of s.e.s. in $ and X a closed class 
of short sequences in $ , then © C\ X is abelian (8, Proposition 7.2). 

Let $ be an additive category with abelian structure g and ,5^ a class of 
objects of $ . The complete additive subcategory $ ' of $ determined by [/ 
is called a proper subcategory relative to 3, and the objects of J?? proper objects, 
if the following axioms are satisfied for $ ' : 

(H) There is an abelian structure §> in $ ' contained in the structure induced 
by 3. 

(HI) All §' -injectives of $ ' are ^-infectives of $ . 
(HI*) All §'-projectives of $ ' are ^-projectives of $ . 
(H2) There are enough injectives, that is, for every object of $' there is a 

proper monomorphism to an ê'-injective object. 
(H2*) There are enough projectives, that is, for every object of $ ' there is a 

proper epimorphism from a ^'-projective object. 

If Sf is the class of all objects of $, then $ is called a proper category. A 
proper category is an abelian category with enough injectives and projectives. 
Hence, the notion of an abelian category with a class e5^of proper objects is a 
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generalization of the notion of an abelian category with enough injectives and 
projectives (the latter being too restrictive for our purpose). 

4. Examples. The following examples of abelian structures will not only 
illustrate the notions introduced above, but will also be used later on. 

(a) The category 2ft of R-modules. Let R be a ring with unit element. For 
the notion of the category 99? of i^-modules, see (2, chapter i). 

The class t of all homomorphisms of Wl is known to define an exact structure 
in 9K; furthermore, it is known that there are enough injectives and pro­
jectives. Another obviously abelian structure is given by the abelian class ©0 

of all splitting s.e.s. in 90Î. Relative to this structure, all objects are injective 
as well as projective. 

Let R and S be two rings (with unit element) and <£ a unitary ring-homo-
morphism from S to R. SJJ/g and Ws denoting the categories of i^-modules 
and 5-modules respectively, 4> may be used to define an exact covariant 
functor <ï>: WlR —> $ls. Using the abelian class @0 of splitting s.e.s. in 2ft5 

and the abelian class X of all s.e.s. in WlR, the class ©0 = X H $~1(&o in WftR 

is abelian (see (8, Proposition 7.3)). The so-defined abelian structure % in 
WR is known as the ^-relative structure. There are enough ^-injectives and 
^-projectives (cf. (2, 11.6)). 

(b) The category Dtyfl of complexes in 3JÎ. The objects of DWl are complexes 

A = ( . . . - ^ - - ^ ^ i - > . . . ) 

of i^-modules A t and i^-homomorphisms at ( a ^ - i = 6) ; the maps <j> Ç (A, A') 
are sequences {<t>i)uz of i^-homomorphisms </>* G (A^A/) such that 
4>i+iOLi = cLi<j>i. For two maps <j> = (<\>duz, <t>r = {4>i)uz of D9JÎ, composition 
00r is defined as {<t>i$i)uz, and sum <f> + <j>r as (<£* + 4>i)uz> Then DWl is an 
additive category, and the class t of all maps of DWl can be shown to define 
an exact structure in DWl (see (7, 1.7)). 

A further abelian structure in D^R is given by the class $y of all maps 
</> = (<l>i)uz of D$R such that for all i Ç Z the homomorphisms 4>i split (cf. 
§ 1.1). It is easy to verify that the axioms (PO-4) hold. 

In order to show that DWt with abelian structure $i has enough injectives, 
for a complex 

A = ( . . . - > ^ - ^ > , 4 i + 1 - > . . . ) , 
a complex 

X(A) = (...-^Xi-^Xi+i-*...) 

and a map n = (fxî)uz € (A, X(A)) is constructed as follows. Put Xt = Ai+i 
+ At with direct sum decomposition (Ai+i, Au i(, T/, IU x<), and set 
£i = li+iirt and Hi = ilax + i*. Then ?f£*_i = o, that is, X(4 ) is a complex; 
/**+!«* = £zMz and TT*/**

 =
 IAO that is, ju is a proper monomorphism. The proof 

that X(A) is êi-injective (and êi-projective) is left to the reader. To show that 
the dual property holds, a complex 
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Y (A) = ( . . . - > 7,-21* y i + 1 - » . . . ) 

and a map e = (ei)uz Ç (Y(A), A) is given as follows. Put Yt = 4*_i + 4 f 

with direct sum decomposition (At-i, Au i / , 7r/, I*, TT*) and set 77* = if+iV* 
and et = aji_i7r/+7Ti. Then e is a proper epimorphism and Y (A) is ^-projective, 

(c) The category P S of pairs in an additive category S. The objects of P$ 
are pairs in S, that is, maps a Ç. (Ai, A2) of S, denoted by [a; Ah A2] (often 
by a only) if they are considered as such objects; the m a p s / Ç (a, a) are 
pairs {(/>!, (£2} of maps <j>t £ (-4*, A/) such that a'<£i = fca. The maps </>i and 
02 are called the components of / = {</>i, ^2}. Composition and sum of maps 
in P $ being defined in terms of the corresponding operations in S, P$ is an 
additive category. 

Let S be an abelian structure in S. Then the class P$ of the maps {<£i, <£2}, 
whose components $1 and <£2 belong to 3, defines an abelian structure in P®. 
Since the composition in P$ is defined by that of S, the axioms (PO-2) are 
obviously satisfied. Axiom (P3) follows from (P3) in S and from the properties 
of an s.e.s.. Axiom (P4) is easily verified by the application of (P4) in S to 
the components. 

In the special case where 3 is an exact structure in S, P% is an exact structure 
in P$. Furthermore, if S is a proper category (cf. § 1.3), then so is P$. 

Another abelian structure in P S , important for the sequel, is given as 
follows. Let £} be the class of all pairs [£; Xi, X2] where £ splits, X\ and X2 

are g-injective, ^ the class of all pairs [77; Fi, F2] where rj splits, Yi and F2 

are 3-projective. Let Q denote the class of all short sequences such that all 
£ in Q are G-injective, and $ the class of all short sequences such that all 
7] in ^ a r e P-projective. Clearly, Q P\ }̂ is closed. Let @ denote the abelian 
class of proper s.e.s. in S with respect to the abelian structure 3. Hence, by 
the proposition on relatively closed structures mentioned in § 1.3 (8, Proposi­
tion 7.2), the class P*@ = P@ Pt G r\ $ is abelian. The corresponding class 
of proper maps will be denoted by P*3. 

The abelian structure P*3 has the following unpleasant features: (i) The 
class P*3 need not be an exact structure, even if 3 is exact, (ii) If 3 is not an 
exact structure, ^ S need not be a proper category relative to P*3, (cf. § 1.3) even 
if this is the case for S relative to 3. An example to verify (i) is easily found. For 
an example to verify (ii), let us consider an exact category with an additional 
non-exact abelian structure 3 which is proper relative to 3. Then one shows 
that a pair a admits a proper monomorphism to an injective pair only if the 
kernel of the map a is a proper kernel (cf. § 1.2). Hence, a pair a whose kernel 
is not proper provides the desired example. 

(d) A proper subcategory P*$t' of P S relative to P*3. Let S be an additive 
category with abelian structure g and a proper subcategory S ' of S relative 
to 3. Then a * 'sufficiently large" proper subcategory of P S relative to P*3, 
denoted by P*S r , is given as follows. The class j^of proper objects is the class 
of all pairs [a; Aly A2] such that the map a £ (Ah 4 2) is a proper map of S' . 
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Since the objects of P*$' are given by proper maps a £ (Ah A2) of $ ' , 
there is a kernel A0oî a and a cokernel A% of a. Thus, for every m a p / = {c/>i, $2} 
from a to a' of P*$ ' , there are unique maps <£0 G C4o, ^o') and <£3 € (^3, ^3') 
of $ ' such that the diagram 

Ci 

A 0 = Ker a—+A1—>A2—> Coker a. = A 3 
$0! </>il $2! «foi 

,4 S = K e r a ' - > ^ î - > ^ 2 - > C o k e r a ' = A'z a'. 

is commutative. The maps <£0 and <£3 are referred to as Oth and 3rd component 
of / . An s.e.s. 0 —» a' —» a —•> a" —> 0 in P * $ ' is defined to be proper if the 
short sequences 0 —> A / —» 4̂ * —> A / ' —> 0 (i = 0, 1, 2, 3), given by the com­
ponents, are proper s.e.s. in $ ' . The proof that this class of proper s.e.s. 
forms an abelian structure consists in a direct verification and is left to the 
reader. Furthermore, one can easily show that (i) a proper s.e.s. of P * $ ' is 
a proper s.e.s. of P $ ; (ii) all injectives of P * $ ' are in j2, and all projectives 
of P * f are in gP. In other words, the axioms (H), (HI), and (HI*) hold. It 
remains to show that (H2) is satisfied; (H2*) then follows by duality. 

For a pair [a; Ah A2] of P*$ ' , an injective pair [£; Xh X2] and a proper 
monomorphism i = {KU K2} from a to £ are constructed as follows. If Ax and 
A 2 are proper, then A 3 = Coker a is proper too. Thus, there are proper mono-
morphisms iA< Ç (AK, AK

l) of $ ' with , 4 / 3-injective (K = 1, 2, 3). Put 
Xi = Ai1 -\- A2

l and X2 = A2* + Az* with direct sum decompositions 
(̂ 4i*, ^42*, 11, Tri, i / , 7r/) and (A2\ A%\ i2, 7r2, L2, TT2) respectively, and set 

£ = ^27Ti , /Ci = LiLAl + t i t ^ 2 « , K2 = l2lM + t2^^ 3 7r a , 

TTa being the canonical epimorphism from A2 to the cokernel As. Clearly, £ is 
injective. Since £KI = n2a and IT2K2 = tA37ra, i = {KI, K2} is a map from a to £ 
with 3rd component K3 = t^3. Moreover, mm = lAl and 7T2K2 = 1A2> SO that 
KI, K2, and K3 are proper monomorphisms. Thus, by applying the axioms 
(Pl-4) of %', the map i = {/ci, K2} is seen to be a proper monomorphism in 
P*$ ' . Hence, (H2) is valid in P*$ ' . 

In the special case where $ is a proper exact category (cf. § 1.3), P $ with 
the structure P*3 is a proper abelian category. 

SECTION 2. INJECTIVE AND PROJECTIVE HOMOTOPY GROUPS 

5. i- and p-homotopy. The two dual concepts of homotopy defined by 
Eckmann and Hilton (3) for the category 3JÎ of P-modules (using the analogy 
with fundamental properties of homotopy in topology) can be carried over 
to the following general case: We consider an additive category JÏ with 
abelian structure S together with a proper subcategory $ ' relative to $ (for 
the terminology, cf. § 1.2, § 1.3). 

DEFINITION. TWO maps a, /3 G (A, B) are i-homotopic (a ^ /3\ if for every 

proper monomorphism / i f (A, Ar) there is a map y Ç (A't B) such that 

https://doi.org/10.4153/CJM-1962-011-x Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1962-011-x


148 H. KLEISLI 

a — jô = Y/X; a, /3 Ç (5, .4) are p-homotopic (a ~ f3) if for every proper epi-
v 

morphism e G OP, ̂ 4) /Aère is a map ô Ç (£, ^4') SWC/Ê £Aa£ a — /3 = eô. 
The relations a ^ /3 and a: ̂  /3 both define an equivalence relation for ail 

a, f3 Ç 04, £ ) which is compatible with the addition in (A,B). Thus, the 
classes of i-homotopic maps in (.4, B) form an abelian group IP (.4, B)\ like­
wise, the classes of ^-nomotopic maps in (B, A) define an abelian group IP(A,B). 

For a proper object A (cf. § 1.3), a map a Ç 04, 5 ) is i-homotopic to 0 if 
and only if it can be factored through a proper monomorphism 1 Ç 04, A'O 
with .4* injective: a = 71 for a 7 Ç 04*, i?). Hence, for a proper . 1 , 11*04, 5) 
can be written as factor group (A, B)/i*(A\ B), i*(A\ B) denoting the image 
of 1*: {A \B) -> (A,B) ; by duality, it follows that W{B,A) = (B,A)/ir*(B, Ap) 
for a proper epimorphism ir Ç 04p, ̂ 4) with Av projective. 

PROPOSITION 5.1. Let a £ (.4, 5) and 13 Ç (-6, C) #e two maps. 
(i) If a ~ 0, then (3 a ^ 0. 

i i 

(ii) If (5 ^ 0 and B is a proper object, then fia ^ 0. 
i i 

Proof. The assertion (i) is trivial. To prove (ii), assume that B is proper. 
Then there is a proper monomorphism 1 Ç [B, Bl) with Bl injective. If fi ^ o} 

i 

there is a 7* Ç (B\ C) such that fi = 7*1. Let /i G 04, A') be a proper mono­
morphism. Then there exists a 7' Ç 04', 5*) such that ta = 7V- Hence 
7 = 7 V is a map in (A', C) with fia = 7ju. 

Some consequences of 5.1 will be examined. Let f3 Ç (5 , 5') be a map 
of t . If « G 04, B) ~ o, then 0*0 ~ 0. Thus, for all A of S, 0* : (.4,5) -> (4 ,5 ' ) 

induces a homomorphism 0**: IP04, £) -+ IP04, £')• L e t a € (A', A) be a 
map of $ ' . If 0 G (̂ 4, B) ^ , 0, then a*<£ ^ 0 (since /P is proper). Thus, for 

i i 

all B of # , a*: (A,B) -> 04', £ ) induces a homomorphism a*1: 11*04,5) •-> 
11*04', B). The triple of functions IP(.4, B), a**, / V forms then a functor of 
two variables in JP and in $ with values in the category © of abelian groups, 
that is, a functor IP: $ ' X $ —•» ®. II* is an additive functor in both vari­
ables. If $ is a proper abelian category (cf. § 1.3), II* is a functor of the cate­
gory $ X $ . The abelian groups 11*04, B) are the injective homotopy groups 
(i-homotopy groups) from A to B, and the functor IP: $ ' X St —» ® is called 
the i-homotopy functor. 

The relation a ^ 0 is compatible with the composition of maps, provided 
i 

that a and fi are maps of $ ' . Thus, we can obtain from $ ' a new category 
$'* as follows: The objects of $'* are those of $ ' , the maps of $'* are i-homotopy 
classes of the maps of $ ' , composition and sum in $'* are induced by the 
corresponding operations in 3P. Then $'* is again an additive category. 

The functor IP: 3P X $ -> ® can be considered as functor IP: S ^ X l ^ ® . 
If $ is a proper abelian category, II* is a functor of the category $* X $*. 
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Dually, there is a p-homotopy functor IP: S X $ ' —> ® given by the pro­
jective homotopy groups W(A}B) and the corresponding induced homomor-
phisms a*v and /V\ If we denote by $ / p the category where the maps are 
^-homotopy classes of the maps of $' , IP can be considered as functor of 
$ X $'p . The functors IT and IP are dual in the sense of § 1.1. 

A map <t> G (A', A) is an i-equivalence between A' and A if there exists a 
\p £ (A, A') such that <j>ip ~ 1A and <̂£ ̂  1A>. Then ^4' and A are said to be 

i i 

of the same i-type. The notions of p-equivalence and p-type are defined dually. 

PROPOSITION 5.2. Le/ F: ® —> ® be an additive functor. If a ~ o in $ implies 
i 

Fa = o in ®, then an i-equivalence 4> in $ induces an isomorphism F4> in ©. 
Proof. The assertion is a direct consequence of the additivity of F and of 

the definition of an i-equivalence. Note that if we take an arbitrary additive 
category 8 instead of ®, then the conclusion would read: F<j> is an equivalence 
in 8. 

Let us examine the following consequences of 5.1 and 5.2. By 5.1, the 
assumption of 5.2 holds for both variables of the functor IP: $ ' X $ —» ©. 
Thus, for a proper object A, the groups II f(A, B) are determined by the 
i-type of A and B, up to isomorphisms. 

Clearly, an i-equivalence in $ ' induces an equivalence in $'*, and vice 
versa. Let us consider, in particular, the situation where two functors F and 
F'': $'* —> $'* and a natural equivalence h: F -^ Ff are given. The family of 
homomorphisms h(A)*t\TLt(F'AiB)^>1!li(FA1E) defines then a natural 
isomorphism: IP(F ' X 1) —> II f(F X 1) (1 being the identity functor of $ ) . 

The dual arguments are left to the reader. 

It should be noted that the notions introduced in this section depend on 
the abelian structure 3 chosen in $. In an additive category $, there are in 
general several abelian structures; the one used to define i- and ^-homotopy 
will be called homotopy-structure. In the special case where $ has enough 
injectives and projectives relative to 3, the proper * "subcategory" $ ' will be 
$ itself. Otherwise, a proper subcategory $ ' must be given explicitly. 

6. Suspensions. A suspension of an object A is an object XA which can 
be embedded in a proper s.e.s. of $ 

(6.1) 0->A J+A'-^ZA-tO 
with A1 injective. For a proper object A, there always exists a suspension 
2.4. Let 0 e (A', A) be a map of Ë'. Then there are maps 0* £ (A'*, A*) 
and 20 £ (2L4'f 2,4) such that the diagram 

O-^A'^A'* %2A->0 
(6.2) «1 0Û 20J 

0 -> .4 -> A l -> 2.4 -> 0 

is commutative. 
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PROPOSITION 6.1. Let 0 G {A', A) be a map of $ ' , and 2^4' and 2^4 arbitrary 
suspensions of Af and A. Then the map 20 in diagram (6.2) has the following 
properties: 

(i) The i-homotopy class of 20 is independent of the choice of 0*. 
(ii) If 0 r^ oy then 20 

i i 

(iii) If <j> is an i-equivalence, then so is 20. 

Proof, (i) Let {0i*, 20i} and {02*, 202} be two pairs of maps which can be 
embedded in a diagram of the form (6.2). Put 02* — 0i* = a*, 202 ~" 20i = a:; 
then diagram (6.2) is again commutative for 0 = o, 0* = ai, 20 = a. Since 
a\r = o, there is a ô € ( 2 4 ' , 4*) such that a* = or', air' = TTÔTT' and TT' epi-
morphic imply a = wo. Clearly, ô ~ o\ hence, a ~ o, that is, 20i ^ 202. 

i i i 

(ii) If 0 ̂  o, there is a 7 6 C4'*, A) such that 0 = yi. Thus, 0* can be 

chosen as 0* = 17. Then 7r0* = 207r' = 0, so that 20 = 0. By (i), we have 
20 ^ 0 for any choice of 0*. 

(iii) If 0 G (-4', 4 ) is an i-equivalence, there is a \[/ G 04,^4') such that 
0T^ — 1A ̂  0 and ^0 — 1A ' ~ 0. The maps 2 (0^ — 1A) and 2(^0 — 1A>) 

i i 

can be chosen as 2 ^ 2 0 — ISA and 2 0 2 ^ — ISA' respectively. By (ii), we 
have therefore 2^20 — ISA ~ 0 and 2 0 2 ^ — ISA' ^ 0. 

i i 

Assigning to each proper A an s.e.s. of the form (6.1), by 6.1 the pair of 
functions 2 4 , 20 forms a covariant functor 2:$'*—>$'*. Besides, 2 is an 
additive functor. For two different assignments, the functors 2 obtained coincide 
up to natural ^-equivalences. 

The definition of the functor 2 may be iterated by setting 2" = 22w~_1 

for n > 1. Thus, we obtain additive covariant functors 271: $fi —> $'*, n > 1, 
again determined up to natural i-equivalences, whatever the choice of the 
s.e.s. (6.1). 271 is called n-fold suspension functor, 2 M n-fold suspension of A. 

Let us consider, first for a fixed assignment of s.e.s. (6.1), the composite 
additive functors IT'(2W X l ) : f l M X 8 - > ® (1 being the identity functor of 
$) . By the observation made at the end of § 2.5, II*(2n X 1) is determined up 
to natural isomorphisms, whatever the choice of the s.e.s. (6.1). The groups 
I I i (2M, B) are the nth. infective homotopy groups Yll

n{A, B), and the functor 
II* (2* X 1): $tfi X $ -> ® is called the nth i-homotopy functor II*n, n > 0, 

(n0* = no.* 
A dual suspension of an object A is an object QA which can be embedded 

in a proper s.e.s. of Ë 

(6.1*) 0->tiA->A->A->0 

*It should be noted that the suspension 2^4 plays the same rôle as the suspension of a 
topological space. 
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with Av projective. Dually, we define n-fold dual suspension functors Çln\ 
®'v -> ®'p and the composite functors IF(1 X Qn): St X ®'p -» ®. The groups 
W(B,QnA) are the nth projective homotopy groups Un

p(A,B); the functor 
IP(1 X tin) is denoted by 11/.* 

It is easily seen that, for each proper object A, there is an injective resolu­
tion X in $ ' , that is, a proper exact sequence 

in $ ' where all X t are injective. For any object B, let us denote the homology 
groups of the induced complex 

(X, B):. . . -> (X2, 5 ) - ^ (Xx, 5 ) A * (.4, 5 ) -+ 0 

as follows:Hn\A, B) = Ker dn*/lm d*n+1 (n > I) , i70 '04, 5) = (A, 5)/Imd*i. 
Defining in the usual way the induced homomorphisms of the homology 
groups, we obtain for a fixed resolution of A a sequence of functors Hn*: 
$ ' X St -> @ O = 0, 1, 2, . . . ,). It will be shown that Uj = HJ up to 
natural isomorphisms. 

PROPOSITION 6.2. Let dn+\ — Ln+iTn be a canonical factorization of dn+i Ç 
(Xn, Xn+i). Then the 7r*w induce a family of isomorphisms pn(A, B): Hn

i(A1 B) 
->f f n *(4 ,3) (« = 0 ,1 ,2 , . . . , ) . 

Proof. Obviously, in an injective resolution X of A, the objects Im d*n+i 
are n-fold suspensions I/1 A of A. Thus, the canonical factorizations dn+i 
= in+iTtn give a commutative diagram 

o o 

\y 

/ \ 
0 0 

* Again, it should be noted that the dual suspension Q.A plays the same rôle as the loop 
space of a topological space. 
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where the diagonals are proper s.e.s. For any object By the following induced 
diagram in © 

a"A,B) 
\ 

0 

is given, where the diagonals are exact. By a standard argument in ®, we 
obtain Ker d*n = Ker t*n = A ( S M , B) and Im d*„+i = irVi»*+i (*»+!, 5) ) . 
In addition, the 71-/ are monomorphisms, and consequently isomorphisms 
between (SM, 5) and Ker d*n as well as between t*w+i(Jfn_}_i, J5) and Im <9*n.fi. 
Thus, the 7r*n induce isomorphisms pn(A, B) between the factor groups 
n„*(i4,B) = ( 2 M , B ) A V i ( ^ » + i , 5 ) and Hn\A,B) = Ker d\/lm d\+1. 

By a straightforward verification, it is seen that the family pn(A, B) defines 
a natural isomorphism pn\ 11/ —> Hn\ We have thus shown in a precise way 
that 11/ = Hn1 up to natural isomorphisms. This subsequently justifies the 
notation HJiA.B). 

There is a dual story in which the injective resolution is replaced by a 
projective one. The homology functors Hn

p obtained coincide then with the 
homotopy functors 11/. 

Remark. Proposition 6.2 says, among other things, that the functors 11/ 
can be given in two different ways: first, by means of the n-îo\d suspension, 
and second, as the homology functor of a complex constructed by means of 
the injective resolution. In the framework of (2), the first way of introducing 
11/ corresponds to the construction of the left-satellite functors of U* with 
respect to the contra variant variable (2, I I I . l ) ; the second way is (up to 
an extension of the complexes (X, B) by a term to the right) the construction 
of the partially left-derived functors of Horn with respect to the contravariant 
variable (2, V. 8). A dual interpretation can be given for the functors 11/ . 

7. Pairs. The concept of * 'relative" homotopy groups in topology refers 
in general to a pair of spaces A1 C A2. The corresponding notion in an 
additive category is that of a monomorphism a: Ai—* A2. Since the subse-
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quent arguments can be made as well for arbitrary maps, we shall understand 
by a pair [a\ Ah A2] in $ (often denoted by a only) any map a £ (Ah A2). 

Let us consider the additive category P $ of pairs in ® (cf. § 1.4). As 
homotopy structure in P $ we choose the abelian structure P*3 introduced 
in Example (c) of § 1.4, and as proper subcategory of P $ , we take the sub­
category P*®' introduced in Example (d) of § 1.4. Then it is clear what one 
is to understand by the functors 11 / : (P*$')* X P f -> ® and I I / : P $ 
X (P*$')p -> ®. 

For a proper object A, LA is a pair [L; A, A1} given by a proper monomor-
phism i of $ ' from .4. to an injective A*. Clearly, LA is an object of P*$£'. For 
a map 0 G (4 ' , 4 ) of $ ' . there always exists a map 0* Ç ( 4 " , 4*) such that 
t0 = {0, 0*} is a map from iA' to t^4. 

PROPOSITION 7A. Let <j> d (A', A) be a map of $ ' . Then the map i0 from 
LA to iA' has the following properties: 

(i) The i-homotopy class of t0 in P $ is independent of the choice of 0*. 
(ii) If 0 ^ o, then i<j> ^ o. 

i i 

(iii) If 0 is an i-equivalence, then so is i0. 

Proof, (i) Let 0i* and 02* be two maps such that {0, 01,2*1 are maps from iAr 

to LA. NOW, {0, 02*} — {0, 0i*} = {o, 02* — 0i*} is easily seen to be i-homo-
topic to o. 

(ii) If 0 ^ o, there is a y G (Afi, A) such that 0 = yc'. Thus, 0* can be 
i 

chosen as ^ = cy. Now, i0 can be factored through a conveniently chosen 
proper monomorphism i from iA' to an injective pair. 

(iii) The proof is analogous to that of proposition 6.1 (iii). 

Assigning to each proper object A an s.e.s. of the form (6.1), that is, a 
determinate pair iA, by 7.1 the pair of functions LA, i<p forms a covariant 
functor t:$M—» (P*$')*. This functor i is additive and determined up to 
natural ^-equivalences, whatever the choice of A1 and i Ç (̂ 4, ̂ 4Z). 

With the functors 2» : $ " - > $ " , i: t " - > (P*$')*> determined up to 
natural i-equivalences, whatever the choice of the s.e.s. (6.1), and with the 
functor IT: (P*$')* X PJÏ —> @ we can for each # > 1 construct the com­
posite functor II'(iS*-1 X 1) : $'* X P $ -> © (1 being the identity functor 
of P $ ) . This functor is again additive and determined up to natural iso­
morphisms. It assigns to each proper object A and each pair fi the ''mixed" 
homotopy group II*(tSw~M, (3), called nth "relative" injective homotopy group 
F£(A,P) from A to the pair 0; the functor II'(iS*-1 X 1) is denoted by 
P»', n > 1.* 

For a proper object .4, ê 4 is a pair [e; ^4P, ̂ 4] given by a proper epimorphism 
e of S ' from a projective Ap to A. A dual construction to that of the functor i 

*Note that the pair i2n-1yl is the analogue of the pair denoted in (4) by inA (cf. (4, p. 
274)). 

https://doi.org/10.4153/CJM-1962-011-x Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1962-011-x


154 H. KLEISLI 

leads to the additive covariant functor e and for each n > 1 to the definition 
of the composite functors IP(1 X eO""1)- The group IP(0, &n-lA), is called 
the nth "relative" projective homotopy group P/(/3, .4) ; the functor IP(1 X eftn_1) 
is denoted by P/ . f 

The choice of P*3 as homotopy structure in P$ enables us to identify (as 
in the topological case) the following "relative" homotopy groups with 
"absolute" homotopy groups: 

(7.1) P / 0 4 , coB) = n n _i*U, B) for coB = [co; B, 0] , 

(7.2) Pn '(,4, coB) = nn*(^ f 5 ) for côB = [ci; O, 5 ] ; 

dually, 

(7.1*) P/(côB, 4 ) = n ^ i ^ B , A) for coB = [«, 0, B], 

(7.2*) P/(coB, 4 ) = I I / ( B , i4) for coB = [co, B, 0]. 

We shall show in a precise way how these identifications are possible. 
Assigning to each map 0 Ç (B, B') of $ the maps co0 = {</>, 0} from coB to 
coB' and co0 = {0, 0} from côB to coB', we obtain additive oovariant functors 
co and c o : $ - ^ P $ . 

PROPOSITION 7.2. The homomorphisms a: (2n-^4, B) —» (i2w_1^4, coB), defined 
by acf) = {0,0} for all 0 £ (Sw_1^4, B), induce a family of isomorphisms s (A, B) : 
I W G 4 , 5 ) -> Pn*(^, coB) (n = 1, 2, . . . )• 

Proof. It is easy to see that cr induces a homomorphism of the respective 
homotopy classes. The inverse homomorphism of a is defined by 0-_1{0i, 02} =$1 
for all {0i, ̂ 2} G (t2w-1^4, coB), and induces again a homomorphism of the 
homotopy classes. 

PROPOSITION 7.3. The homomorphisms â: (i2w~M, côB) —> (SM, B), defined 
by <?{0i, 02} = 03 (3rd component of {0i, $2}) /or a/Z {0i, 02} € (i2w_1.4, coB), 
induce a family of isomorphisms s (A, B):Jy

n
i(A, côB) —> nn*(^4,B) (w = 1, 

2 , . . . ) . 

Proof. It is easy to see that, with P*3 as homotopy structure in JPS, a 
induces a homomorphism of the respective homotopy classes. Assume that 
tSn-1v4 and T £ CX\ SM) are given by the proper s.e.s. 

0 -» S*"1^ ^ x -^ TA -> 0. 
Then the inverse homomorphism of â is defined by (i_10 = {0, 07r} for all 
0 G (SM, B), and induces again a homomorphism of the homotopy classes. 

By a straightforward verification, it is seen that the families s (A, B) and 
s(A,B) define natural isomorphisms s: Iln-i* —> Pw*(l X co) and s: Pw*(l X co) 
—> nw* for all w > 1. The identifications (7.1) and (7.2) will be made under 
these natural isomorphisms. By duality, one obtains the identification (7.1*) 
and (7.2*). 

fNote that the pair &ln~lA is the analogue of the pair denoted in (4) by pnA (cf. (4, p. 274)). 
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With the functors 2W: ( P * $ ' ) ' -> (P*®')\ i: ®n: -> ( P * $ ' ) ' and I T : ( P * $ ' ) ' 
X P $ - > @ , we can construct the composite functor nn*(i X 1) = I T ( 2 \ X 1 ) : 
$ " X P $ - > @ . I t will be shown tha t P / = IIn_i '( i X 1), up to natural 
isomorphisms. 

Consider the proper s.e.s. in $ : 

0 -> .4 i+ .4' - ^ S 4 - » 0 , 0 -> S . 4 ' ^ (2L4)' - ^ ' s 2 ^ -> 0 

with , 4 \ (2,4)* injective. 

LEMMA 7.4. / w //ze pair LA = [i;^4,.4*], a standard injective pair %A is 
given by ÇA = [£; A\ A1 + (2L4)*] w&ere £ is a splitting monomorphism, and 
a (standard) suspension 2LA of LA is given by L2A. 

Proof. The pair £A = [£; X i , X2] and a map i = {/ci,/c2} from i,4 to £4 
are constructed as follows. P u t X\ = A \ X2 = A l + (2^4)* with direct sum 
decomposition (A\ (2.4)*, L2, 7r2, t2', IT*'), and set £ = i2, /ci = t and 

«2 = t2t + 12V71-. Clearly, £ is injective, and i is a monomorphism with 3rd 
component K3 = t'. In order to see t ha t z is a proper monomorphism, and in 
order to examine the suspension 2t.4 determined by i, let us consider the 
commuta t ive diagram 

0 
t 

'• L 

(7.3) 0->Ax -*Al + (2,4) ^ ( 2 L 4 ) f - > 0 

0 

where the columns are proper s.e.s. The maps in the last row are uniquely 
determined. Since the first two rows are proper s.e.s., by (P4*), the last row 
is a proper s.e.s., too. Hence, i is a proper monomorphism. Fur thermore , the 
second column splits, so t ha t Coker K2 is injective. Hence, 2^4 = LXA. 

By induction with respect to n, it follows from 7.4 t ha t i S M is an w-fold 
suspension of LA. Thus , i2w = 2wi up to natural ^-equivalences, and therefore 
P* = nw_V(i X I ) up to natural isomorphisms. 

Finally, we sta te a simple consequence of the result just given and of 
Proposition 6.2. Let X be an injective resolution in P * $ ' of the proper pair LA : 

A di d2 

0 - » LA —> £1 —> £2 - » . . . . 

For any pair /3, let HJ^A, f3) denote the homology groups of the induced 
complex (X, ft). Then we have 

0 0 0 

0-
i 

-*A -i» A' -5. 2 M -
Kl ' = 4 J.K2 | « 3 = 

0- -*A* ->Al + (2A) 
'2 0 

H 1 w 0- -*ZA —» Coker KO -* 2l4 -
I ï I 
0 0 0 
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PROPOSITION 7.5. Let dn+i = in+ipn be a canonical factorization of dn+i 6 
(£n, ?n+i). Then the p*n induce a family of isomorphisms pn(A, 0)\ Pn+i*C4, P) 
-*Hn\iA,p) (n = 0 , 1 , 2 , . . . ) . 

For a fixed resolution of LA, a homology functor i ? / : $ ' X P $ —•> © can 
be defined by means of the groups H^ÇiA, fi). The family pn(A, P) defines 
then a natural isomorphism pn: Pw+i* —» .H/. 

REMARK. It should be noted that, in choosing the homotopy structure in 
P $ , we did not take the abelian structure P$ (cf. § 1.4, Example (c)) which 
would have been the most obvious one to choose. The reason for this is: if 
the homotopy structure is P$, the identifications P/(^4, ccB) = 11/(^4, J3) 
and P/(co5, A) = 11/(5, ^4) cannot be obtained. If we insist on these 
identifications (which are essential in the topological analogue), the most 
natural choice to define homotopy in P $ is the class P*3. This choice has 
been made, although P*3 has an unpleasant feature: it is not necessarily an 
exact structure, even if $ is exact. Hence, in order to avoid having to develop 
the whole theory again in the category of pairs, we were compelled to carry 
out the procedure of §§ 1.5 and 1.6 in additive categories with abelian struc­
ture (instead of in exact categories). But now an additional feature of P*3 
appears: If 3 is not an exact structure, P $ has not enough injectives and 
projectives (relative to P$), even if this is the case for $ (relative to 3). To 
face this new difficulty, we introduced the concept of a proper subcategory 
$ ' of $ relative to S. 

8. Double pairs. The introduction of pairs and "relative" homotopy groups 
can be done in the category P $ of pairs in $ with homotopy structure P*3 
in the very same way as in the category $? with homotopy structure g. To do 
this, one considers the category P 2 $ = P(P$) of pairs in P$ with homotopy 
structure P*(P*%) and the proper subcategory P*(P*®') of P 2 $ . Then it is 
clear what one is to understand by the functors 11 / : (P*(P*S')) ' X P2$->®. 

The objects of P 2 $ are pairs [a;ai, a2] of pairs ai, a2 in S (often denoted 
by a only). They will also be called double pairs in $, and P2$ the category 
of double pairs in $ . 

Let i denote the functor from (P*$')* to (P*(P*$'))* which corresponds 
to the functor i from $'* to (P*$')* (cf. § 2.7). By means of i, the functors 
P / : (P*$')* X P2$—>@ are constructed. Moreover, we have now a composite 
functor & = u : $ ; i - * (P*(P*$'))*> determined up to natural i-equivalences. 
This functor suggests for each n > 2 the definition of an additive functor 
IT'(£2n-2 X 1) : S " X P 2 $ -> @ (1 being the identity functor of P 2 $) , deter­
mined up to natural isomorphisms. It assigns to each proper object A and each 
double pair b the "mixed" homotopy groups IT(&2W~~2^4, b), called nth. "rela­
tive1 infective homotopy groups T/(^4, b) from A to the double pair 6; the 
functor n*(ft2n-2 X 1) is denoted by T / , n > 2. 

By application of the results of § 1.7 to PB and P 2 $ , one shows that: 
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P / = Tw*(l X o) for the functor ô:P®-+ P2® corresponding to «: $ -> P® ; 
W = Pn '(i X 1), » > 1. 

Let [ai\ An, A12] and [a2; A 21, A22] be pairs in $, and a = {0i, 02} a map 
from «i to «2 of P $ . The double pair [a; ah a2] in $ is completely characterized 
by a "directed" commutative diagram in $ 

(8.1) 0i 1 1 1 1 ^ 2 
^ 2 1 —>• ^ 2 2 

a2 

where the double arrow determines the pairs that are mapped. Let a and af 

be two double pairs, and F = î/1,/2} a map from a to a' of _P2$. Then P is 
characterized by the matrix 

011 012 

021 022J 

where {0u, 0*2} = ft (i = 1, 2). The maps 0 ^ are called the components of 
F i n « . 

For a double pair / = [{0i, 02} ; «i, a2], given by a diagram of the form 
(8.1), the transposed "directed" diagram defines again a double pair [{«i, a2} ; 
0i, 02], called the transposed fT of f. For double pairs a and b, and for a map 
F G (a, ô) given by a matrix of the above form, the transposed matrix is a 
map in (aT, bT), called the transposed map FT of F. The pair of functions 
aT, FT forms an additive covariant functor T: P2® —» P 2 $ , called trans­
position. Clearly, TT = 1 (1 being the identity functor of P2®). 

The transposition T gives an additional "structure" in the category P2® 
which will be exploited in the proof of the exactness of the homotopy sequences 
of a triple (see § 3.10). There we shall need the result that Tw* = Tn*(l X T) 
up to natural isomorphism (see 8.4 below).* 

LEMMA 8.1. If a is infective in P*(P*$')> then so is aT. 

The verification is straightforward and is left to the reader. 

LEMMA 8.2. The transposition T: (a, b) —> (aT, bT) induces a natural iso­
morphism t: U\k X 1) -> IP(r& X T). 

Proof. Clearly, Tdefines a family of isomorphisms T(a, b) : (a, b) —* (aT, bT), 
natural with respect to both variables. Let a = kA and F £ (a, b) be ^'-homo-
topic to 0. Since a is proper, there is a proper monomorphism / Ç (a, a1) of 
P*{P*®') with ai infective and a map G € (a*, b) such that F = GI. Then, 
FT = QTJT9 w h e r e j r ç (flr fl«r)e B y 8 1 > a*r i s injective; thus, P r 6 (aT, bT) 

is i-homotopic to 0. Since P P = 1 and aT is proper too, FT ~ 0 implies 

P ^ 0. Hence, T(kA, b) induces a family of isomorphisms t(A, b): IT'(^4, b) 
i 

-^Jli{(kA)T,bT)i natural with respect to both variables. 
*The topological analogue of the following arguments can be found in (4, § 7). 
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LEMMA 8.3. Tk = k up to natural i-equivalence. 

Proof. This follows from the fact that (kA)T and kA are i-equivalent. 

By 8.2 and 8.3 we obtain 

PROPOSITION 8.4. The transposition T: (a, b) —•» (aT, bT) defines natural iso­
morphisms t: T»*-> TV(1 X T). 

The formulation of the notions and results dual to those enunciated above 
is left to the reader. Note that the transposition is self-dual in P2®. 

SECTION 3. T H E EXACT HOMOTOPY SEQUENCES 

9. The exact homology sequence. We state here a well-known theorem 
of homological algebra which will be used to prove the exactness of the homo­
topy sequences of a pair (see section 3.10). The only category considered 
below is the category ® of abelian groups. 

The terminology used here is that of (2) with some changes that we are 
going to explain. Considering left-complexes X and their homology groups 
H(X), we lower the indices to avoid writing negative numbers. We shall 
speak of an exact sequence 

O-^X' ^X^X" -^0 

of left-complexes if the short sequences 

o->x'n^xnhx'1;-+o 
given by the components are exact for n > 1, but only left-exact for n = 0. 
Then the following theorem is still valid. 

THEOREM 9. Let 0 —» X1 —» X —•» X" —* 0 be an exact sequence of left-com­
plexes. Then there is a sequence of {connecting) homomorphisms An: Hn(X") 
—» Hn-\{X') such that the sequence of homology groups {homology sequence) 

. . . ->flntX") -*Hn(X) -+Hn(X") -A-^Hn^{Xf) - . . . -*H*(X") 

is exact. 

The demonstration of Theorem 9 is contained in (2, chapter IV), where 
an explicit description of the homomorphisms An is also given. Moreover, 
the connecting homomorphisms An are natural homomorphisms in the sense 
that the homology functors Hn form a connected sequence of functors. 

10. The exact homotopy sequences of a pair. Let A be a proper 
object and 0 6 (J3i, B2) an arbitrary map of $ . Then one associates to A and 
the pair 0 = [0; Bh B2], as in (3), the sequence of homotopy groups 

S*(A, 0) : . . . -> Ui(A9B1) - ^ Ui(A,B2) -A Pn*04, 0) - ^ 1 1 ^ 4 , Bx) — 

...-^TLi{A,B2), 
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called injective homotopy sequence of the pair 13 with respect to A. The homo-
morphisms in 5* (A, f3) are defined as follows: (i) £** is the homomorphism 
induced by 0 £ (5i, 5 2 ) ; (ii) identifying II**(4, 52) = P/'(.4, œB2),j^ is the 
homomorphism induced by j = {0, lB2\ from <àB2 to jô; (hi) identifying 
nn_i*(^4, 5i) = Pw*04, co5i), d* Ms the homomorphism induced by d = {lBl , 0} 
from 0 to coJ32. 

THEOREM 10. 77&e injective homotopy sequence S* (/1,13) is exact. 

Proof. Let X be an injective resolution of LA : 

such that the £w are standard injective pairs in the sense of Lemma 7.4, and 
let (X, 13) denote the induced left-complex . . . —> (£2, 0) -> (£i, 0) —> (u4, /3)—>o. 
Since 

o —» û £ 2 -̂ > /3 —•> w ^ i —» o 

is obviously an s.e.s. in P $ , the sequences 

O -> (£,, «32) - ^ (£,, 0) - ^ (£,, «51) 

are exact for all n > 0 (£0 = ^4). Since, for each n > 1, £„ is a standard in­
jective pair [£„; Xi, X2], there are maps £n' £ (X2, Xi) such that £w'fn = lX l . 
From this it is easily seen that the homomorphisms d* are epimorphisms for 
all n > 1. Consequently, the sequence of left-complexes 0 —» (X, <àB2) 
—> (X, j8) —» (X, wBx) —> 0 is exact in the sense of § 3.9. The homology groups 
Hn((X, p)) are exactly the groups HJ^A, fi) of § 2.7. Hence, by 7.5 and 9, 
the sequence 

S'*(A, fi): . . . -> P ^ i ( A «52) - J-i K+M, fi) - ^ P*+iG4, «BO 

is exact. Identifying Pn+i*(i4, £52) = ILn+1
i(A1t32)sLnàiïn+l

i(A,œB1) = n n*(^,5i) 
by the natural isomorphisms 5 and 5 respectively, one obtains the injective 
homotopy sequence S*(A, fi) up to the following deviations: (1) in SV(A £), 
one has the composite homomorphisms A / = Jpn_i~lAnpns instead of the 
homomorphisms /3** induced by 0; (2) the sequence S*'(A, 13) ends with the 
term Hoi(A1 Bx). It is easy to see that, by the assumption A / = fi** for 
n > 1, the sequence 5*'(^4, 0) can be extended by the term 

noX^^O^nÙA^) 
such that it remains exact. 

The proof that A / = 0** for w > 1 can be given in two ways: either by a 
direct verification with the explicitly given homomorphisms s, s, pn and An, 
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or by the following consideration of their naturality property. For an arbi­
trary object By consider the s.e.s. 

o —» wB A lB —> wB —> o 

where lB = [1B;2J, 5 ] , / = {o, lB}y d' = {lB,o}. The connecting homo-
morphisms An': Hn*(iA, wB)—* Hn-i*(LA , œB) are then isomorphisms; hence, 
the An

fi = spn-i~
lAn'pns define natural isomorphisms: UJ —» n n ' , w > 1. The 

commutative diagram 

j' d' 
o —> co^i ——> l S l ——» wBi —» o 

0 —» 03^2 
7 

induces the following commutative diagrams 

HIUA.COB,)- -H , . . 1 ( IA ,»B 1 ) 

ÏÏ.(A,B,)- ÏÏI(A,Ba) 

Hence, A / = fi^An1 where the An
n are natural isomorphisms. Thus, Aj can 

be replaced by /?**. 
In addition, we have shown that the homomorphisms /3*\ j * \ d*1 are 

natural in the following sense. If /3f is another pair and / a map from f3 to /3'\ 
then / "induces a map" from 5* (̂ 4,13) to S*(A, /3'). 

Dually, to A and the pair /3 = [f3; B2, B\\, one associates the sequence 

/3*p ; * ? d*p 
T- ft*- 7Sp^ iJJJC'' 

5 03, A):... -»n2(slf 4) -£->n*(B2,4) -i— p»(/?, 4) - - + n * . ^ , 4) -

. . . - » n ? ( 5 2 M ) , 
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called projective homotopy sequence of the pair 0 with respect to A. The homo-
morphisms in S*(0, A) are then defined as follows: (i) 0*p is the homomor-
phism induced by 0 € (B2, 5 i ) ; (ii) identifying 11/(£2, A) = P/(co£2, ^4), j * p 

is the homomorphism induced by j = {1B2, 0} from 0 to co£2; (iii) identifying 
nn_ip(J5i, 4 ) = Pn*(«5i, A), d*p is the homomorphism induced by d= {0, lBl] 
from coBi to 0. 

THEOREM 10*. The projective homotopy sequence S*(0, ^4) w omc£. 

Replacing $ by P $ , we obtain for a proper pair a and any double pair 
b = [b; 0i, 02] the exact homotopy sequences 5* (a, i) and S*(b, a).* Let us 
take for a a special pair of the form a = iA (cf. § 2.7). Then, using the identi­
fications Pw+i* = IV( i X 1) and Tn+i* = Pn*(t X 1) (1 being the identity functor 
in P $ and P 2 $ respectively), we have an exact sequence of ' 'relative" homo­
topy groups 

S*(A, £ ) : . . . -> K+M, 00 - - X Pi+1(^, 02) _̂% T*+1(/l, 6) -*U Pn*(4, 0X)-+ 

. . . ^ P l W , 0 2 ) , 

called injective homotopy sequence of the double pair b with respect to A. 

11. The exact homotopy sequences of a triple. A triple [0, 7; 5 , C, X>] 
in $ (often denoted by [0, 7] only) is a sequence of the form 

To such a triple, a "directed" commutative diagram 

01 i i i ID 
C >D 

7 
can be associated. This directed diagram determines a double pair b = [(ft, 1D); 
70, 7] again denoted by [0, 7]. When, subsequently, we speak of a triple, we 
always mean the double pair associated in the above way. 

Let us consider the exact homotopy sequences of the triple b = [0, 7] and 
of its transposed bT, both with respect to a proper object A : 

S*(A, 6): . . . - P i n ( A 70) - ^ P„+iG4, 7) - ^ T „ + 1 ( A b) -^ J>l
n(A, 7 0) -> . . . ; 

/ )* ' iV* a*'* 
S*(,4, 6 r ) : . . . -+P*+1(.4, 0) - ^ > P „ W , ID) - - ^ ^ ( , 4 , 6r) - - ^ P ^ , 0 ) - . . .. 
Obviously, Pw+i*(^4, ID) = 0 for all n > 0. Thus, the homomorphisms d*'* are 
(natural)isomorphisms. By 8.4, the transposition T defines natural isomor-

*These sequences are the analogues of the exact sequences S*(a, b) and S*(b, a) of (4, § 4). 
However, their exactness does not need a separate proof in this context. 
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phisms t: Tn+i*-> Tn+i*(l X T). Hence, putting c*' = ^ ' r ^ * ' * ) " 1 and 
A* = d*'Hj*\ one obtains an exact sequence 

S*(A,[P,y]):. 
c* „i 

K{A, j8) ^ - Pj(4, 7/3) ^ Pi (4 , 7) -» 

- ^ P»-i(4, 0) P i04,7) . 

called injective homotopy sequence of the triple [/3, 7] with respect to A (cf. (4), 
Corollary 7.8). The homomorphisms in S* (A, [/3, 7]) can be given (more 
conveniently) as follows: (i) c** is the homomorphism induced by c = {1B, 7} 
from /3 to 7/3; (ii) b*1 is the homomorphism induced by b = {/3, 1D\ from 
7/3 to 7; (hi) identifying Vn\A, 7) = TV(4,07) (cf. §2.8), A* is the homo­
morphism induced by 

0 0 

.01 02. 
= (O, 0l) 

for all 

from kZn~2A to 07. 

r. . 1 
L0i 02J 

Proof of (i) and (iii). 
(i) c* = d*T~ld'*~l and T~l = T. Given {<j>u </>2} from i2w_1^4 to 0, choose 

01 02 
702 * -

from feS""1^ to bT. Then d*'F = {</>i, 02} and 

• [ 

d*T{F) = 

Hence, c = {1B, 7}. 
(iii) A = d*Tj*. Given 

from k~2n-2A to 07, 

G 
L01 02J 

AG = d'*T(G) = diTJ ^ " = d'*r Î 1 = jo, «!}. 
L01 02 J 1.0 02 J 

Dually, for a triple [7, £] = [7, 0; D, C, B]y one obtains the exact sequence 

S (f7, 18], -4) : . . . - «(/S, /l) - ^ P*(/37, .4) - ^ P*(7, 4 ) - , 

Ap 

— Pj-l(/3, .4) Pf(7,^), 
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called projective homotopy sequence of the triple [7, /3] with respect to A (cf. (4), 
Corollary 7.8*). The homomorphisms in S* ([y, f$], A) are then given as 
follows: (i) c* is the homomorphism induced by c = {7, 1B} from /3y to 0; 
(ii) b* is the homomorphism induced by b = {lD, 13} from 7 to ^7; (iii) identi­
fying P / (7 , ^4) = T/(<?7, .4), Ap is the homomorphism induced by 

02 fa 
.0 0 . 

= ( « I , * ) -

12. The exact homotopy sequences of a fibration. Under certain 
assumptions for the pairs f3 in $ , the "relative" sequences 5*(^4,/3) and 
5*(]S, /l) become "absolute" sequences, that is, sequences without "relative" 
homotopy groups. In analogy to the situation in topology, these pairs are 
referred to as fibrations (cf. also (3)). 

DEFINITION. A pair [f3; Bh B2] is an i-fibration relative to a proper object A 
if it has the following properties: (i) the map 0 £ (Bh B2) has a kernel Bo', 
called the fibre of 0, (ii) there is an injective resolution X of A such that, for 
each map <£2 £ (Xn, B2) where Xn is an injective object occurring in X, there 
exists a map fa Ç (Xnt Bi) with <j>2 = fifa. If property (ii) holds for arbitrary 
injective objects Xn of $ ' , one speaks simply of an i-fibration. 

A pair [f3\ B2, Bi] is a p-fibration relative to a proper object A if the dual 
properties hold; the cokernel B0 of the map /3 £ (B2, Bi) is then called the 
cofibre of 13. 

Let A be a proper object and [0; Bh B2] an i-fibration relative to A. The 
canonical monomorphism from the fibre B0 to B\ will be denoted by K. For 
A and the double pair b given by the "directed" commutative diagram 

B0—+O 
(12.1) ^ i J H 

Bi-p + B* 

one proves the following lemma. 

LEMMA 12.1 T / ( / l , b) = 0 for all n > 2. 

Proof. Let X be an injective resolution of the double pair a = kA : 

Di D2 
0 —» a — > %i — > x2 —•>. . . , 

such that the injective double pairs xn are given by diagrams of the form 
(8.1), where the term A21 coincides with an injective object Xn of $ for 
which fibration-property (ii) of 0 holds. By Lemma 7.4, it is easily seen 
that such a resolution of kA exists. We denote by (X, b) the induced left-
complex 

D* D* 
. . . —> (#2, b) —^ (xi, b) —> (a, b) —> 0. 
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The diagram 

Bo 

clearly determines an exact sequence 

Thus, the sequences 

0-

b>I>bZb" in P2$. 

2* P* 
fa, V) > (xn, b) > fa, 6") 

are exact for all n > 0 (XQ = kA). The pair /3 being an i-fibration, it will be 
shown that the P* are epimorphisms for n > 1. Consequently, the sequence 
of left-complexes 0 —» (X, £') —> (X, 6) —> (X, b") —> 0 is exact in the sense 
of § 3.9. 

Let 

F = o 
022J 

be a map from xn to b", n > 1. The double pair xn is given by a diagram of 
the form (8.1), where A 21 = Xn has the property just mentioned. So there is 
a map <j>n Ç (̂ 4 21, Bi) such that #21 = i&foi'. Since P<t>2i4>i = $2i</>i = 0 (for 
the notation <£i, see diagram (8.1)), there is a $ 1 / Ç ( i n , 230) such that 
K<t>ii = <j>2i4>i. Hence, we have a map 

G'-
IV11 
L021 

0 

$22-

from xn to Z> such that P*G = F. 
Now, by the same arguments as in the proof of Theorem 10, the sequence 

of homotopy groups 

>TBV2G4, b')-+Tli.2(A, &)-» TJ + 2 ( i , 6") -> T,f+i(4, 6') TU^.n 
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is exact. Furthermore, 

Tn<04, b") = T&A, olB2) = Pi(^, lB2) = 0 

and 

?i(A,b') = T&A, (olBo)
T) = ?i(A,olBo) = Pi_i(^4, lno) = o 

for all » > 2. Hence, TV (.4, J) = 0 for all n > 2. 
Consider a diagram of the form (12.1), first without the assumption that 

f3 is an i-fibration. For the corresponding double pair b = [6; coJBo, #], its 
transposed o r = [bT; K, œB2]> and for the pairs [K; B0, BI], [/3; -Si, B2], we 
have the exact sequences S* (A, b), S*(^4, 6T), 5*(-4, K), 5*04, 0). These can 
be embedded into the diagram 

i i 
TUi(A,bT) rn+M,b) 

1 i 

. . . -> n ^ , s o - ^ p„f(.4, <) - ^ nî_i(^, So) = vl(A, coBo) - H n ^ , s o -> . 
(12.2) W i 1 J, & 3 J, fti 2 I jd 
. . . -> n,î(4, Sx) --+ Pi(.4, «£,) = HÎ(4, B2) —> P.ÎW, /S) -r-» HJ-X04, BO -» . . 

Pi i & i 

i * I 
T„!'(-4,ôr) T»'(^,i) 

I I 

satisfying certain commutativity relations. 

LEMMA 12.2. The diagrams (1) and (2) are commutative', diagram (3) is 
anticommutative. 

Proof. 1. Identify IV'(.4, J3i) = Pn*(4, <S5i), and let {0,0} be a map 
from tSn-M to wBh Then J*^'*'^, 0} = ô*r{o, 0} = {0, 00}. Thus, b*Tj* = (3*. 

2. Given a map {0, 0} from iHn~lA toœB0, then d*£*{0, 0} = d*{K0, 0} = K0* 
Thus, d*6* = K*. 

3. Let }0i, ^2} be a map from i^n~lA to K. One has to show that 

(6*d*+j*&*){0i, 02} = &*d'*{0i, 02} + j*ô*{0i, 02Î = {*0i, 0} + {0, j302} 
= {*0b ^02Î = (K, 0)*{0l, 02j T 0. 

This can be done by considering the homotopy sequence of the triple [K, f3] 
where {*, /3}** = {*, 1}**{1, /3}** = W = 0. Thus, 

&*d* T — j*b*. 
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Assuming now that /3 is an i-fibration relative to A, the following theorem 
is obtained (cf. (3, Theorem 5.2)). 

THEOREM 12.3. Let A be a proper object, and [f$\ B\, B2] an i-fibration relative 
to A; [K; BO, B\] is the pair given by the canonical monomorphism K from the 
fibre B0 of 0 to B\. Then there are natural isomorphisms 

U:V:(A,K)-^II:(AJB2) for n > 1, 

and 

v: nU(A,Bo) -> K(A, 0) for n > 1, 

such that (using the notation of diagram (12.2)) the following identifications can 
be made: (1) uj*1 = /V , (2) d*nv = K**, (3) v~lj*1 = - d*nu~\ 

Proof. Put u = b*Ti and v = b*\ Lemma 12.1 implies, for n > 2, u and v 
to be isomorphisms. For n = 1, it only follows that b*Ti and b*1 are mono-
morphisms. But, by a separate vérification, it is easily seen that they are 
epimorphisms, and therefore isomorphisms. The relations (1), (2), and (3) 
are exactly the commutativity relation of Lemma 12.2. 

Applying 12.3 to the "relative" homotopy sequences S*(.4, /3) and S*(A, K) 
we obtain two exact "absolute" homotopy sequences 

T*(A, ft) : . . . -> K(A, Bx) -&> UUA,B2) ^ - ^ - 4 uU(A, B0) - ^ 

T*(A, *):. . .-> K(A,B») -X U^A9B1) - ^ K(A,B2) ^ - = - - ^ J 
Ul-iiAtBo)-*... 

which are one and the same sequence up to a sign of the "connecting homo-
morphisms" A* and Afi: v~lj*1 = — d*'%_1. This sequence is called infective 
homotopy sequence of the i-fibration (3 relative to A. 

Let [/3;B2,Bi] be a ^-fibration relative to A. The canonical epimorphism 
from B\ to the cofibre Bo of /3 will be denoted by y. The formulation of the 
theorem dual to 12.3 is left to the reader. We shall only write down the exact 
"absolute" homotopy sequences dual to T* (A, 0) and T*(A,K)\ 

R*p Ap
 y*

p 

r*(/3, A) : . . . - • Up
n(Bh A) ^-> Up

n(B2, A) —> i d C B o , A) - U UU(BhA)-^. . . 

r* ( T , A):...-* Ul(Bo, A) ^ Ul(Bh A) K Up
n(B2, A) -^ UU(B0,A)-^ . . . 

These are again one and the same sequence (up to a sign of Ap and A/p) which 
is called projective homotopy sequence of the p-fibration ft relative to A. 

SECTION 4. HOMOTOPY THEORY IN SOME SPECIAL CATEGORIES 

13. Homotopy for R-homomorphisms. Let R be a ring with unit 
element. Consider the additive category 99? of i^-modules and choose the 
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exact structure t of 9ft as homotopy structure. Then one obtains the homo-
topy concepts for P-modules introduced in (3). 

Since 9ft is a proper abelian category, that is, there are enough t-injectives 
and t-projectives, 9ft can be chosen as its own proper subcategory. Hence, 
the functors II l

n and 11/ are functors of the category 9ft X 9ft (respectively 

9ft* x 9ft and m x mp). 
The category P9ft of pairs in 9ft with homotopy structure P*t is still a 

proper category; namely, we have P*9ft = P2)î. Hence, the functors Pw* and 
P / are functors of the categories 9ft X P9ft and P9ft X 9ft (respectively 
9ft* X P9ft and P9ft X 9ftp). However, P*t is a non-exact abelian structure. 

The category P29ft of double pairs in 9ft with abelian structure P*(P*t) is 
no longer a proper category. Here we have to consider the proper subcategory 
P*(P9ft) relative to P*t, which is different from P29ft. 

Let P be an associative algebra over a commutative ring K. Then there 
is a natural ring-homomorphism <f>: K —> P (cf. (2, IX, 1)). By means of this 
ring-homomorphism, the ^-relative structure $$ can be introduced in 9ft. The 
^-injectives and ê^-projectives are known as weakly injective and weakly pro-
jective modules (cf. (2, X, 8)). Taking 3</> as homotopy structure—we shall 
speak of the weak homotopy structure in 9ft—the corresponding homotopy 
relations and homotopy groups will be called weak homotopies and weak 
homotopy groups. 

The weak homotopy structure in 9ft is very convenient in the following 
context. There is a simple covariant functor C: 9ft —> 9ft which assigns to 
each module a weakly injective module, namely CA = Hom,s(P, A). A co-
variant functor E: 9ft —» 9ft with the dual property is given by EA = R ® s A. 

14. Chain homotopy. Let us consider the additive category P9ft of 
complexes in 9ft (cf. § 1.4). As homotopy structure in D9ft, we choose the 
abelian structure 3i introduced in Example (b) of § 1.4. The notations there 
will be used freely in this part. We are going to show that the concepts 
of i- and ^-homotopy both coincide with the concept of chain-homotopy. 

Let A and A' be two complexes. A chain map </>: A —> A' of degree p is a 
sequence {4>i)uz of P-homomorphisms 0* £ (AuAi+p

r) such that 4>i+iai 
= ai+v'<i>i. Thus, the chain maps of degree 0 are exactly the maps of the 
additive category Z>9ft. 

Two chain maps 4>, \p: A —> A' of degree p are homotopic ($ ~ \p) if there 
is a sequence (<ri)Uz of P-homomorphisms at £ (Ai,A'i+p-i) such that 
<l>i — iïi = (Ti+ioti + (— l)paf

i+p-i<jt. In particular, a m a p <t> Ç (A, B) is 
homotopic to o if <f>i = <ri+\ai + ĉ _icrz- for a sequence (<Ti)uz of P-homo­
morphisms o-j Ç (Aif A'i-i). 

The chain maps <j>\ A —» P of degree £ form an abelian group Homp(^4, P) 
with respect to the usual addition of maps. The relation <j> c^. \f/ defines an 
equivalence relation for all <£, $ £ Homp(^4, P) which is compatible with the 
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addition in Homp(4, B). Thus, the classes of homotopic chain maps in 
Hoirip(4, B) again form an abelian group §om p (4 , B). 

A map <j> G (4 , J3) of DTI is i-homotopic to o if and only if it can be fac­
tored by the proper monomorphism n from A to X(A) constructed in Example 
(b) of § 1.4. 

LEMMA 14.1 A chain map 4> G Hom0(4, B) is homotopic to o if and only 
if there is a y G Hom 0(X(4) , B) such that <j> = yy,. 

Proof. Let <t> = {<t>i)uz be in H o m 0 ( 4 , £ ) , and assume that there is a 
y = (yùiez G Hom 0(X(4) , B) such that 0 = 7/z, that is (with the notation 
of Example (b)), 4>t = 7*(i/a* + 1*) for all i. Put <rt = 7*_i.i'i_i. Then (<Ji)uz 
is a sequence of homomorphisms <rt G (4 $, 5*_i) such that cr^-ia* + /^..IO-* = <£*. 

Conversely, assume that <t> ~ 0, that is, that there exists a sequence 
{<Ji)iez of homomorphisms at G (4* f5*_i) such that <ri+iai + fii-io-f = 0*. 
Put 7i = Pi-iViiTi + <ri+iTi. Then 7*+i£t = Pi7u and 7 ^ = </>*. 

Dually, a map </> G ( 5 , 4 ) is ^-nomotopic to 0 if and only if it can be 
factored by the proper epimorphism e from Y (A) to A constructed in Example 
(b) of § 1.4. The proof of the following lemma is left to the reader. 

LEMMA 14.2. A chain map <j> G Hom0(B, A) is homotopic to 0 if and only 
if there is a y G Hom0(J3, Y {A)) such that <j> — ey. 

Now it follows immediately that a map <j> G (A, B), considered as chain 
map in Hom0(4, B), is homotopic to 0 if and only if </> 7 0 and <j>~ 0. Thus 

I P ( 4 , 5 ) = W(A,B) = $om0(A,B). 

For a complex A, the construction of a suspension 2 A will be given ex­
plicitly. X(A) and M G (A, X(A)) are to be constructed as in Example (b) 
of § 1.4. A complex A' and a map e G (X(4) , 4 ) are given as follows: 
Ai = Ai+i,oLi = — «î+i, et = a^i — 7r/ (with the notation of Example 
(b)). Then, a/c< = €i+i£* and the sequences 

O-tA^Xi-^A',-^0 

are splitting s.e.s. of 5DÎ. Hence, A' = 2 4 . Iterating this construction, one 
sees that an n-fold suspension SM 0/ 4 is given by the complex A' where 
A I = 4 i + w , a / = (— l)wai+w. Dually, a?z n-fold dual suspension ttn A of A is 
given by the complex A' where 4 / = 4 *_n, a / = (— l)nat^n. 

Clearly, one obtains isomorphisms tp: (S p4, B) —» Hom_p(4, 5 ) by setting 
*„(*<)f«z = ( ( - l)pi**-p)i.z for all 4> = ( * t W 6 ( 2 M , B ) . By 144, 0 7 0 
if and only if tv<f> C^L 0. Hence, tp induces an isomorphism from lip*(4, B) to 
§om_2?(4, B). Similarly, an isomorphism between 11/(4 , B) and Hom_p(4, B) 
can be given. Thus, up to explicit isomorphisms, 1 1 / ( 4 , 5 ) = 1 1 / ( 4 , 5 ) 
= §om_p(4, B) for all p > 0. 
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