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ABSTRACT

Let G be the simple algebraic group Sp(2, 2), to be defined over Q. It is a non-quasi-split,
Q-rank-two inner form of the split symplectic group Spg of rank four. The cohomology
of the space of automorphic forms on G has a natural subspace, which is spanned by
classes represented by residues and derivatives of cuspidal Eisenstein series. It is called
Eisenstein cohomology. In this paper we give a detailed description of the Eisenstein
cohomology H%iS(G, E) of G in the case of regular coefficients E. It is spanned only by
holomorphic Eisenstein series. For non-regular coefficients E we really have to detect
the poles of our Eisenstein series. Since G is not quasi-split, we are out of the scope of the
so-called ‘Langlands—Shahidi method’ (cf. F. Shahidi, On certain L-functions, Amer. J.
Math. 103 (1981), 297-355; F. Shahidi, On the Ramanujan conjecture and finiteness of
poles for certain L-functions, Ann. of Math. (2) 127 (1988), 547-584). We apply recent
results of Grbac in order to find the double poles of Eisenstein series attached to the
minimal parabolic Py of G. Having collected this information, we determine the square-
integrable Eisenstein cohomology supported by Py with respect to arbitrary coefficients
and prove a vanishing result. This will exemplify a general theorem we prove in this
paper on the distribution of maximally residual Eisenstein cohomology classes.

Introduction

Let G be a connected, semisimple algebraic group defined over Q of Q-rank rkg(G) > 1, let E be
a finite-dimensional, irreducible complex representation of the Lie group G(R) of real points of G,
and let I' C G(Q) be an arithmetic congruence subgroup. The study of the cohomology spaces
H*(T', E) has been carried out over the last 40 years from various points of view and motivations,
using and comparing several techniques. Among these techniques, the cohomology of arithmetic
groups has major applications within the Langlands program, which itself originated in the
attempt to solve classical problems of algebraic and analytic number theory, such as giving a
satisfactory non-abelian class field theory. This approach to cohomology of an arithmetically
defined group indicates a close connection to the theory of automorphic forms, in particular to
cusp forms and Eisenstein series.

The link between H*(I', E') and automorphic forms was first provided in a conceptual way
by Harder in the case of groups of Q-rank one [Har75b, Har75a]. His method is of a differential
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geometric nature and uses the fact that the cohomology of I' is isomorphic to the cohomology of
a certain compact space I'\ X, which is a manifold with boundary 9(T'\ X). In fact, X = G(R)/K
is the Riemannian symmetric space associated with the Lie group G(R) and a maximal compact
subgroup K, and I'\ X is the Borel-Serre compactification of the locally symmetric quotient I'\ X
With this framework at place, Harder showed that one can construct the ‘cohomology at infinity’,
i.e. (up to isomorphy) the image of the natural restriction map H*(T'\X, F) — H*(0(I'\X), E)
by means of Eisenstein series. This image is complementary within H*(T', E') to the cohomology
of a space of square-integrable automorphic forms, which contains the cusp forms.

In the early 1990s, Franke finally proved in [Fra98] that such a decomposition can also be
given in the general framework of an arbitrary connected, reductive algebraic group G. More
precisely, Franke particularly showed that the cohomology of an arithmetic congruence subgroup
I' € G(Q) decomposes as

H*(T, E) = Heysp(T, E) & Hyis(T, E)

into the cohomology space of classes represented by cuspidal automorphic forms and a natural
complement called the Eisenstein cohomology of I'. This is due to the adelic interpretation of
H*(T, E) as a subspace of the space of Kt fixed vectors in

H*(G,E):= H"(g, K, A(GIQ\G(A)) © E)

and an analogous decomposition of this cohomology as H*(G, E) = Heusp(G, E) ® Hgis(G, E).
(Here Kr is an appropriate open, compact subgroup of the group of finite adelic points G(Ay)
and A(G(Q)\G(A)) is the usual space of (adelic) automorphic forms on G.)

In the case of regular coefficients FE, i.e. the highest weight A of E lies inside the open,
positive Weyl chamber, the space of Eisenstein cohomology was investigated by Schwermer
in [Sch94] together with Li in [LSO04]. It was shown that under this assumption on E, each
class in Hy, (G, E) can be represented by a bunch of Eisenstein series evaluated at a certain
point in the region of holomorphy [Sch94, §§2 and 6]. This lead to a vanishing result in lower
degrees of cohomology (cf. [LS04, Theorem 5.5]).

Still, for non-regular coefficients F, little is known in general: in contrast to the regular
case, residues of Eisenstein series really enter the game (i.e. can contribute non-trivially to
cohomology), when regarding non-regular coefficient modules E. The results gained so far suggest
that the poles of Eisenstein series are encoded by poles and zeros (i.e. so-called special values) of
automorphic L-functions. However, even for square-integrable residues the situation is not fully
understood, since, e.g., a satisfactory theory of describing the residual spectrum of a non-quasi-
split algebraic group G is not yet available.

On the other hand, finding the poles of Eisenstein series is not the only difficulty one
encounters in this case. One also has to understand whether residual Eisenstein series contribute
non-trivially to cohomology and, if they do contribute, in which degrees of cohomology. Again,
all of these problems are entirely linked to deep questions of local and global representation
theory and number theory, in particular the Langlands program.

In the present work we consider the above questions and approaches to Eisenstein cohomology
regarding the connected, simple algebraic group Sp(2, 2) defined over Q. It is a non-quasi-split
Q-rank-two form of the split symplectic group Spg/Q, the classical group of Cartan type Cy.

In §1 the necessary facts about the automorphic cohomology H*(G, E) for a connected,
semisimple algebraic group G/Q are reviewed. We recall the decomposition of Eisenstein
cohomology Hp;: (G, E) along the cuspidal support of the Eisenstein series in question, see
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Theorem 1.1 (respectively, the original sources [FS98] or [MW95]): this is a decomposition along
associate classes { P} of a proper, parabolic Q-subgroup P of G and certain (collections ¢ of)
cohomological, cuspidal automorphic representations 7 of the corresponding Levi subgroups L
of P.

In §2, still for an arbitrary connected, semisimple algebraic group G/Q, we deal with the
question of how to breed the space of Eisenstein cohomology out of cohomological cuspidal
automorphic representations 7 of the Levi subgroups L of parabolic Q-subgroups P ;Ct G. Recall
that P has a Levi decomposition P = LN and a Langlands decomposition P = M AN, where N
is a unipotent radical of P and A a maximal central Q-torus of L. As in [FS98] we use the
Eisenstein intertwining operator to obtain a map on the level of (g, K)-cohomology

q
T

H(g, K, Wpz ® Sy (a*) ® E) 2% Hyy (G, E). (1)

Here, Wp# is essentially the representation induced parabolically from 7. Further, S, (a*)
denotes the symmetric tensor algebra of the linear dual of a = Lie(A(R)). (The symbol ‘x’
indicates an action of a onto Sy (a*) by means of a character x of A(R)°. See §2.2 for details.)
This construction procedure of Eisenstein cohomology is explained in detail. In particular, we
recall the notion of a class of type (m, w) (where w is a so-called Kostant representative with
respect to the right action of the Weyl group of L(C) on the Weyl group of G(C)): this is a non-
trivial class in the right-hand side of (1). It follows from general results on (g, K)-cohomology
that the derivative of x must satisfy dx = —w(A + p)|a.. We may also suppose that it lies inside
the closed, positive Weyl chamber C' defined by P and A.

In § 2.3 we explain how the behavior of holomorphy of an Eisenstein series Ep(f, A), f € Wp,
A € ac, interacts with the degree(s) of cohomology in which the image of Ef lies. The case of
holomorphic Eisenstein series was already solved by Schwermer in [Sch83] and is summarized
briefly in §2.3.1.

Again, the residual case is the most difficult and remains unsolved in its full generality.
We know by Langlands [Lan76] that the poles of the Eisenstein series Ep(f, A) are those of its
constant terms along parabolic subgroups. Assume that P is a self-associate, standard parabolic,
then it suffices to consider the constant term along P itself. Putting W(A) = Ng(q)(A(Q))/L(Q)
(which is a subgroup of the Weyl group attached to the Q-roots of G) we arrive at a decomposition
of this constant term as a finite sum

Ep(f,N)p= Y M7 w)(feltrrHrid) (2)
weW (A)

where M (A, 7, w) are certain well-known meromorphic functions associated with A, 7 and
w € W(A) (cf. §2.3.2 for their precise definition and for the other symbols not explain here). So
the behavior of holomorphy of Ep(f, A) is given by the interplay of the poles and zeros of the
finitely many functions M (A, 7, w). If M (A, 7, w) is residual at A = Ao, then we assume that we
have normalized it to a holomorphic and non-vanishing function N(Ag, 7, w). Put

W (A)es = {w € W(A)|M(A, 7, w) has a pole of order £ =dim ac at A = dy}.

This means that the order of the pole is maximal and implies that the longest element wg of
W (A) (as a reduced word in the simple reflections generating W (A)) will be inside W (A)es. We
prove the following new theorem in §2.3.2 (cf. Theorem 2.1) on the degree of residual Eisenstein
cohomology classes.
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THEOREM. In the notation used above, let 0# [w]€ Hi(g, K, Wpz ® Sy(a*) ® E). If all
Eisenstein series Ep(f,A), f®1 in the image of w, have a pole of maximal possible
order { =dimac at dy =—w(A+ p)la. € C and if Im N(dx, 7, wp) is a direct summand of
D weW (A 1M N (dx, 7, w), then EL([w]) contributes at least in degree ¢' :=q + dim N(R) —
2l(w), where l(w) is the length of w.

From § 3 on, we concentrate on the case G = Sp(2, 2)/Q. As mentioned earlier, G is a simple,
connected, simply connected algebraic group over QQ, which is an non-quasi-split, Q-rank-two
inner form of Spg, the classical split group over QQ of Cartan type Cy. Hence, the classes of
associate and conjugate parabolic Q-subgroups of G coincide and can be represented by the choice
of three standard parabolic subgroups Py (a minimal subgroup) and P; and P, (two maximal
subgroups). In order to construct Eisenstein cohomology, we need to obtain some knowledge
on cohomology classes of type (7, w) as remarked before: m = x7 with x a certain character of
A;(R)° and 7 a cohomological cuspidal automorphic representation of L;(A) (i =0, 1, 2); and w
is a Kostant representative of a coset with respect to the right action of the Weyl group of L(C)
on the Weyl group of G(C). In §4 the possible archimedean components 7, of cohomological
cuspidal automorphic representations 7 are classified (cf. Lemma 4.1 and Proposition 4.2).
These are irreducible unitary cohomological representations of the semisimple part M;(R) of
the reductive Lie groups L;(R). We use the well-known Vogan—Zuckerman classification of such
representations, cf. [VZ84].

Having gained this knowledge, in §5 we then give a complete description of the G(Ay)-
module structure of the Eisenstein cohomology spaces H}%is(G7 E), under the assumption that
the coefficient module F is regular. The case of each parabolic Q-subgroup P;, i=0,1,2 is
treated separately in three subsections. The main theorems describing the internal nature of
Eisenstein cohomology classes with respect to regular coefficients are Theorems 5.3, 5.4 and 5.5.
The general phenomenon that each Eisenstein class can be represented by (a finite number of)
regular values of Eisenstein series (see [Sch94]) and the vanishing of H{. (G, E) below the half
of dim X =16 (see [LS04]) is verified concretely in this case.

The much more difficult case of a general (meaning not necessarily regular) coefficient
system FE is dealt with in § 6. We concentrate on the contribution of the minimal parabolic F.
The analysis of (residual) Eisenstein cohomology supported in Py might be viewed as a case
study, which sources its interest in the absence of a good general theory from the following
questions, which have been stated already above.

(a) How do we find the poles of an Eisenstein series Ep,(f, A)?

(Working on this question is particularly interesting in our concrete case, since G = Sp(2,2)
(and so Lg) is not quasi-split, whence we are out of scope of the ‘Langlands—Shahidi
method’ [Sha81, Sha88].)

(b) How do we control the contribution of the various resulting residues to Eisenstein
cohomology?

In order to answer question (a), i.e. calculate the poles of Ep, (f, A), we have to normalize
the operators M (A, 7, w) of (2), meaning we have to find a function r(A, 7, w) ‘whose behavior
of holomorphy we understand’ such that N(A, 7, w) = r(A, 7, w) ' M (A, 7, w), to be called the
normalized intertwining operator, is holomorphic and non-vanishing in the region we need it.
For quasi-split groups a suggestion for such a normalization is provided by the Langlands—
Shahidi method. However, as remarked before, our group is not quasi-split. We apply a little
trick (cf. Proposition 6.2 or our original paper [Gro09, Proposition 3.1]), which allows us to
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obtain a good normalization of M (A, 7, w) by only normalizing the local operators M (A, 7, w),
where p is a place where G(Q)) = Spg(Qp) (i.e. G splits). Then we use Proposition 6.1, which
tells us that we can reduce the problem of normalizing M (A, 7T, w) at such places to the
Q-rank-one case. Still, we need some extra information, since we also have to normalize cuspidal
representations of Lg(A) which are locally not generic. At this point, we use the recent work
of Grbac [Grb07, Grb09], which solves the question of how to normalize our operators for such
non-generic local representations. The candidates for double poles of Eisenstein series are finally
listed in our Propositions 6.6 and 6.8.

Question (b) is the most subtle matter. Here we confine ourselves to considering the space of
square-integrable Eisenstein cohomology, (supported by Fp), denoted HY(g, K, Lg p, ® E). Its
coefficient system Lpg p, is a subspace of the residual spectrum of G' and hence decomposes as
a direct Hilbert sum over unitary residual automorphic representations of G(A), each of which
is generated by twice-iterated residues of Eisenstein series. By our Propositions 6.6 and 6.8 we
can therefore determine the internal nature of a representative of a square-integrable Eisenstein
cohomology class. This is contained in Theorem 6.9.

THEOREM. Let Py be the minimal standard parabolic Q-subgroup of G = Sp(2,2) and E
any irreducible, finite-dimensional complex-rational representation of G(R). Then the square-
integrable Eisenstein cohomology supported by Py, H*(g, K,Lgp, ® E), is spanned by
cohomology classes which are Eisenstein lifts of a class of type (m, w), 7 = x7 € op, € ¢ € VE p,,
T=0& 7 and w e W, such that necessarily one of the following conditions holds.

If dx is inside the open, positive Weyl chamber defined by Py and Ay:
(A) ifdimé>1 and dim T > 1,
T=T®T, xr =1, L(%,T);EO anddxz(%,%);
(B) ifdim# =1, dim7 >1,
T=17, xr =1, L(%,T)#Oanddxz(%,%);
(C) ifdim @ =dim 7 =1, then:
(1) a=1®7,7#1,72=1,7,#1, Vp€ S(B) and dy = (

(2 =707, 7#1,72=1,7,#1, Vpe S(B) and dx = (

(3) 7=1®1 and dx = (%, 2) = pp,.

ot Njw

,5);
1
2

)

If dx is on the boundary of the closed, positive Weyl chamber defined by Py and Ag:
(A) ifdimé >1 and dim 7 > 1,
dx=(3:3) (3,0) or (1,0);
(B) ifdim# =1, dim7 >1,
dX: (%7 %)’ (%7 %)7 (%70) or (%70);
(B') ifdim 6 > 1, dim7 =1,
dx = (3, 3), (3, 3) or (3,0);
(C) ifdmf=dimT=1,
dx =(3,3), (11), (5. 3): (3,0), (5,0) or (2,0).
X 279/ ’ > \29 92/ (2 )\ )

Our general Theorem 2.1 on the other hand gives a partial answer on how square-integrable
Eisenstein cohomology classes are distributed in the various degrees. In addition, the classification
of cohomological, irreducible, unitary representations of G(R) given by [VZ84], essentially implies
the following vanishing result (see Theorem 6.10).
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THEOREM. If E # C, then square-integrable Eisenstein cohomology supported by Py vanishes
below degree three

H%g,K,Lpp, @ E)=0 forq<3.
If E =C, then there is an epimorphism
H'g, K, L¢,p,) - H°(G,C)=C
and
H%g,K, Lc,p,)=0 forl1<g<3.

In fact, ¢ =3 is a sharp bound for the vanishing of (g, K)-cohomology in low degrees, so
H*(g, K, Lg p, ® F) should not vanish. However, this should also follow from our Theorem 2.1,
as we point out in §6.4.

Finally, we give all necessary computational data (e.g. the sets of Kostant representatives w)
in Tables A1-A8 that we have placed in a small appendix.

Notation and conventions

Throughout this paper, G will be a connected, simply connected, semisimple algebraic group
over Q of rank rkg(G) > 1 with finite center. Lie algebras of groups of real points of algebraic
groups will be denoted by the same but fractional letter, e.g., Lie(G(R)) = g. The complexification
of a Lie algebra will be denoted by the subscript ‘C’, e.g., g ®g C = g¢. If U(g) is the universal
enveloping algebra of the complex algebra g¢, Z(g) denotes its center.

We use the standard terminology and hypotheses concerning algebraic groups and
their subgroups to be found in [MW95, §§1.1.4-1.1.12]. In particular, we assume that a minimal
parabolic subgroup P has been fixed and that Ky = Kg x K, is a maximal compact subgroup
of the group G(A) of adelic points of G which is in a good position with respect to Py (see [MW95,
§1.1.4]). Then K = Kg is maximal compact in G(R), hence comes with a Cartan involution 9.
If H is a subgroup of G, we let Ky = K N H(R).

Assume that Lg is a Levi subgroup of Py which is invariant under ¥ and Ny is the unipotent
radical of Py. Then we have the Levi decomposition Py = Ly/Ny and if we additionally denote
by Ap a maximal, central Q-split torus in Lo, then we also obtain the Langlands decomposition
Py = MyAygNy. As usual, My = ﬂx ker x, x ranging over the group X (Lg) of all Q-characters
on Lg. Let P be a standard parabolic Q-subgroup of G. It has a unique Levi decomposition
P=LpNp, with Lp D Ly and also a unique Langlands decomposition P = MpApNp with
unique ¥-stable split component Ap C Ag. If it is clear from the context we also omit the
subscript ‘P’. We write A(P, A) for the set of weights of the adjoint action of P with respect
to Ap. Here pp denotes the half-sum of these weights. In particular, p = pp, is the half-sum of
positive Q-roots of GG with respect to Ay.

Extend the Lie algebra a of A(R) to a ¥-stable Cartan subalgebra h of g by adding a Cartan
subalgebra b of m. The absolute root system of g is denoted by A = A(gc, b ), a simple subsystem
(given by the obstruction that positivity on the system of absolute roots shall be compatible with
the positivity on the set Ag of Q-roots implied by the choice of the minimal pair (P, Ay)) is
denoted A°. We also write Aj, for the set of absolute simple roots of m with respect to b
(so A°=Ag). The Weyl groups associated with A and Ag are denoted by W =W (gc, bc)
and Wg. We let WP ={we W |w=(a) >0V a € A,}. The elements of WF are called Kostant
representatives, cf. [BW80].
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Using the fact that Kp is in a good position, we can extend the standard Harish-Chandra
height function Hp: P(A) — a* given by [, [x(p)l, = eOHPP) | with y € X(L) viewed as an
element of af, to a function on all of G(A) by setting Hp(g) := Hp(p), g = kp.

Let G be a connected, reductive group over Q and Y a central character. As usual
L% (G(Q)\G(A)) (respectively, L2 (G(Q)\G(A),X)) denotes the discrete spectrum of G
(respectively, the part of it consisting of functions with central character X). It can be written as
the direct sum of the cuspidal spectrum L2, (G(Q)\G(A)) (respectively, L2, (G(Q)\G(A), X))
and the residual spectrum L2 (G(Q)\G(A)) (respectively, L2, .(G(Q)\G(A), X)). By [GGP69] the
space L3, (G(Q)\G(A), X), decomposes as a direct Hilbert sum over all irreducible, admissible
representations 7 of G(A) with central character X, each of which occurring with finite
multiplicity mqis(7). The same is therefore true for the cuspidal (respectively, residual) spectrum,
if we replace the multiplicity by m(w) (respectively, myes(m)). Every m can be written as a
restricted tensor product m = ®]’D7rp, where p is a place of Q, i.e. either a prime or oo and , is
a local irreducible, admissible representation 7, of G(Qp) (see [F1a79]). Further, 7 (and so all 7))

is unitary if and only if ¥ is. Then 7 is the completed restricted tensor product m = ®;,7rp.

For any G(A) representation o, we write 0> for the space of its smooth vectors and ok,
for the space of K-finite vectors. Clearly, if o is unitary, then O'(O?() is a unitary (g, K, G(Ay))
module.

1. Automorphic cohomology

1.1 Let E be a finite-dimensional, irreducible, complex-rational representation of G(R)
characterized by its highest weight A. A starting point of our interest is the G(Af)-module
structure of the (g, K)-cohomology of the space of (E-valued) adelic automorphic forms
A(GQ\G(A)) ® E:

H*(G,E):=H"(g, K, A(G(Q\G(A)) ® E).

As is well known, and as we shall also see again later, in order to understand this
cohomology space, one should understand the cohomological contribution of those automorphic
representations m = mo, ® 7y of G(A) which have a cohomological infinite component 7.

By [Lan79, Proposition 2], a (g, K, G(Af))-module 7 is automorphic if and only if it

is isomorphic to an irreducible subquotient of a parabolically induced representation 7’ =
Indggii § Indgﬁ II{(L)) [U( KL)]’ o being a cuspidal automorphic representation of a Levi subgroup L of
a parabolic Q-subgroup of G. This can be proved by use of the so-called Eisenstein intertwining
operator (cf. §2.2), which assigns, very roughly, to each function f € 7" a regular value, a residue
or a derivative of an Eisenstein series at a certain point (cf. [Fra98, Corollary 1, p. 236] for this

more subtle approach).

Clearly, if w is cuspidal itself, then we can take P =G and this Eisenstein summation
process degenerates essentially to the identity function. Therefore, as a (g, K, G(Af))-module,
A(G(Q)\G(A)) decomposes as the space of cuspidal automorphic forms A, and the
subrepresentation Ag;s, which is spanned as a representation by all subquotients of parabolically
induced representations Indggﬁﬁ ilndgﬂ’;{?)[a], with P# G. By the very definition of the

Eisenstein intertwining operator, this subspace is spanned by Eisenstein series, residues and
derivatives of such. We obtain the decomposition as G(A f)-modules

H*(G7 E) :H*(ga K7 Acusp ®E) ®H*(gv K7 AEiS ®E)
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The first space is called cuspidal cohomology and is denoted by Hp, (G, E), the second
FEisenstein cohomology, to be denoted by Hy, (G, E). Now, what we are interested in is the space
Hy, (G, E) of Eisenstein cohomology, on which we focus in this paper. Since (g, K')-cohomology
only takes into account representations which have a certain infinitesimal character, see [BW80],
one can replace the space of all automorphic forms A(G(Q)\G(A)) by the space Ag consisting
of those automorphic forms which are annihilated by a power of the ideal Z of Z(g), which
annihilates the dual representation of E: Z - E =0,

Ap={f € A(GQ)\G(A)) | Z"f =0 for some n}
and
H*(G,E)=H"(g, K, Ap ® E).

1.2 The spaces Ag p

In [FS98], Franke and Schwermer (and also Moeglin and Waldspurger in [MW95]) were able to
give a much more detailed decomposition of the space Ag, taking into account the cuspidal
support along Levi subgroups of the Eisenstein series involved.

First of all, the space Ag admits a certain decomposition as a direct sum with respect to the
classes {P} of associate parabolic Q-subgroups P C G. This relies on such a decomposition of
the space Vi of K-finite, left G(Q)-invariant, smooth functions f : G(A) — C of uniform moderate
growth, first proved by Langlands in a letter to Borel [Lan72]. See also [BLS96, Theorem 2.4]:
Ve =@py Va({P}), where Vo({P}) denotes the space of elements f in Vi which are negligible
along @ for every parabolic Q-subgroup @ C G, @ ¢ {P}. Putting Ag p =Vo({P}) N Ar we
obtain the desired decomposition of Ag as (g, K, G(A¢))-module

Ap =P Ap.p.
{r}
Observe that Ap ¢ C Va({G}) = Lzusp(G(Q)\G(A))(of{). Hence,
ngsp(Gv E) = Hq(g? K) -AE,G’ 029 E)a
and
HL (G, E)= @ HYg K, App® E).
{P}.P#£G
Since Vo({G}) = Lgusp(G(Q)\G(A))‘(’%) decomposes as a (g, K, G(Ay))-module as a direct

sum over all cuspidal automorphic representations of G(A), each occurring with finite multiplicity
m(m), by [BW80, XIII] we obtain a finite direct sum decomposition

H}p (G, E) = @ H (9, K, 7 0 B)™™ = DH (8. K, (moc) () © B) @ 77 )",

the sum ranging over all cuspidal automorphic representations 7 of G(A).

1.3 Eisenstein series

Also the summands Ag p giving Eisenstein cohomology have a decomposition as (g, K, G(Ay))-
module. We refer the reader to the original paper [FS98] for details.

Some technical assumptions and notation have to be fixed.

For Q = LN = M AN associated with the standard parabolic P, (¢ is a finite set of irreducible
representations m = x7 of L(A), with x : A(R)°® — C* a continuous character and 7 an irreducible,
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unitary subrepresentation of L2, (L(Q)A(R)°\L(A)) of L(A) whose central character induces a
continuous morphism A(Q)A(R)°\A(A) — U(1) and whose infinitesimal character matches the
one of the dual of an irreducible subrepresentation of H*(n, F). This means that 7 is a unitary,
cuspidal automorphic representation of L(A) whose central and infinitesimal character satisfy the
above conditions. Finally, three further ‘compatibility conditions’ have to be satisfied between
these sets ¢q, skipped here and written down in [FS98, §1.2]. The family of all collections

¢ ={pqg} of such finite sets is denoted by ¥ p.
Now, let Wg 7 be the space of all smooth, K-finite functions
[ LQNA)AR)I\G(A) - C,

such that for every g € G(A) the function I+ f(lg) on L(A) is contained in the 7-isotypic
component 7™ of L2, (L(Q)A(R)°\L(A)). For a function f € Wyz, A€ al and g € G(A)

cusp
an Fisenstein series is formally defined as
EqQ(f,M)(g) == Z f(yg)ehtratatya)
YEQQ\G(Q)

If we set (a*)* :={A € af | Re(A) € pg + C}, where C equals the open, positive Weyl chamber
with respect to A(Q, A), the series converges absolutely and uniformly on compact subsets
of G(A) x (a*)*. It is known that FEg(f,A) is an automorphic form there and that the
map A +— Eg(f, A)(g) can be analytically continued to a meromorphic function on all of af,
cf. [MW95] or [Lan76, §7]. It is known that the singularities Ag (i.e. poles) of Eq(f, A) lie along
certain affine hyperplanes of the form R, :={{ € af. | (£, a) =t} for some constant ¢ and some
root o € A(Q, A), called ‘root hyperplanes’ ([MW95, Proposition IV.1.11(a)] or [Lan76, p. 131]).
Choose a normalized vector v € ag, orthogonal to R, and assume that Ag is on no other singular
hyperplane of Eg(f, A). Then define Ag(u) := Ag + uv for u € C. If ¢ is a positively oriented circle
in the complex plane around zero which is so small that Eg(f, Ao(-))(g) has as no singularities
on the interior of the circle with double radius, then

Resa, (Eo(f, A)(g)) := 12. / EqQ(f, Mo(u))(g) du

T om

is a meromorphic function on R, ;, called the residue of Eqg(f, A) at Ag. Its poles lie on the
intersections of R, with the other singular hyperplanes of Eg(f, A). So one obtains a function
holomorphic at Ay in finitely many steps by taking successive residues as explained above.

1.4 The spaces Ag,p,,

Now we are able to turn to the desired decomposition of Ag p: for 7 =x7T € pp cp € Y p let
Ag p, be the space of functions, spanned by all possible residues and derivatives of Eisenstein
series defined via all f € Wpx at the value dy inside the closed, positive Weyl chamber defined by
A(P, A). Tt is a (g, K, G(Af))-module. Thanks to the functional equations (see [MW95, IV.1.10])
satisfied by the Eisenstein series considered, this is well defined, i.e. independent of the choice of
a representative for the class of P (whence we took P itself) and the choice of a representation
m € pp. Finally, we obtain the following result.

THEOREM 1.1 (Franke and Schwermer [FS98, Theorems 1.4 and 2.3]; see also Meeglin and
Waldspurger [MW95, III, Theorem 2.6]). There is direct sum decomposition as a (g, K, G(Ay))-
module

App= GB AE. P

pEVE P
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giving rise to

HCE - B D K A, oD
{P},P#G ¢€¥pp

2. Construction of Eisenstein cohomology

We now review a method to construct Eisenstein cohomology, using the notion of so-called
‘(m, w)-types’.

2.1 Classes of type (7, w)

Take m = x7 € op and consider the symmetric tensor algebra

n
o AOLS
n=0
where (O" af. is the symmetric tensor product of n copies of af, as a module under ac: via the
natural identification ac — ac it is an ac-module acted upon by § € ac = ag via multiplication
with (£, pp + dx) + £ (within the symmetric tensor algebra). This explains the subscript ‘x’. We
extend this action trivially on [c and nc to obtain an action of the Lie algebra pc on the Banach
space Sy (a*). Observe that one can equivalently regard S, (a*) as the space of polynomials p
on ac. Thus, we can define a P(A)-module structure via the rule

(q-p)(§) = el&Fxter el pe),

for g € P(A¢), £ € ac and p € Sy (a*). There is a continuous linear isomorphism

G(A K) ~ m(7) ™~ *

In dPEAfgl dE?KL))[ licy) ® Sy (@] 5 Wpz ® Sy (a”),
induced by the tensor map ® and the evaluation of functions f & C®(G(A), (7°)™) at
the identity, f+— ev;q(f):g— f(g)(id), so in particular one can view the right-hand side as
a (g, K, G(Ay))-module by transport of structure. Doing this, Franke [Fra98, pp. 256-257] shows
that

H(g, K, Wpz ® Sy(a") ® E)

P Wdp HT O, Kar, (Foo)an) © *Fu) © Caypp @77 10 (3)

weWwFr
—w(Ap)] ag=dx

Here °F, is the finite-dimensional representation of M (C) with highest weight w(\ + p) —
plee and Cgy1p, the one-dimensional, complex P(Ay)-module on which ¢ € P(Ay) acts by
multiplication by eldxtrrHr(@) A non-trivial class in a summand of the right-hand side is
called a cohomology class of type (m,w), ™ € ¢p, w € WT. (This notion was first introduced
in [Sch&3].)

Further, as L(R)= M(R) x A(R)°, 7o can be regarded as an irreducible, unitary
representation of M (R). Therefore, a (7, w) type consists of an irreducible representation
7= X7 whose unitary part 7 =T, @ Ty has at the infinite place an irreducible, unitary
representation T, of the semisimple group M (R) with non-trivial (m, Kjs)-cohomology with
respect to °F,.
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2.2 The Eisenstein map

In order to construct Eisenstein cohomology classes, we start from a class of type (m, w).
Since we are interested in cohomology, we can by (3) assume without loss of generality that
dx = —w(A + p)|a. lies inside the closed, positive Weyl chamber defined by A(P, A).

We reinterpret S, (a*) as the (Banach) space of formal, finite C-linear combinations of
differential operators 9%/JA® on the complex, [-dimensional vector space ac. It is understood
that some choice of Cartesian coordinates zi(A),...,z(A) on ac has been fixed and a=
(n1,...,mn;) €N} denotes a multi-index with respect to these. As a consequence of [MW95,
Proposition IV.1.11], there exists a polynomial 0 # ¢(A) on ac such that for every f € Wpx the
function

A—q(ANEp(f,A)
is holomorphic at dy. Since Ag p, can be written as the space which is generated by the
coefficient functions in the Taylor series expansion of q(A)Ep(f, A) at dx, f running through
Wpz, we are able to define a surjective homomorphism of (g, K, G(Ay))-modules Ep

Epr
Wpz ® Sy(0*) "> Ap.p,

o o
H
OA>  OA«

and obtain a well-defined map in cohomology

f® (q(M)Ep(f, A))lay

q
Hq(97K7 WP,%(X)SX(Q*)@E)E)H*(gv Ku AE,P,(,O®E)' (4)

2.3 Degrees of Eisenstein cohomology classes

2.3.1 Regular Eisenstein series. Suppose that [w] € Hi(g, K, Wpz ® Sy (a*) ® E) is a class
of type (7, w), represented by a morphism w, such that for all elements f ® (0%/9A?%) in its image,
Ep(f ® (0%/OAY)) = (0%/OAY)(¢(A)Ep(f, A))|ay is just the regular value Ep(f,dx) of the
Eisenstein series Ep(f, A), which is assumed to be holomorphic at the point dxy = —w(A + p)|ac
inside the closed, positive Weyl chamber defined by A(P, A). Then EZ([w]) is a non-trivial
Eisenstein cohomology class

El(lw]) € H(g, K, Ap,pp ® E).

This is a consequence of [Sch83, Theorem 4.11].

2.3.2 Residual Eisenstein series. In the residual case, there might no longer be an unique
degree, in which the image of F{ contributes. However, we can still single out a certain degree
in which residual Eisenstein series contribute, if they have a pole of maximal possible order at
A = dx and satisfy some extra condition to be introduced below. (Observe that this maximum
is precisely the dimension of ac.)

Let us explain this. As a matter of fact, the poles of the Eisenstein series Ep(f, A) are those
of its constant terms [Lan76]. Furthermore, it is enough to consider the constant term along
associate parabolic subgroups. Indeed, due to the functional equation satisfied by Eisenstein series
(cf. [MW95, §IV.1.10]) it suffices to consider the constant term along the standard parabolic
subgroup P’ € { P}, which is conjugate to P, the parabolic opposite to P. For sake of simplicity
we assume that P is a self-associate, i.e. P = P’. Put

I

G(Ay) K)o~ m(mT
Ipz = Indp ) Ind(®) 7%, ) ® Cagpp]®
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where we assume that ¢ € P(Ay) acts on Cpyp, by multiplication with e tep.Hp(@) - Then
the constant term along P can be written as a finite sum over certain Weyl group elements

w € W(A) := Ng)(AQ))/L(Q)

Ep(f,Mp= DY M\ T w)(fetrrHrod) (5)
weW (A)

see, e.g., [MW95, Propsition I1.1.7], and the poles of the Eisenstein series are determined by the
mutual influence of the poles of the (g, K, G(Ay))-intertwining operators

M(A, 7, w) : Ipz A — Lpw@) wi)

M(A> %7 UJW(Q) = w(w_lng) dn.

/N(Q)ﬂwN(Q)wl\N(A)

Let us assume that Ep(f, A) has got a pole of order ¢ at the point dx for an f € Wpz. Then
the residue of the Eisenstein series Resg, Ep(f, A) will be obtained via the constant term map
in the sum of the images J(dx, 7, w) of those normalized intertwining operators N (dx, 7, w)
for which M (A, 7, w) has a pole of at least order ¢ at A =dy. (By a normalization we mean
a function which results out of M (A, 7, w) when dividing out the poles, i.e. more precisely,
we assume that we have found a meromorphic function r(A, 7, w) such that N(A, 7, w)=
r(A, 7, w) ' M(A, 7, w) is holomorphic and non-vanishing in a region containing dy.) This set
of operators therefore defines a subset W (A);es € W(A), given by

W(A)res ={w e W(A) | M(A, 7, w) has a pole of at least order ¢ at A =dy}.

In particular, if we assume that ¢ is maximal, then M (A, 7, wo), with wg the longest element
of W(A), will be among these operators, i.e. wyg € W (A)es. Now, let [w] € Hi(g, K, Wpz ®
Sy(a*) ® E) be a class represented by a morphism w having only functions f ® 1 in its image
whose associated Eisenstein series Ep(f, A) have a pole of maximal possible order at the
uniquely determined point A =dy. We recall that the class [Epr(w)p] which is represented
by the constant term of the residues Resq, Ep(f, A) along P equals the natural restriction
resh(ER([w])) of the class E([w]) to the face ¢/(P)s:=P(Q)\P(A)/KpA(R)° of the adelic
Borel-Serre-compactification of S := G(Q)\G(A)/K. As this will not play a big role here, we
refer the reader to [Sch83, Satz 1.10] and [Roh96] for details. Having observed this, we see that

rGS?a(E?r([w]))qu<g,K, > J(dx,%,w)®E).
WEW (A)res

The reader should observe that the sum }_, ey 4y - J(dx, @, w) will not be direct in general.
This is the point where we introduce the extra condition mentioned already at the beginning
of this subsection: from now on we assume that J(dy, 7, wg) is a direct summand of our coefficient
space, i.e. there is a (g, K, G(Af))-module N such that

J(dx, Fowo) ® N =" > J(dx, T, w). (6)
’u)EW(A)res

This assumption is not too strong. However, it enables us to write resh(EZ([w])) as
resh(Ex([w])) = [Qu,) @ [Qn], where clearly [Qy,,] € H(g, K, J(dx, T, wp) ® E) and [Qn]€

Hi(g, K, N ® E). We now show that [(2,,] might be viewed as a cohomology class in a certain
degree ¢'.
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As P is self-associate, we have L(A) =woL(A)wy' = L(A) and N(A)=woN(A)wy'. This
implies that we can rewrite the intertwining operator M (A, T, wg) as

M(Av 7~T, woW(Q) = N &) ¢(“wo_lg) dn

and hence M (A, 7, wo)y € Iﬁﬁ, A» the representation induced from the opposite parabolic P.
Therefore, it is justified to look at the image J(dx,m, wp) of N(dx,7,wy) as a subspace
of Ip = 4.~ However, this implies further that [Qy,] can be viewed as a cohomology class in
Hi(g, K, Ip 70y ® E). Clearly, the degrees in which J(dy, 7, wy) has cohomology with respect
to E are determined by its infinite component

- K) r~
J(dx, Foo, w0) = d ) [(Fo) (1) ® Cayts

]m(%)

As a consequence of the first half of the proof of [BWS80, V, Proposition 1.5], [,] defines
in this case (i.e. if all Eisenstein series Ep(f,A), f® 1 in the image of w, have a pole of
maximal possible order ¢ at dy = —w(A + p)|a. and if (6) holds) a cohomology class in degree
¢ :=q+dim N(R) — 2l(w).

By (3) r=¢ —l(w) is a degree, in which 7 has (m, Kjs)-cohomology. So we have proved
the following theorem.

THEOREM 2.1. Let [w] € H(g, K, Wpz ® Sy(a*) ® E) be a non-trivial class of type (m,w),
7 =x7, w € WPF such that T, has non-zero (m, Kyr)-cohomology in degree r =q — l(w) with
respect to °F,. Suppose that all Eisenstein series Ep(f,A), f ® 1 in the image of w, have a
pole of maximal possible order { = dim ac at the uniquely determined point dy = —w(X + p)|ac
and that J(dx, m, wq) is a direct summand of ZweW(A)m J(dx, 7, w). Then the restriction of

EL(Jw]) to the face €' (P)a has a summand which defines an Eisenstein cohomology class in degree
r+dim N(R) — l[(w).

Remark (Maximal parabolic P). If P maximal, then P will automatically be a self-associate if G
is not of type A, (n>2), D, (n odd) or Eg. Assume that P is a self-associate. Then only the
longest (since it is the only non-trivial) Weyl group element w € W (A) can contribute a pole to
an Eisenstein series and we are in the situation considered above. We recall further that if P is
not self-associate, then Ep(f, A) will be holomorphic for Re(A) > 0.

Clearly, if rkg(G) = 1, then any proper parabolic P will be self-associate and hence the above
statement always applies to these groups.

3. The group Sp(2, 2)

3.1 We now collect necessary, basic facts concerning the group G = Sp(2, 2). Therefore, let B
be a quaternion algebra over Q with canonical involution x — @, such that B ®g R = H where H
equals the real Hamilton quaternions. We denote by S(B) the finite set of places p where B does
not split, i.e. B ®qg Q) is a division algebra. Suppose that f: B" x B" — B is a Hermitian form
of signature (p, ¢), where 0 < ¢ < p with n = p + ¢ and B" is being regarded as a B-right module.
We suppose that f is equivalent to (z,y) = Y0_) #Y; — >7_) ¥j1p¥;4p- Then we define Sp(p, ¢)
to be the group of all B-linear automorphisms of B" leaving f invariant:

Sp(p, q) = {9 € Mn(B) | " Kpq9 = Kpq}-
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Here, g* = @ji)iu’ =7’ and

_ (idyxy 0O
Kp:q"( 0 —idgxq)

Here Sp(p, q) is a connected, simply connected, simple algebraic group over Q of ranks
rkg(G) = rkr(G) =min(p, ¢). It is a non-quasi-split inner form of Sp,,, the split group of
type Cy. From now on let G = Sp(2, 2). A maximal compact subgroup K of G(R) is isomorphic
to K =8Sp(2) x Sp(2).

3.2 Parabolic groups
We fix a minimal parabolic Py = LogNy = MyAoNy as in the introduction. We see that

Lo = GL{(B) x GLy{(B)
and so

Mo = SLy(B) x SLy(B).
Further, Ag can be chosen such that Lie(A(R)) = ag, with

ap = { (2 8) ;a=diag(a1, az) € MQ(R)}
and we can identify the set of Q- and R-roots of G with
Ag=A(g, a0) = {£8i £ 8j, 1 <i < j <2} U{£201, £206a},
where 3; is the linear functional on ag extracting the value a;. The simple Q-roots are
Ap = {B1 — B2, 202}. The unipotent radical Ny of Py is of dimension 14.
There are two standard, maximal parabolic Q-subgroups P;, P5 (the latter being the Siegel

parabolic). Explicitly, we obtain

Ll = GLl(B) X Sp(l, 1)

M; = SLl(B) X Sp(l, 1)

A1 = {g S AO’CLQ = 1}

dim N (R) =11
Ky, = SLi(H) x Sp(1) x Sp(1)

and

Ly = GLy(B)
M; = SLy(B)
A2 = {g S A0]a1 = (ZQ}
dim Ny(R) = 10
Ky, = Sp(2).

3.3 Root data

For i =0, 1, 2, extend a; to a Cartan subalgebra h of g by adding a Cartan subalgebra b; of m,.
We may take

by = {(8 2) ‘b_diag(bl,@) Gng(R)}.
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Then the absolute root system of G is given as
Age, be) ={FN £ A, 1<i<j <4} U {2\, 1<i<4}

where \; equals the functional sending H € h to

b; + a; 1<1<2,
)\Z-(H):{ 4

<
bio—a;i—2 3<1

NN

A simple subsystem which is compatible with the choice of positivity on af is hence
A% ={A1 + A3, = A2 — A3, Ao + Mg, —2)4}.
—— ——
=] =2 =3 =04
The highest weight A of an irreducible, finite-dimensional representation E of G(R) may be
written as \ = Z?Zl c;a;, where ¢; are non-negative half-integers.
The corresponding systems of simple roots for the three standard parabolics are

A?\/IO ={a, as}
AYy, = a1, a3, 04}
AYy, = {1, ag, a3}
Clearly, the restrictions of the roots o; EAO\A‘]’V[Z, to a; gives the set of simple roots
within A(P;, A;). For later purpose we also fix the following notation for the corresponding

fundamental weights: w;;, j =1, 2,3, denotes the jth fundamental weight of M;(C), i=1,2.
The fundamental weights of My(C) are denoted by wp; and wps.

We list the tables of values w(A+p) = ple,., we WP and (—wA+ p)la,., aj), a; €
A(P;, A;), w e WFi (and therefore also the sets W) in the appendix.

4. Cohomological representations for the three standard Levi subgroups

4.1 Recall the notion of (7, w)-types and the construction process of Eisenstein cohomology
described in §2. We need to find the cohomological, irreducible, unitary representations of

M;(R). Denote the set of irreducible, unitary representations by M;(R), the cohomological

representations among them by M;(R).,. Connected, semisimple Lie groups are of ‘type I’
(or ‘tame’ in the sense of Kirillow and Bernstein), so by the Kiinneth rule (cf. [BW80, §1.1.3])

—

M (R>coh = SLl(H)coh ® SLl(IHDcoh’
M (R)coh = SL1 (H)coh ® Sp(l, 1>coh7

o —

m) coh — SL2 (H)

coh*

4.2 Compact factors

The cohomological representations of a SLj (H)-factor of M;(R), i =0, 1, are easily determined
in the next lemma. For the sake of simplicity we identify °F,, with its restriction to this factor.

LEMMA 4.1. Let we WP (P=Py or Pi) and V be an irreducible, unitary representation of
SL;(H). Then

C ifg=0andV =°F,

Hi(sly(H), SLi(H), V ® °F,) = {
0 else.
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Proof. Since SLj(H) is compact, relative Lie algebra cohomology with respect to V ® °F,
is one-dimensional, if V 22°F, (the representation contragredient to °F,) and ¢=0 and
vanishes otherwise. By [Sch94, Proposition 4.13], and our Tables A5 and A6 (see Appendix A),
respectively, our Table Al (see Appendix A) we see that °F,, 2 °F,,. O

4.3 Non-compact factors

The paper [VZ84] provides a full classification of irreducible, unitary, cohomological
representations of a connected semisimple Lie group. In order to apply it to the simple Lie groups
Sp(1,1) and SLy(H), let us fix a maximal compact Cartan algebra t; = u(1) & u(1) of sp(1,1)
(respectively, to Zu(1) @ u(l) ® R of sly(H)). We can arrange that with respect to this Cartan
algebra the system of positive roots looks like A = {11 £ po, 211, 2us}, (vespectively, AJ =
{p1 £ po, p1 £ ps, po £ ps}). Take a finite-dimensional, irreducible, complex representation F' of
Sp(1,1) (respectively, SLo(H)) with highest weight p with respect to A} (respectively, AJ).
Skipping the details, we obtain the following proposition.

PROPOSITION 4.2 (Vogan and Zuckerman [VZ84]). For each u there is an integer ji(u), 0<
j1(p) <2 such that the irreducible, unitary (sp(1, 1), Sp(1) x Sp(1))-modules with non-trivial
cohomology with respect to F' are the uniquely determined irreducible, unitary representations
Aj(w), j1(p) < j <1 having the property

C ifg=jorq=4—3j

0 otherwise

HY(sp(1, 1), Sp(1) x Sp(1), Aj() ® F) = {

together with the two irreducible, unitary (sp(1, 1), Sp(1) x Sp(1))-modules A" (u), A~ (u) with
H(sp(1, 1), Sp(1) x Sp(1), A*() & F) = {C =2
0 otherwise.
This integer is given as
0 ifu=0
i) =91 ifpu=ku, k=1,2,3,...
2 otherwise.

Analogously, there is an integer ja(u), 0< ja(p) <3 such that the irreducible, unitary
(slo(H), Sp(2))-modules with non-trivial cohomology with respect to F are the uniquely
determined irreducible, unitary representations Bj(j), j2(p) < j < 2 having the property

C ifg=jorqgq=5—7
H(sl(H), Sp(2), Bj(p) ® F) = 4= ora=e
0 otherwise.

This integer is given as

0 ifu=0
1 ifpu=ku,k=1,2,3,...
2 ifpuod=p
3

otherwise.

Jo(p) =

Remark. One can see this also by use of the isomorphisms SO(4, 1)° = PSp(1, 1) and SO(5, 1)° =

PSLy(H) of real Lie groups and the classification of SO(n, 1), as given essentially in [BW80
and, later on, completely in [RS87].
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The condition jo(u) = 3 can be interpreted as F' 2 F, see [BC83, Corollary 1.6(a)].

4.4 We have to compare weights with respect to maximally non-compact Cartans to weights
in t;,. Therefore, let w;; € t] , be the fundamental weights corresponding to the simple roots

in A;r and consider the linear maps given by
e1:(sp(L, 1) Nby)g —t., wiar @2, wiz @i
and
o :b5 — 5, walte W, Wt w21, W3 Wa3.

These are isomorphisms respecting the choices of positivity on each side and transferring
fundamental representations to fundamental representations.

In particular, we can compare highest weights of irreducible representations of Sp(1, 1) and
SLo(H) with respect to the two Cartan subalgebras and their choices of positivity by applying
the corresponding map ;.

5. Eisenstein cohomology of Sp(2, 2) with respect to regular coefficients

5.1 Having listed the sets W i=0,1,2, in our Appendix A, and the cohomological
representations of the groups M;(R) in the last section, we are now ready to attack the problem of
determining the Eisenstein cohomology of G. In view of our § 2, we need to construct the spaces
HY(g, K, Ap,p ® E) for each class {P} of proper, associate parabolic Q-subgroups of G. We
remark that for G = Sp(2, 2) the associate classes and conjugacy classes of parabolic Q-subgroups
coincide, hence we can suppose that P is one of the groups Py, P or Ps.

This section deals with the case of reqular coefficients E. That means the highest weight A
of E has strictly positive integer coefficients with respect to a decomposition according to the
fundamental weights. Recall the following crucial result on Eisenstein cohomology with respect
to regular coeflicients F, which in our particular case reads as follows.

THEOREM 5.1 (Schwermer [Sch94]; see also Franke [Fra98, Theorem 19.11]). Residual Eisenstein
series do not contribute to the FEisenstein cohomology of G with respect to regular E. More
precisely, if Il is a set of representatives of irreducible representations m = xm of the Levi
components L(A) of standard parabolic Q-subgroups of G, which give rise to non-trivial maps
E*. Then E} is an isomorphism and we obtain

Hl%is(G7 E)
~ G(A —l(w ~ o ~O0f1m(T
=@ P wmd ) HTO m, K, Foo) ) © “Fu) © Caxrpp @ 75",
mell weWP

—w(A+)|ag =dx

5.2 The minimal parabolic subgroup
In order to perform the construction via (m, w)-types, we need to know for which w € wh,
Ay =—w(A+ p)|“0c lies inside the closed, positive Weyl chamber. This is achieved explicitly in

Tables A7 and A8 (see Appendix A) and we see that only very few elements in W' can actually
satisfy this condition. These are underlined in Table A8. Among them, only six elements satisfy it
for sure, i.e. for all coefficient systems F (even non-regular systems). The others need some extra
condition on the highest weight A which might also not be satisfied by a regular representation E.

37

https://doi.org/10.1112/50010437X09004266 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X09004266

H. GROBNER

It is given in Table A8 (see Appendix A). We denote by W+ ()) the set of w € W giving rise
to Ay €C.

Remark 5.2. General theory, as developed in [Sch94], tells us that A,, to make part of the closed,
positive Weyl chamber must at least satisfy {(w) > 3 dim No(R) = 7. However, instead of looking
at all w € W having I(w) > 7, it would have been enough to consider those w € W giving
rise to the inequality

L") > SN

2 dim N;(R)

This follows from [Sch94, Theorem 6.4]. Here, the Weyl group element w?’ /P is defined as
follows: let WFi/Po be the set of representatives of minimal length for the right cosets of
W (mo., bo.) in W(m;., b;.). Such representatives are unique by [Kos61, Proposition 5.13].
Now, for a given w € W there are uniquely determined elements w?i/Fo € WHi/fo P ¢ whi
satisfying w = w /70 o wP and I(w) = I(w/70) + I(w"), see [Sch94, Proposition 4.7].

In our cases, (7) reads as

i=1,2. (7)

[(wP/P)y > T and  I(wf/P0) > T

meaning that we only have to consider those w € W1 which are neither in W' nor in W2, In

fact, these elements can be excluded by direct means as Tables A7 and A8 in our Appendix A
show.

Collecting this information we obtain the following theorem.

THEOREM 5.3. Let E be an irreducible, finite-dimensional, complex-rational representation of
G(R) = Sp(2, 2) with regular highest weight \ = Z?:l ciai. The summand

Hg, K, App,® E)= @ HYg, K, Appe® E)
»EVE P,

in the Eisenstein cohomology HE. (G, E) is given as a G(Ay)-module by

G(A ~ P
HY(go, K, Ap,p, ® E) = @ @ Indpo((&cf)) [Cdx+ppo ® ﬂ'?f]m( )
weWt(A) _m=XT
l(w)=q Too="Fu,
dX:—’LU()\‘FP)‘aOC
EL#£0
for 8 < g <13
G(A ~ =
H'Y(9, K, App, @ E)= P Iﬂdp()((lgf?) [Cax+op, @77 1D
T=XT
Too="Fuy,
I(w)=14
dx=A+p|ag

H%g,K, Arp.p, ® E) =0 otherwise.

All of these spaces are entirely built up by cohomology classes representable by regular values
of Fisenstein series.

Proof. Recalling the construction process via (7, w)-types, and the result on cohomological,
irreducible, unitary representations in Lemma 4.1, it is clear that 7, and dy must satisfy the
above conditions. By Theorem 5.1, Ef is already an isomorphism, if it is not identically zero.
Looking up in Tables A7 and A8 (see Appendix A) the possible w € W' that can give rise

38

https://doi.org/10.1112/50010437X09004266 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X09004266

THE AUTOMORPHIC COHOMOLOGY OF Sp(2, 2)

to values dxy = —w(\ + P)’aoc inside the closed, positive Weyl chamber defined by the positive
restricted roots A(FPp, Ag) or recalling Remark 5.2, proves that H4(g, K, Ap p, ® E) =0if ¢ < 7.
Our Table A8 shows that W () can actually contain representatives w having I(w) equal to
8,9, 10, 11, 12, 13 and 14, whence we have to list cohomology in all of these degrees. Again by
our Table A8 there is a unique Kostant representative of length 14 in W*()) for all A and its
corresponding evaluation point dy = A + P|uoc lies in the region C + pp, of absolute convergence
of the Eisenstein series Ep, (f, A), since X is regular. Hence, we can omit the condition E1* # 0.
This is not true for the other degrees 8 < g < 13, see Table A8. This proves the theorem. O

5.3 The first maximal parabolic subgroup
We explain now which classes of type (7, w), 7 € pp, € p € Vg p, and w € W contribute to
the Eisenstein cohomology of G.

Since the highest weight A of F is supposed to be regular, each irreducible module °F,, is also
regular [Sch94, Lemma 4.9]. Therefore, 7o, must equal the tensor product of the representation
V' =°Fylsr, @) as in Lemma 4.1 with one of the two discrete series representations A (), o =
©1(w(X+ p) = pl(sp(1,1)61)c)> See §4.4, having non-trivial (sp(1, 1), Sp(1) x Sp(1))-cohomology
only in degree two, as is proved in Proposition 4.2. The actual contribution of the first maximal
parabolic Q-subgroup to Eisenstein cohomology is given in the next theorem.

THEOREM 5.4. Let E be an irreducible, finite-dimensional, complex-rational representation of
G(R) = Sp(2, 2) with regular highest weight A\ = Z?zl ¢ia;. The summand

HYg, K, App, ® E)= @ H g, K, Ag.p, @ E)
vEVE p

in the Eisenstein cohomology H (G, E) is given as a G(Ay)-module by

G(A ~O0 f1m(T
H%(g,K,App QF) = EB @ Indpl((lg;)[(cdx—i—ppl QT f] @®

weW 1 T=XT
Uw)=q—2 Foo=VRA* (1),
dx=—w(A+p)|a;¢

EL+£0

for 8 < g <13

=0 otherwise.

All of these spaces are entirely built up by cohomology classes representable by regular values
of Eisenstein series.

Proof. The assertions on dy and 7y, are already explained. By Theorem 5.1, we only need to sum
over those 7, which satisfy F # 0 and for which EY is therefore an isomorphism. Now Lemma, 4.1
and Proposition 4.2 imply that we must have [(w) = ¢ — 2, since H" (sly (H) @ sp(1, 1), SL; (H) x
Sp(1) x Sp(1), V ® A% (1) ® °F,) =0 for r #2. By Table A3 (see Appendix A) there is no
element w € W1 of length I(w) > 12 but also dx = A, does not lie inside the closed, positive
Weyl chamber for [(w) < 5. This proves the vanishing of HY(g, K, Ag p, ® E) in the degrees
q<7andq>14. O

Remark. In fact, Table A3 also shows that all w € W with I(w) > 9 give rise to evaluation
points dy = —w(A + p)la,. which lie in the region C+ pp, of absolute convergence of the

Eisenstein series Ep, (f, A). Hence, we could have omitted the condition Efr(w)” = 0 for these w.
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5.4 The second maximal parabolic subgroup

We conclude the analysis of Eisenstein cohomology of G with respect to regular coeflicients E
describing the remaining summand H*(g, K, Ag p, ® E). Again, since E is supposed to be
regular, each representation °F,, w €& W2 of the group M5(C) is also regular. Recalling
Proposition 4.2, there can only be one single cohomological, irreducible, unitary representation
of M3(R) with respect to °Fy, namely Ba(pw) with py = @2(w(A+ p) = ple,. ), see §4.4.
Proposition 4.2 now gives us the appropriate tool to decide when jo(py) = 2, i.e. when Bo(py)
exists. This is the case if and only if the first and the third coefficient of w(A + p) — plp,. in
its decomposition according to the basis of fundamental weights we1, wos and we3 coincide. Our
Table A2 (see Appendix A) answers the question of when this happens exactly in detail. Observe
that the two conditions ¢; — ¢4 = 1 and ¢3 — ¢4 = ¢1 from Table A2 contradict each other, so they
cannot be satisfied at the same time. It can very well happen that they are both not satisfied,
e.g., if 1 <3 — ¢y, or equivalently if the first coefficient of w(A + p) — ple,,, in its decomposition
according to the basis of fundamental weights wo1, woo and wog is strictly smaller than the
third coefficient. Clearly, there are even regular representations E satisfying ¢; < ¢z — ¢4. In this
case jo(py) = 3 for all w € W2, implying that P» does not give any contribution to Eisenstein
cohomology with respect to such E. This contribution can be described in general as follows.

THEOREM 5.5. Let E be an irreducible, finite-dimensional, complex-rational representation of
G(R) = Sp(2, 2) with regular highest weight A\ ="}, cic;. Let us write W 2(\) := {w e W |
J(pw) = 2}. The summand

H(](g’ K7 AE,P2®E): @ Hq(g7 K7AE',P2,Q0®E)
PV, p,
in the Eisenstein cohomology HE. (G, E) is given as a G(Ay)-module by

G(A ~00 f1m (T
HY(g, K, App, ® E) = @ @ Indpi(g;)[cdx+pp2 Q7 a (7)

weW2(\) ) m=XT
l(w)=¢—3 With Tec=B2(w),
dx=—w(Mp)|agc

E1+£0
G(Ay) ~O0 fim(T
D @ @ IndPQ(Aff)[cde? @ 7] (7)
weWP2()) T=xF

l(w):q_2 with Teo=DB2 (,Ltw)7
dx=—w(A+p)| ase
BI£0

for 8 < qg<13

=0 otherwise.

All of these spaces are entirely built up by cohomology classes representable by regular values
of Fisenstein series.

Proof. This is proved in a similar manner to Theorems 5.3 and 5.4, so we will be very brief. Recall
from Proposition 4.2 that Ba(j,) has non-trivial (sla(H), Sp(2))-cohomology with respect to °F,,

only in degrees two and three. Therefore, HY(g, K, Ag p, ® E) is built up by classes of type
(m, w), having [(w) = ¢ — 2 or I(w) = g — 3. The rest follows from Table A4 (see Appendix A). O

Remark. The vanishing of Hi. (G, E) for ¢ < 7 is also a consequence of [LS04, Theorem 5.5].
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6. Residual Eisenstein cohomology classes supported by the minimal parabolic

6.1 In §5 we discussed the contribution of the various standard parabolic Q-subgroups to the
Eisenstein cohomology Hik. (G, E), for finite-dimensional irreducible representations E of G with
regular highest weight. The regularity condition ensured that residual Eisenstein series would not
contribute to cohomology, so we did not really have to check the analytic behavior of Eisenstein
series at the various points of evaluation in question.

However, in principle it is possible to give a complete description of Eisenstein cohomology
even if the regularity condition is dropped, but we first have to understand the analytic behavior
of the Eisenstein series Ep(f, A) at the points dxy = —w(X + p)|a.. As our parabolics are all self-
associate, we can reduce this problem by §2.3.2 to the following task: understand the interplay
of the various poles of the intertwining operators M (A, w, w), w € W(A).

In order to exemplify the difficulties and some general phenomena that occur during the
analysis of residual Eisenstein cohomology, we now consider the space of square-integrable
Eisenstein cohomology supported by the minimal parabolic subgroup Fy. We enforce square-
integrability because then we only need to consider Eisenstein series which have poles of maximal
possible order ¢ = 2. This allows us to use the results of §2.3.2, which give a partial answer to
the question in which degrees of cohomology maximally residual Eisenstein series contribute.

6.2 When trying to find out the various poles of the intertwining operators M (A, 7T, w),
w € W(A), the actual problem is to give a suitable normalization, i.e. to find a function r(A, 7, w)
such that N(A, 7, w) = r(A, 7, w) ' M(A, 7, w), be called the normalized intertwining operator,
is holomorphic and non-vanishing on the open, positive Weyl chamber defined by the pair (P, A).
The difficulty lies in the fact that each standard Levi group L of G is a non-quasi-split algebraic
group, whence one cannot apply the Langlands—Shahidi method, as developed in [Sha81, Sha88]
in order to normalize the local intertwining operators at the non-split places. However, if L(Q))
is compact modulo its center, we can use the same trick as in [Gro09, Proposition 3.1] and show
that the local intertwining operator at the place p is itself holomorphic and non-vanishing inside
the open, positive Weyl chamber defined by A(P, A). Clearly, only the minimal parabolic P = P
gives a Levi subgroup L = Ly which satisfies the condition to be compact modulo its center at
all non-split places.

For the rest of this section let P be the standard minimal parabolic Q-subgroup Py of
G =8p(2,2) with decompositions P=LN = MAN. As already remarked, L(Q,) is compact
modulo its center at all places p € S(B), since M = SL;(B) x SL1(B). We have W(A) = Wy.

Let r=xmcppepcV¥pp, feWpz and identify A =xas + yay € af with s = (s1,592) €
C? via sy =x/2 and sy =y — (2/2). As in the following, we assume here for sake of simplicity
that all roots o; mean their restriction to ac. Further, observe that since L = GL;(B) x GL1(B),
each 7 factors as ™ = 6 @ 7, where § and 7 are cuspidal automorphic representations of GL;(B).

Now, as mentioned in §2.3.2, the holomorphic behavior of the Eisenstein series Ep(f, A) is
the same as of its constant term along P, which can be rewritten as

Ep(f,Mp=Y M(s,7, w)(feldtrrHrOh), (8)
wEWQ

Therefore, the poles of Ep(f, A) are determined by the poles of M(s, 7, w), w € Wg. We
recall the following fact.
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PROPOSITION 6.1 (Shahidi [Sha81, §2.1] and Mui¢ and Savin [MSO00, §2]). Let w € Wg be an
element of the Weyl group with decomposition w = wy, ... wy, according to the reflections wy,
corresponding to the simple Q-roots oy, n; € {2,4}. Then the local intertwining operator
M(s, 7p, w) decomposes as

M(§a %p7 ’U)) = M(Sk‘7 %k‘,pa wnk) e M(Sl, %1,p7 wn1)

where we put recursively s; = (2(s;, on;)/{(0n;s On;)), S = Wn, ,(s;_1) with s; =5 and T, =
Wy, (Ti—1,p) With T, = 7. The action of a Weyl group element on a representation 7, = 6, ® 7,
is given by wa(7p) = 7, ® 0, and wy(7p) = 0 @ 7.

The point of this proposition is that for each w € Wy we can write the local intertwining
operator M (s, Ty, w) as a finite product of the analogous local intertwining operators
M (s;, i p, Wy, ) attached to the two standard maximal Levi subgroups of G if n; = 4, the maximal
Levi is Sp(1, 1), while if n; = 2, it is GL2(B). Hence, on the one hand, we can apply the following
proposition.

PROPOSITION 6.2 (Grobner [Gro09, Proposition 3.1]). Let p € S(B). Then M(s;, T p, wy,) Is
holomorphic and non-vanishing for Re(s;) > 0.

Then we obtain the following corollary.

COROLLARY 6.3. The poles of M (s, T, w) in the region Re(s1) > Re(s2) > 0 are the poles of
~/ ~
QpespyM (s, Tp, w).

On the other hand, we can normalize each local operator M(s, T, w) by normalizing the
factors M(s;, T p, wy,) and obtain a global normalization

k

~ ~/ ~
r(s, 7 w) = [ [ ©pgsemr(sk—ist: Fh—itip Wng_iyy)- (9)
i—1

6.2.1 Sp(1,1). The corresponding normalizing factors for n; = 4, i.e. our maximal Levi looks
like Sp(1, 1), can be found in [Gro09, §5], where the whole residual spectrum of Sp(1,1) was
calculated.! For the convenience of the reader, we review these results briefly: recall that we may
write 7; = 0; ® 7;, with 6; and 7; being cuspidal automorphic representations of GL; (B). The only
proper parabolic Q-subgroup inside Sp(1, 1) has a Levi subgroup isomorphic to GL1(B), which
is actually the second GL; (B)-factor of Ly. Hence, we always identify 7; with its second GL;(B)-
factor 7;, when it comes to n; = 4. Now suppose that p ¢ S(B). If 7; is not one-dimensional, then
the required normalization follows from the Gindikin—Karpelevich integral formula, as shown
in [Lan71, p. 27] (see also [Sha88, p. 554]) and had been already given in [Kim95, MW89]:

L(5i7 Ti,p) L(Qsi’ %l}p)

— —. 10
L(1+ s4, Tip)e(si, Tip) L(1 + 254, Xip)e(2si, Xip) (10)

T(Sia %i,pa wnl) =

Here we wrote X; , for the central character of 7;,. The L- and e-functions are the standard
Jacquet—Langlands and Hecke L- and e-functions of the second GL;(B)-factor 7; ) of 7; , and of
its central character x;,, respectively.

If 7; = X; is one-dimensional, then we used the concrete normalization of [Grb07], where the
idea of [MW89, Lemme I.8] had been applied, i.e. induction from generic representations of

! As we were preparing this article, the residual spectrum of Sp(1, 1) was, in even greater generality, calculated
independently in [Yas07].
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smaller parabolic subgroups:

L(Si - %7 %’i,p)L<2S’i7 il%p)
L(si + 3, Xip)e(si = 55 Xip)=(si + 3, Xip) L(L+ 250, X7, )e(280, X3,)

(11)

7"(81‘, %’i,pa wm) =

6.2.2 GLy(B). Here we have to distinguish three cases: suppose that 7; = 6; ® 7;, with 6;
and 7; being cuspidal automorphic representations of GL; (B), satisfies dim 6; > 1 and dim 7; > 1.
Then, again after having used the Gindikin—Karpelevich integral formula, our local normalizing
factor at p ¢ S(B) looks like

L(si, 0ip X Tip)
L1+ 54, 0ip X Tip)e(si, Oip X Tipp)

(12)

T(Si’ %va wnz) =

Here, the L-functions and the e-factor are of Rankin—Selberg type. Again see [MW89].

Suppose now that one factor of 7; is one-dimensional, without loss of generality say dim 6; = 1.
We can use [Grb09] to normalize M (s;, T; p, wy,) and obtain

L(s; — %> ei,pfi,p)
L(s; + %» Hi,p%i,p)S(Si - %v ei,p%i,p)g(si + %’ gi,pi'i,p)

(13)

T(Sia %i,pa wnl) =

In the third case, i.e. both factors 6; and 7; are one-dimensional, again [Grb09] provides a
normalization by
T(Si’ %’i,pv wm)
L(s;, ei,pTi_l)L(Si -1, Qi,pTz',_pl)

7p
L(SZ‘ + 2, Hi,pTi,_pl)L(si +1, 01'71,7'1-;1)8(81', 9@71)7'7;_1)26(8@‘ —1, 01'71)7'2-7_[)1)5(81‘ +1, eiypTZ-’_pl)
(14)

P

Therefore, we have defined recursively the global normalization factor r(s, 7, w) as in (9) for
each w € Wg. We finally conclude as follows.

PROPOSITION 6.4. Let s be inside the open region Re(sy) > Re(s2) > 0. Then there is an
[ € Wpx such that the Eisenstein series Ep(f, A) has a double pole at s if and only if

r(s, ) = Z r(s, ™ w)

weWg

has a double pole at s.

Proof. Suppose that (s, 7) has a double pole at s, Re(s1) > Re(s2) > 0. Then there is a w € Wy
such that r(s, 7 w) has a double pole at s. By our discussion of the normalizing factors we know
that N(s, 7, w) =r(s, #,w) "' M (s, 7 w) is holomorphic and non-vanishing at s. So there is an
f€Wpz, which is not sent to zero by N(s, 7, w) and therefore M(s, T w)f=
r(s, mw)N (s, T, w)f really has a double pole at s. By the decomposition (8), the constant term
Ep(f,A)p has a double pole at s, wherefrom it finally follows that Ep(f, A) has a double pole
at s. O

6.3 Double poles of normalizing factors

Recall the well-known facts on the analytic behavior of Jacquet—Langlands, Hecke and Rankin—
Selberg L-functions, summarized in our next result.

43

https://doi.org/10.1112/50010437X09004266 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X09004266

H. GROBNER

LEMMA 6.5 (Jacquet-Langlands [JL70], Tate [Tat67] and Jacquet [Jac72]). We have the
following results.

(i) Let o = ®;ap be a cuspidal automorphic representation of GLi(B) with central character
Xo = ®;X%, assuming that dimo > 1. Then the local Jacquet—Langlands L-function
L(s, 0p) is holomorphic and non-zero on Re(s) > 1 at each place p. For the infinite place,
in particular, we obtain L(s, 0s) = 2(27‘1’)787”7%F(8 +n+ 3) if 0o is the nth symmetric
power (O™ C? and hence this local L-factor is holomorphic and non-vanishing for fe(s) > 0.
The global Jacquet-Langlands L-function L(s, o) is an entire function and has no zeros for
Re(s) > 1.

(ii) The Iocal Hecke L-function L(s,X,,) has a simple pole at s =0 if x5, =1, and is entire
otherwise. It vanishes nowhere. The global Hecke L-function L(s, x,) has simple poles at
s=0and s=1 if xy, =1 (and L(s,1) =7~ /2T (s/2)((s)) and is entire otherwise. It is
non-zero for Re(s) > 1.

(iii) Let p= ®;,pp, n= ®;77p be two cuspidal automorphic representations of GLg(A). Then
the local Rankin-Selberg L-function L(s, pp X ) is holomorphic and non-vanishing for
Re(s) > 1. If p, and n, are both square integrable, then L(s, pp x 1) is holomorphic and
non-zero in Re(s) > 0. The global Rankin-Selberg L-function L(s, p x n) has simple poles
at s=0 and s =1 if and only if p =1 and is entire otherwise. It has no zeros in $e(s) > 1.

PROPOSITION 6.6. For an Eisenstein series Ep(f, A) to have a double pole at s = (s1, s2) inside
the region Re(s1) > Re(sa) > 0 it is necessary that one of the following three conditions holds:

(A) dim# >1 and dim 7 > 1,

s=A:=(3,3),F=787, x;=1and L(},7) #0;

(B) dim@=1, dim7 > 1,
s=B:= (%v%); Xr=1,0=1 and L(%’T)%O"
(C) dimf=dim7T=1,

(1) §:Clzz(%,%),7'7é1, ™2=1,7,#21,Vp€eS(B),0=For=1;
(2) s=Co:=(3,1), 7#1,72=1,7,#1,Ype S(B), 0 =1;
3) s=C3:=(,3)=pp, T=101.

Sketch of a proof. As the determination of these necessary conditions is easy (by the concrete form
of our normalizing factors r(s, 7) and Lemma 6.5) but rather cumbersome, we confine ourselves
in exemplifying the general procedure in the case (A). There is no loss of generality if we assume
that s € R?, since this can be achieved by just twisting a cuspidal automorphic representation of
L(A) with an appropriate imaginary power of the absolute value of the reduced norm of the deter-
minant. So let 7 be a cuspidal automorphic representation whose two cuspidal factors 6 and 7 are
both not one-dimensional. We need to regard the global function r(s, 7). Each of its summands
r(s, T, w), we Wp, is according to (9) a finite product of some of the following five func-
tions (s, ) = r(s1 — s2, T, wa), ra(s, T) =1r(s2, T, wa), r3(s, ¥) =7(s1, 0, wy), ra(s, ) =1r(s1 +
S9, TR 6, wy) or r5(s, T) =1(s1 + 82,0 ® 7, wo). Here we already calculated the various infinite
products ®;¢5(3)T(8k71+1, Tk—it+1,p> Wny,_,,,) according to the rule of Proposition 6.1. By the
concrete form of 71 (s, 7), given by (12), Lemma 6.5 now gives that the poles of r; (s, 77) are those of
L(s1 — s2, JL(O) x JL(7)), where JL(o) denotes the global Jacquet-Langlands lift of the cuspidal

automorphic representation o of GL;(B) to a cuspidal automorphic representation JL(o)
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of GLg, see [GJ79, Theorem (8.3)]. Therefore, again by the above lemma, r1(s, 7) has simple
poles in the region Re(s1) > Re(s2) >0 if and only if s; — sy =1 and 6 = 7. Analogously, the
poles of ro(s, 7) are by its concrete form given in (10) those of L(sa, 7)L(2s2, x-). We apply
Lemma 6.5 and see that (s, 7) has simple poles in the region Re(s1) > Re(s2) > 0 if and only if
2s9 =1, x; =1 and L(}, 7) # 0. An analog and easy observation shows that r3(s, ) has simple
poles along 2s; =1 if yg =1 and L(%, ) # 0 and that the poles of r;(s,7), j =4,5 lie along
s1+s2=1 for 6 =2 7. Only the singular hyperplanes of ri(s, ™) and ro(s, ) intersect in the
region RNe(s1) > RNe(sy) > 0 and they intersect in s = (3, 1), O
Remark 6.7. Only the longest element wg = wowswow, in Wy gives rise to a normalizing factor
r(s, 7T, w) which carries ri(s, 7) and 72(s, 7). The remaining other two factors rs(s, 7) and
r4(s, ) showing up in the decomposition of r(s, T, wg) have no zero at A= (%, %) So for
any cuspidal automorphic representation 7 of L(A), satisfying 7 =7 ® 7, x, = 1 and L(3,7) #0,
the necessary condition given above is also sufficient to ensure that there will be an f € Wpx
such that the Eisenstein series Ep(f, A) has a double pole at A.

In fact, by the same argument the points Cy and C3 will actually give rise to double poles of
Eisenstein series attached to cuspidal automorphic representations 7 of the Levi L that satisfy
the indicated condition. So for these points the given conditions on 7 will also be sufficient for
an appropriate choice of f € Wpx.

PROPOSITION 6.8. For an Eisenstein series Ep(f, A) to have a double pole at s = (s1, s2) on the
boundary of the closed, positive Weyl chamber, i.e. either Re(s1) — Re(sy) =0 or Re(s1) =0, it
is necessary that:

(A) dimé >1 and dim7 > 1,
s= (la %)7 (%70) or (170)7

5=(3:3), (L), (3.3): (3.0, (3,0) or (2,0).

Sketch of a proof. Again this is easy, but not very instructive, so we will again confine ourselves to
case (A). We may also assume that s € R%. We cannot decide by our means chosen here if the root
hyperplanes Ry := {s € R? | 51 — s, =0} and Ry := {s € R? | 5y = 0} forming the boundary of the
closed, positive Weyl chamber are actually singular hyperplanes for Eisenstein series attached
to cuspidal automorphic representations 7 of L(A). However, in order to have a double pole at
a point s on this boundary, we need to have one of our singular root hyperplanes, given by the
five factors r;(s, ), 1 <i <5, to cross Ry or Ry in s. From the proof above we know that these
singular hyperplanes are s; — sa =1, 250 =1, 257 = 1 and s; + s2 = 1. Their intersection points
with one of the boundary hyperplanes R and Ry are precisely the points we claim to be the only
candidates for double poles of Eisenstein series on the boundary of the positive Weyl chamber
in case (A). O
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6.4 Square-integrable Eisenstein cohomology

We now determine the square-integrable Eisenstein cohomology supported by P. Therefore, let
LE,P,(p c AE,P,L,D

be the subspace of Ag p, which consists of square-integrable automorphic forms. By [Lan76]
or [MWO95] it is spanned by all twice-iterated, square-integrable residues of Eisenstein series
Ep(f,\), feWpz, m=xT € pp @€ Vg p at the point dx inside the closed, positive Weyl
chamber defined by A(P, A). Hence, it is spanned by the square-integrable residues at dy of
those Eisenstein series attached to a cuspidal automorphic representation 7 of L(A) which have
a double pole there. This is because simple poles integrate to zero. Put

Lep:= P Lepy
peVE p
We define the space of square-integrable Eisenstein cohomology (supported by P) by
HYg, K, Lpp@E)= @ HYg K,Lpp,®E).
»eVE P
Combining our previous results, Propositions 6.6 and 6.8, with the Langlands’ ‘square

integrability criterion’ (cf. [MW95, Lemma 1.4.11]) we conclude as follows.

THEOREM 6.9. Let P=LN be the minimal standard parabolic Q-subgroup of G = Sp(2, 2)
and E any irreducible, finite-dimensional complex-rational representation of G(R). Then the
square-integrable Eisenstein cohomology supported by P, H*(g, K, L p ® E), is spanned by
cohomology classes which are Eisenstein lifts of a class of type (m,w), m=xT € pp € p € ¥ p,
w € WPF, such that necessarily one of the following conditions holds.

If dx is inside the open, positive Weyl chamber defined by A(P, A):
(A) ifdim € >1 and dim 7 > 1,
F=7&7,xr=1and L(},7) #0 and dx = (3, 1);
(B) ifdim@ =1, dim 7 > 1,
7=1®7, xr =1 and L(%,T)#O and dx:(%, %),
(C) ifdimf=dim7=1,

(3) 7=1®1 and dx = (%, 2) = pp.

If dx is on the boundary of the closed, positive Weyl chamber defined by A(P, A):
(A) ifdim € >1 and dim 7 > 1,
dx = (3, 3), (3,0) or (1,0);
(B) ifdimf# =1, dim7 > 1,
dX = (%7 %)7 (%7 %)7 (%7 O) or (%7 0);
(B") ifdimf>1,dimT=1,
dx = (3, 3), (3,3), or (3,0);
(C) ifdimf=dim7=1,
dx=(3,3), (1,1), (5, 3), (5,0), (5,0) or (2,0).
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Remark. By the square integrability criterion, i.e. [MW95, Lemma I1.4.11], (non-zero) iterated
residues of Eisenstein series at C; = (%, %) cannot be square integrable, if they come from a
representation 7 = 7 @ 7 of L(A). Hence, we excluded them from the list in Theorem 6.9.

We also have the following vanishing theorem.

THEOREM 6.10. If E # C, then square-integrable FEisenstein cohomology supported by P
vanishes below degree three

H%g,K,Lpp®E)=0 forq<3.
If E =C, then there is an epimorphism
H%g, K, L¢,p) » H'(G,C)=C
and
H%g,K,Lcp)=0 for1<g<3.

Proof. For any E, Lp p is a direct summand of the residual spectrum of G(A), so Lg p is
the direct Hilbert sum of certain residual automorphic representations. So in order to give a
non-trivial cohomological contribution in the degrees 0 < ¢ < 3, it is necessary that there is an
irreducible, unitary representation w = ®;7Tp of G(A) with 7 cohomological with respect to E.
However, if o # C, then HY(g, K, 7o ® E) = 0 for ¢ < 3, as it follows from [VZ84, Theorem 8.1].
Conversely, we can only have m,, = C if E = C itself, and then we know that

C ifg=0,4,12,16

15
C? ifqg=8 (15)

Hi(g,K,C) = {
and vanishes in all other degrees. This happens, since H9(g, K,C) equals the de Rham
cohomology of the quaternionic Grassmannian Go(H?) of two-dimensional H-subspaces in H*.
Further, identifying H°(G,C) with the de Rham cohomology of G(Q)\G(A)/K proves
H(G, C) = C. Observe that we have now shown every assertion except that there is a surjection
H%g, K, Lc p) - H°(G, C). This is certainly well-known and follows from general theory, but
for the convenience of the reader we give a direct argument here.

Therefore, recall that for E = C the longest element in W will give the evaluation point
dx = (%, %) = pp and Too = 1o ® 1o and consider the image of the local normalized intertwining
operator N((%, %), 1o ® 1oo, wp). As 00 € S(B), 1o ® 1o is compactly supported modulo the
center, whence tempered, and so the image of the local normalized operator is the Langlands
quotient of the local trivial representation. As C3 = (%, %) = pp, this quotient is the local trivial
representation of G(R). A twice-iterated residue at dx = pp of a singular Eisenstein series will be
square-integrable, by [MW95, Lemma 1.4.11]. Therefore, there is a global residual automorphic
representation m C L¢,p, namely the image of the global normalized intertwining operator
N((%, 3),1®1,wp), such that T =C. (In fact, by the above local argument, one can also
easily see that the image of the global operator is the global trivial representation 1 of G(A).)
By (15) we are done. O

Remark. Of course we could also have gained the result in degrees ¢ =0, 1 by the following: in

degree ¢ = 0 we could have used the equality H°(G, E) = hi>n Ko ET and Borel’s ‘density theorem’

(cf., e.g., [PR93]) or in degree ¢ =1 we could have referred to the well-known vanishing results
of Margulis and Raghunathan, which give H*(G, E) =0 (see [Mar91, Rag67]). In particular,
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for E=C we could also have used [Bor74], which shows that H9(g, K, C) — HY(G, C) is an
isomorphism in low degrees together with our computations of the line (15).

Remark. As H*(g, K,C)=C, ¢ =3 is in fact a sharp upper bound for the vanishing of (g, K)-
cohomology of G = Sp(2, 2) in low degrees. However, there is also another residual representation
which has (g, K)-cohomology in degree four. This is a consequence of our Theorem 2.1: in fact,
if we consider ¢ =4, then for all A the element w = wywowswwrwowswiwow, of length 10 is in
W+ (\) as indicated in our Table A8 (see Appendix A). We obtain 7, = O*T =24 C2 g
O €2, whence dim#>5 and dim7>5 and we are in case (A). The corresponding
evaluation point dy = —w(A + p)|a. reads as s = ((3 +c1 + 3 — 2¢4/2), (1 +2¢c2 — 1 — ¢3/2)),
satisfies s1 > %, So > % and is always inside the open, positive Weyl chamber. By Proposition 6.6
and Remark 6.7 there will really be an Eisenstein series Ep(f, A) which has a double pole at
A= (3, 3) for all cuspidal automorphic representations 7 = 6 ® 7 of L(A) subject to the condition
0 =7, xr =1and L(3,7) #0. According to [MW95, Lemma 1.4.11], the space of twice-iterated
residues at A = (%, %) of such Eisenstein series consists of square-integrable automorphic forms.
Playing around with the concrete form of 7, and s given above yields A = kw4, k=0,1,2,3 ...
and wy the fundamental weight of g which corresponds to the fourth simple root «ay. By
Theorem 2.1 the twice-iterated residue of Ep(f, A) will therefore contribute to square-integrable

Eisenstein cohomology with respect to E = Ej,, in degree dim N(R) —[(w) =14 — 10 =4.
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Appendix A. Tables for the three standard parabolic Q-subgroups
As before, E denotes a finite-dimensional, irreducible, complex-rational representation of G(R) =
Sp(2, 2) with highest weight A = 2?21 ciai. As X is algebraically integral and dominant, we can
easily see that we obtain the following relations among the coefficients:
>0 and ¢ > —. (16)

Let wo; and wpz be the two fundamental weights of My(C). Analogously, w;;, j=1,2,3,
denotes the jth fundamental weight of M;(C), i =1, 2.

Tables Al and A2 give the values w(A+ p) — plo,., w € WP, i=1,2, in terms of the
fundamental weights w;;. Recall that p=4aq + Tag + 93 + 5ay. Table A2 additionally says
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TABLE Al. °F,, for P;.

w(A+p) = plos,

id

w2

w2W1

w2wWs3
W2wWs3wWi
W2W3W4
W2W3W4W1
W2wWs3swWi1w2
W2W3W4W3
W2W3W4W3W1
W2W3W4W1W2

W2W3W4W3W2

W2W3W4W3W2W1
W2W3W4W3W1W2
W2W3W4W1W2W3

W2 W3W4W3W1W2W1
W2W3W4W1W2W3W2
W2W3W4AW1LW2W3W4
W2 W3W4W1W2W3W2W1

W2W3W4W1W2W3W4W2

(2¢1 — c2)wi1 + (—c2 + 2¢3 — 2¢a)wiz + (—c3 + 2¢4)wis
(14+ci+ec2—c3)wit+ (1 —c1+c2+ 3 — 2ca)wiz + (—c3 + 2¢4)wis
(—c1 +2c2 — e3)wir + (2+ ¢1 + ¢3 — 2¢a)wiz + (—c3 + 2¢4)wis

(24 c1+e3 —2ca)wit + (—c1 + 2¢2 — c3)wiz + (1 — c2 + ¢3)wis
(1—ci+e2+c3—2ca)win+ (1 +c1+c2—c3)wiz + (1 —c2+ c3)wis
(44 c1 —e3 4 2ca)wit + (—c1 + 2¢2 — c3)wiz + (1 — c2 + c3)wis
(B3—c14+c2—cs+2ca)win +(1+c1+c2—c3)wiz + (1 —ca + c3)wis
(—c2 + 2¢3 — 2¢cq)wir + (2¢1 — c2)wiz + (2 — c1 + c2)wis
(b+c1—c2+cz)wit + (1 —c1 +c2+ 3 — 2ca)wiz + (—c3 + 2¢4)wis
(4—c14+e3)wir + (24 c1 + 3 — 2ca)wiz + (—c3 + 2¢4)wis

(2 —c2 4+ 2ca)wir + (2¢1 — c2)wiz + (2 — c1 + c2)wis

(6 + c2)wit + (—c2 + 2¢3 — 2¢4)wiz + (—c3 + 2¢4)wis

6 4 c2)wir + (—c2 + 2¢3 — 2¢4)wiz + (—cs + 2¢4)wns

4—c1+ez)win + (24 ¢+ e3 — 2ca)wiz + (—e3 + 2¢a)wis

2 — ¢ + 2ca)wir + (2¢1 — c2)wiz + (2 — e1 + c2)wis

54c1 —c2+c3)wir + (1 —c1+c2+ 3 — 2ca)wiz + (—e3 + 2¢4)wis
3—c1+c2—c3+2ca)wnn + (1+c1+c2 —c3)wiz + (1 — c2 + c3)wis

4+ c1—c3+ 2c)wir + (—e1 + 2¢2 — e3)wiz + (1 — c2 + ¢3)wis
1—c1+e2+e3—2c)wit + (1+cr+c2 —cs)wiz + (1 — c2 + c3)wis

W2W3W4 W1 W2 W3W4W2W1
W2W3W4 W1 W2W3W4W2W3

W2W3W4 W1 W2 W3W4W2W3W1

2+ c1 + 3 — 2ca)wir + (—c1 + 2c2 — e3)wiz + (1 — c2 + ¢3)wis
c1+2¢c2 — c3)wit + (24 ¢1 + c3 — 2¢ca)wiz + (—c3 + 2ca)wis
14+ci+c2—c3)wir+ (1 —c1+ca2+ 3 — 2ca)wiz + (—cs + 2¢4)wis

W2W3W4W1LW2W3W4W2W3W1 W2

(
(
(
(
(
(—c2 + 2¢3 — 2cq)wir + (2¢1 — c2)wiz + (2 — ¢1 + c2)wis
(
(
(
(-
(
(

2¢1 — c2)wi1 + (—c2 + 2¢3 — 2¢ca)wiz + (—c3 + 2c4)wis

TABLE A2. °F,, for P;.

w(A+ p) = plos,

id

W4q

waws
w4W3W2
W4W3W4
W4W3W4W2
wW4aW3zW2W1
W4W3W4W2W1

W4W3W4W2W3
W4W3W4W2W3W4
W4W3W4W2W3 W1
W4W3W4W2W3W4W1
W4W3W4W2W3W1 W2
W4W3W4W2W3W4W1W2
WAW3W4W2W3W4W1W2W3
W4W3W4W2W3W4W1W2W3W4

(2¢1 — c2)war + (—c1 + 2¢2 — ¢3)waz + (—c2 + 2¢3 — 2¢4)wos

(2¢1 — ca)war + (—c1 + 2c2 — c3)waz + (2 — c2 + 2c4)was

(2¢1 — c2)war + (1 — 1 + c2 + 3 — 2¢a)waz + (2 — c2 + 2c4)wos

(14 c1 4+ c2—c3)war + (—c2 + 2¢3 — 2¢a)waz + (3 — ¢1 + c2 — 3 + 2¢4)was
(2¢1 — c2)war + (B3 —c1 + c2 — 3 + 2¢4)waz + (—c2 + 2¢3 — 2¢4)wos
(I4+c14c2—c3)war + (2 —ca+2ca)wae + (1 —c1 + c2 + 3 — 2¢4)wos
(—c1 + 2c2 — c3)war + (—c2 4 2¢3 — 2c4)waz + (4 + c1 — 3 + 2c4)was

(—e1 + 2c2 — e3)wa1 + (2 — c2 + 2¢a)waz + (2 4+ c1 + ¢3 — 2¢4)wos

(24 c1 4¢3 — 2ca)war + (2 — c2 + 2¢a)waz + (—c1 + 2¢2 — c3)was

(4+c1 —c3 4 2ca)war + (—c2 + 2¢3 — 2ca)waz + (—c1 + 2c2 — c3)was
(1—c14+c2+4c3—2ca)war + (2 —c2+2ca)waz + (1 + ¢1 + c2 — c3)was
(83—c1+c2—c3+2ca)war + (—c2 + 2¢3 — 2¢ca)waz + (1 + ¢1 + ¢2 — c3)was
(—c2 + 2¢3 — 2¢ca)war + (3 — c1 + c2 — €3 + 2¢ca)waz + (2¢1 — c2)was

(2 —co+2ca)war + (1 —c1 + 2+ 3 — 2¢4)waz + (2¢1 — c2)was

(2 — 2 + 2c4)war + (—c1 + 2¢2 — c3)waz + (2¢1 — c2)was

(—c2 + 2¢3 — 2ca)war + (—c1 + 2¢2 — ¢3)waz + (2¢1 — c2)was

* B B BB

*

k%

X%
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TABLE A3. Ay, for P;.

<_w()‘ + p)‘ul([:? 0‘2’a1C>

id 2( — Cg) —14
w9 2( —cCc1 +co — 03) —12
Wo W1 2( 54c — C3> —10
woWs 2( —C1 +c3— 264) —10
WoW3Wq 2( 44c¢1 —cog+c3— 204) <=8
Wo W3 W4 2( —c —c3+ 204) —6
W2W3W1W9 2( 3+ Cy — 204) —6
WoW3W4WT 2( 24c—co—c3+ 204) —4
WoW3W4W3 2( 2—c —c9+ 63) <-4
WoW3W4W3W 2( 1+ec1 —2c+ 63) -2
WaW3WAWL W2 2( 14+ cg —2c3+ 204) —2
WoW3WAW3 W 2(=1—2¢; +c2) <2
WoW3W4W3WoW] 2(142¢1 —c2) =2
WoW3W4WI3W1 W2 2(1 —c1 + 2¢ — 03) >2
WoW3WAW] W W3 2(1 — g+ 2¢3 — 2¢4) =2
WorW3W4W3WT W2WT 2(2 +c1+co— 03) >4
W2 W3W4WTWRWIW2 2(2 —c1+cy+c3— 264) 4
WoW3WAW] WaW3 Wy 283—ca+2c4) =6
W2W3W4WT W2W3W2W1 2(3 +c1 +c3— 264) 6
WoW3WAW] WW3WAWS 24—c1+ca—c3+2c4) =8
WoW3W4W] WoW3W4WoW] 2054 ¢ —c3+2¢4) =210
W W3W4W WRW3W4LWW3 2( —c + Cg) > 10
WoW3W4WT W W WAWWIW 264+c1 —ca+c3) =12
W2W3W4W1 W2W3W4WW3W1 W2 2(7 + 02) > 14
TABLE A4. A, for Ps.
<_w<)‘ + p)‘u%? a4‘a2c>
id 4( — 04) —20
wy 4(—4 —c3+c4) <—16
W4W3 4( —Cy+c3 — 04) —12
W4W3W2 4( —cC1+c— 04) < -8
W4W3W4 4( 2—co+ 04) —8
WA4W3W4W 4( l—ci+cy—c3+ 64) —4
WAW3 W W1 4(—1+c1—cq) 7
W4W3WAW2W 4(61 —c3+ 64) ?
W4W3W4W2WS3 4( c1+c3 — 64) ?
WAWIWAWSWIWY 41 —c14cq) 7
WAW3W4WWIW 4(1 +c —cCy+c3— C4) >4
WAW3WAWWIWAW 42+ c1 —ca+eq) =28
WAWIWAW2 W3W W2 424+ co—cq) =8
WAW3W4AWQWIWAWL W2 4(3 +co—c3+ C4) 12
WAW3WAWWIWAW] WoW3 4(4+c3—cq) =16
W4W3W4WQW3WAWLWQW3W4 4(5 + 04) 20
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TABLE Ab5. °F, for the lower-half representatives.

’LU()\‘{'ﬂ) _p|boc

id

w2

W4

wawy

W4W2

waw3s

wW4W3

Waw2wy

wWaw3wWi

W4awW3wW2

w4wW2wW3

WaW3W4

W4W3W4
W4W3wWw2wW1
W4WwW3wW1
W2W3w4wW1

W2 W3W1W2
W4W2W3W2
W4W3W4wW2
W2W3W4W3
W4W2W3W4
W4W2W3wW2wW1
W4W3W4wW2wW1
W2W3W4W3wW1
W4W2W3W4W1
W4W2W3W1W2
WaW3W4W1W2
W2W3W4W3W2
W4W2W3W4W?2
W4W3W4W2W3
W4WW3W4W3
W4W2W3W1W2W1
W2W3W4W3wW2W1
W4 W2W3W4W2W1
WAW3W4W2W3W1
W4W2W3W4W3W1
W2W3W4W3W1W2
W4W2W3W4 WL W2
W4W2W3W4W3W2
W2W3W4W1W2wW3
W4WW3W4WW3
WAW3W4W2WI W4
W2W3W4W3W1W2wW1
WAW2W3W4WLW2W]
W4W2W3W4W3W2W1
W4W2W3W4W2W3W1
W4W3W4W2W3W4W1
W4W3W4W2W3W1W2

(261 — CQ)U.)()I + ( co + 2c3 — 204)(,4}02

(14 c1+co—c3)wor + (1 — 1 + 2+ ¢3 — 2¢4)woz
(2¢1 — co)wor + (2 — 2 + 2¢4)wo2

(—c1 4+ 2¢o — c3)wor + (24 ¢1 + ¢35 — 2¢4)wo2

(1 + €1+ c2 —e3)wor + (3 — 1 + c2 — 3 + 2¢4)wo2
(24 c1 + 3 — 2cq)wor + (—c1 + 2¢2 — c3)wo2

(2¢1 — c2)wo1 + (2 — ¢2 + 2¢4)wo2

( c1+ 2¢y — 03)w01 + (4 +c1 —c3+ 264)(4)()2

(1 —c1+c+c3— 264)0.)()1 + (1 +c1+co— 03)w02
(1 +c1+cg— 03)w01 +B—c1+ca—c3+ 264)w02
(2 +c1 +c3— 264)W01 + (4 —C1 + 03)w02

(4 +c1 —c3+ 2C4)W01 + ( c1+ 2¢co — 63)w02

(2¢1 — c2)wor + (—c2 + 2¢3 — 2¢4)wo2

(—c1 4+ 2¢o — c3)wor + (44 ¢1 — ¢3 + 2¢4)wo2

(1 —c14c2+c3—2cs)wor + (54 ¢1 — 2 + c3)wo
(3 —c1+ca—c3+2cq)wor + (14 c1 + c2 — c3)wo2
( co + 2¢3 — 204)(,{)01 + (261 — CQ)WOQ
(2+c1+c3— 204)&){)1 + (4 —c1+ c3)woe
(14+c1+co—c3)wor + (1 — 1 + 2+ e3 — 2¢4)wo2
(54 c1 —ca+e3)wor + (1 —e1 + ca + ¢3 — 2¢4)woz
(4 +c1 —c3+ 2C4)W01 + (4 —C1 + Cg)(dog

(1 —c14ca+c3—2c4)wor + (54 1 — co + ¢3)woe
(—c1 +2¢2 — c3)wor + (24 €1 + 3 — 2¢4)wo2
(4—c1 4 c3)wor + (24 1 + ¢35 — 2¢4)wo2

(3 —c1+ca—c3+2cq)wor + (54 c1 — 2 + c3)wo2
( co + 2c3 — 204)(,{)01 + (6 + 02)w02

(2 —co + 204)w01 + (261 — CQ)WOQ

(6 + c2)wor + (—c2 + 2c3 — 2¢4)wo2

(4 +c1 —c3+ 264)W01 + (4 —C1 + 03)w02

(2 +c1+c3 — 2C4)W01 + ( c1+ 2¢co — Cg)a)og

(5 +c1—co+ C3)w01 + (3 —cC1+cy—c3+ 264)&)02
( c2 + 2c3 — 264)&)01 + (6 + CQ)WUZ

(6 4 c2)wor + (—c2 + 2¢3 — 2¢4)wo2

(3 —c1+ca—c3+2cq)wor + (54 c1 — 2 + c3)wo2
(1 —c1 4 ca+ 3 —2c4)wor + (14 ¢1 + c2 — ¢3)woz
( —c + 03)w01 + (4 +c1 —c3+ 204)w02

(4—c1 4 c3)wor + (24 1 + €3 — 2¢4)wp2

(2 —c2+ 264)&)01 + (6 + Cz)wog

(6 4 co)wor + (2 — ¢ + 2¢4)wo2

(2 — 2 + 2¢4)wor + (2¢1 — c2)wo2

(5+c1 —ca+e3)wor + (3 —c1 4 c2 — 3 + 2¢4)wo2
(4 4+ c1 — c3+ 2¢a)wor + (—c1 + 2c2 — €3)wo2
(5+c1—ca+cg)wor + (1 — 1+ o+ 3 — 2¢4)wo2
(2 —co + 264)&)01 + (6 + CQ)LU()Q

(6 + Cz)u)m + (2 —Cco + 204)&)02

(4—c1+ce3)wor + (4 + 1 — e3 + 2¢4)wp2
(3—c14+c2—c3+2ch)wor + (1 4+ ¢1 + 2 — e3)wo
(—c2 4 2c3 — 2c4)wor + (261 — c2)woz
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TABLE A6. °F,, for the upper-half representatives.

w()‘ er) - p|boc

W4W2W3W4W3 W1 W2

W2W3W4W1 W2W3W2
WAW2W3W4W2W3W2

W4 W2 W3W4W1 W2W3
W4W3W4W2W3W4W3
W2W3W4 W1 W2W3W4
W4W2W3W4W3 W1 W2W1
W2W3W4W1 W2W3W2W1

W4 W2 W3W4W2W3W2W1
W4W2W3 W4 W1 W2W3W1
W4W3W4W2W3W4W3W1
W4W2W3W4W2W3 W1 W2
WAW3W4W2W3W4 W1 W2

W4 W2 W3W4W1 W2W3W2

W4 W3W4W2W3W4W3W2

W2 W3 W4 W W2W3W4W2
WAW2W3 W4 WL W2W3W4
W4W2W3W4W2W3 W1 W2W1
W4W2W3W4 W1 W2 W3W2W1
W4W3W4W2W3W4W3W2W1

W2 W3 W4 W WW3W4W2W1
WAW2W3W4AW W2 W3W4W1
W4W2W3W4W1 W2W3W1 W2
WAW3W4W2W3W4W3 W W2

W4 W2 W3W4W W2 W3W4W32
W4W3W4W2W3W4W W2W3

W2 W3 W4 W W2W3W4W2W3
W4W2W3W4W1 W2W3 W1 W2W1
WAW3W4W2W3W4W3 W1 W2W1
WAW2W3W4 W W2 W3W4W2W1
W2W3W4W1 W2 W3W4W2W3W1
W4W2W3 W4 W W2W3W4WL W2
WAW3W4AW2W3W4 W W2 W3 W2

W4 W2W3W4W1W2W3W4W2W3
WAW3W4W2W3W4WT W2 W3 W4
W4W2W3W4W] W2 W3 W4 W1 W2W1
W4W3 W4 W2 W3W4W W2 W3W2W1
WAW2W3 W4 W W2 W3W4W2W3 W1
W2W3W4W W2W3W4W2W3W1 W2
WAW3W4W2W3W4AW] W2W3W4W2
W4W2W3W4W W2 W3 W4 W1 WaW3
W4W3W4W2W3W4W W2 W3W4W2W1
WAW2W3W4AW W2 W3W4W1 W2W3W1
WAW2W3W4AW W2 W3W4W2W3 W1 W2
WAW3W4AW2W3W4AW] W2W3W4W2W3
WAW3W4W2W3W4 W] W2W3W4W2W3 W1
W4 W2 W3W4W] W2 W3 W4 W W2W3W1 W2
W4W3 W4 W2 W3W4W] W2 W3 W4W2W3W1 W2

(4—c1 4 c3)wor + (4+ c1 — 3+ 2¢4)wo
(3 —C1+C—c3+ 264)&)01 + (1 +c1 +co — Cg)WOQ
(6 + CQ)WOl + (2 —Co + 204)(4}02

(2 — ca + 2¢4)wo1 + (6 + c2)wo2

(5 +c1 —co + 63)(4)01 + (1 —c1+co+c3 — 204)w02
(—c2 + 2¢3 — 2¢4)wor + (261 — c2)woz

(5 +c1 —co+ Cg)&)()l + (3 —C1+Cc2— C3 + 264)&)02
(4 +c1 —c3+ 264)&]01 + (—Cl + 262 — Cg)(d()g
(6 + c2)wor + (2 — 2 + 2¢4)wo2

(2 —C2 + 204)&)01 + (6 + CQ)UJOQ

(4 —c1 + Cg)t,d()l + (2 +c1 +c3— 264)0)02
(4 —c1 + C3)W01 + (4 +c1 — C3 + 264)(.«)02
(2 — C2 + 204)(.001 + (201 — CQ)CL)OQ

(3—c1 4 c2—c3+2¢cq)wor + (5+ 1 — ca + ¢3)woz
(6 + c2)wor + (—c2 + 2¢3 — 2¢4)wo2

(1 —c1+co+c3— 264)(.4)01 + (1 +c1 +co — 03)w02
(—c2 +2¢c3 — 2cq)wor + (6 + c2)woz

(5 +c1 —co+ Cg)&)()l + (3 —C1+Cc2—c3+ 264)&)02
(4 +c1 —c3+ 264)0(]01 + (4 —cC1 + C3)w02
(6 4 c2)wor + (—ca2 + 2¢3 — 2¢4)wo2

(2 +c1 +c3 — 204)W01 + (—Cl + 2¢o — Cg)u)og
(—c2 +2¢c3 — 2cq)wor + (6 + c2)woz

(3 —Cc1+C— C3 + 264)0)01 + (5 +c1 —co+ Cg)WQQ
(4 —cC1 + Cg)WOl + (2 +c1 +c3— 264)W02

(1 —c] +c2+c3— 204)&)01 + (5 +c—co+ Cg)u]og
(2 —C2 + 204)&)01 + (201 — CQ)CUOQ

(—e1 + 2¢9 — e3)wor + (24 ¢1 + ¢3 — 2¢4)wo2
(4+c1 —c3+ 2cq)wor + (4 — 1 + c3)wo2

(5 +c1 —co+ Cg)WOl + (]. —C1+Cc2+c3 — 204)&)02
(24 1+ c3 — 2ca)wor + (4 — ¢1 + e3)wo2

(1 +c1 +co — 03)w01 + (1 —cCc1+co+c3 — 204)&)02
(1 —C1+Cco+c3— 264)(4)01 + (5 +c1 —co + 03)w02
(3 —cCc1+Cc—c3+ 284)0)01 + (1 +c1+ e — Cg)bd()g
( c1 + 262 — Cg)WOl + (4 +c1 —c3+ 264)&)02

( Cco + 203 — 204)(4}01 + (2C1 — 62)&}02

(2 +c1 +c3— 264)(4]01 + (4 —c + 03)w02

(4+c1 —c3+ 2cq)wor + (—c1 + 2¢2 — c3)woz
(14+c1+c2—c3)wor + (3 —c1 + o — c3+ 2¢q)wpe
(201 — CQ)WOl + (702 + 203 — 204)0)02

(]. —C1+C+c3— 264)&)01 + (]. +c1 +co — C3)w02
( c1+ 2c — 03)w01 + (4 +c1 —c3+ 204)&)02

(2 +c1 +c3— 204)&)01 + (—Cl + 2¢o — 03)w02

(1 +c1 +co — C3)W01 + (3 —c1+co—c3+ 204)W02
(2¢1 — ¢c2)wor + (2 — 2 + 2¢4)wo2

( c1 + 202 — Cg)WOl —+ (2 +c1 +c3— 264)&)02

(]. +c1 +co — Cg)(,d()l + (]. —c1+co+c3— 264)&102
(2C1 — 02)w01 + (2 —Cco + 204)(4}()2

(2¢1 — c2)wor + (—c2 + 2¢3 — 2¢4)wo2
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TABLE A7. Ay, for the lower-half representatives.

(>‘+p)|aow O‘2’aoc>

(FwA + P)lao, s

044‘(10C>

id

Wa

Wy

WaWn

WaW2

WaW3

w4W3

W4W2Wy

WorwW3z Wy

W4W3W2

W4W2wW3

WaW3zWy

W4W3Wy
W4W3W2W1
W4W2W3W1
WaW3W4W1

WaW3 Wi W2
W4W2W3W2
W4W3W4W2
WorW3W4W3
W4W2W3W4
W4W2W3W2W1
W4W3W4W2W1
WorW3W4W3wW1
W4W2W3W4W1
W4W2W3W1 W2
WaW3W4W1W2
WaW3W4W3W2
W4W2W3W4W2
W4W3W4Wo2W3
WaW2W3W4W3
W4W2W3W1W2W1
WoaW3W4W3W2Wq
W4W2W3W4W2W1
W4W3W4WaW3Wy
W4W2W3W4W3We
WoaW3W4W3W1 W2
W4W2W3W4 W1 W2
W4W2W3W4W3 W2
WoaW3W4W1W2Ws3
W4W2W3W4W2W3
WaW3W4WaW3 Wy
WaW3W4W3W1 WaW1
W4W2W3W4 W1 WaW1
W4W2W3W4W3WaW1
W4W2W3W4W2W3W1
WaW3 W4 WaW3W4W1
WaW3 W4 W2W3W1 W2

(—w
2—CQ+C4) —4
1—C1+Cz—03+04)
3—CQ+C3—C4)< —6
Cl—C3+C4)?
2—61+CQ—C4)< —4
01+Cg—C4)?
4—03+C4) -8
1+01—C4)?
1+61—CQ+03—C4)>2
4—C3+C4)< -8
2—Cl+CQ—C4)< —4
l—ci14c)?
5—04)<10
4—03+C4)< -8
1+C1—C4)?
24 —cateq) >4
24cy—cy) =4
3_CQ+CJ_C4)< —6
5*04)< —10
1—C1+C4)?
l—ci+e—c3+eq)<
3—CQ+03—C4)< —6
5—04)< —10

2—61+CQ—C4)<—4
24 ¢ —cateq) 24
2—CQ+C4)< —4
5—c¢4) <—10
1+01_62+03_C4)>2
3+02_03+C4) 6
Cl—C3+C4)?
Cl+Cg—C4)?
4+63—C4)>8
2—02+C4)< —4
4—C3+C4)< -8
3+02_03+C4) 6

14+ —catez—cy) >
2—02+C4)< —4
4-63"‘04) -8
5—c4) <—10

NNNNNDNDNDNNNNNNNDNDNNNDNNNNNNNDNDNNNNNDNNDNDNDNDDNDNDNDDNDDNDDNDDNDDNDNDNDNDN NN

(=
(
(—
(—
(—
(=
(
(—
(=
(
(=
(=
(—
(
(
(=
(=
(
(—
(—
(=
(
(Cl — C3 +C4) ?
(—
(
(
(=
(=
(—
(=
(
(—
(=
(
(
(
(—
(
(=
(—
(
(=
(
(=
(—
(—

25 3+C2_204) —6

2 4+61_C2+CS_204)
2(— 1+02—203+204)< -2
2(=b—c1+c3—2¢4) <—10
2( 24 ¢ — ey —c3+2¢q) <
2( 5"—61—63) 10
2(1—C2+203—2C4)>2
2( 3—C1—Cg+204)< —6
2( 6—Cl+02—63) —12
2(2—Cl+62+03—204)>4
2(—1+4c; — 205+ ¢3) < —2
25+ ¢ — ¢5) < —10
2(3_02+2C4)>6
2(3+Cl+03—204)>6
2( 2—61—CQ+C3)< —4
2( —C1+02—63)< —12
2( —CQ)< —14

21 — ¢+ 2c5 —c3) =2
2( *61+CQ*C3+204) 8
2( 4+Cl—02+63—204)<
2( 1+C1_262+03)< —2
2(2+C1+02—03)>4
2(5+C1—03+264)>10
2( 5—C1+Cg—2C4)< —10
2( 2—61—02+63)< —4
2(—1—2¢; 4 ¢3) < -2
27— ) < —14

2( 3+C2_2C4) —6
2(1—614—262—63)22
2(5—Cl+03) 10

2( 2+61—02—63+204)
2(142¢; — ) =2

2(—3+ ¢y — 2¢4) < —6
2(24+c1+cy—c3) >4
2(6+61*CQ+C3)>12
2(=3—c1 —c3+2¢4) <6
2( —Cl+03—264)<—10
2(—=1—2¢; + ) < —2
2( 1+C2_2C3+2C4) —2
2( —Cg) —14
2(2—Cl+02+03—204) 4
2( —01+C3)>10
2( 4+C1 02+63
2(142¢; — ) =22
2(—1+ ¢y — 25 + 2¢4) < —2
2(3+Cl+03—204)>6
2( —+ C1 — Co + 03) 12
2(T+c2) > 14

204) g —

-8

—4

-8

—4
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TABLE AS8. A, for the upper-half representatives.

(—wO+ 9l ang » A2l ang ) (—w(h+ Pl ang » A4l ang )
WAW2WIWAWI W] W2 22+c2—ca) >4 2(—=3—c1 —c3+2c4) < —6
WoW3W4WL W2WIW2 2(4+c3—cqa) =8 2(—6 —c1 +c2—c3)< —12
WAW2W3W4W2WI W2 2(71 —c1+c2—c3+ 04) < -2 2(1 —cg + 2¢3 — 264) >2
WAW2WI3W4W] W2W3 2(1 +c1 —c2+c3 — C4) >2 2(71 —2c1 + CQ) < -2
WLW3WLWLWIWAWS 2(—3—ca2+c3—ca) < —6 2(4—c1+c2—c3+2c4) =28
W2W3WLW] W2 W3 W4 2(5+cq) > 10 2(=T—c2)< —14
WA W2 WIWAWIW] W2 W 2(2+c2—ca) =4 2(—2+c1 —ca—c3+2cq) < —4
W2 W3W4W W2WIW2W] 2(4 +c3 — C4) >8 2(—5 +c1 — 63) < -—10
WAW2WIWAW2WIW2WT 2((21 —c3 + 04) ? 2(1 —cg + 2¢c3 — 204) >2
WAW2WIWAWT W2WI W 2(—c1+c3—ca) ? 2(1+2c1 —c2) =2
WAWIWLW2WIWAWI W 2(—=3—ca+c3—ca) < —6 2(5+c1 — ¢34+ 2c4) > 10
WAW2WIWAW2WI W] W 2(=1—c14+c2—c3+ca)<—2 2B+c1+ec3— 264) >6
WAWZWLWLWIWAW] WS 2(—4 —c3+ca) < -8 2(7+c2) > 14
WAW2W3WAW] W2WI W2 2(2 +co — 04) >4 2(72 —c1 —c2 + C3) <-4
WAW3WAWLWIWAWI WS 2(—2—c1+c2—ca) < —4 2(3—c2+2c4) =6
W2 W3W4W WRW3WAWL 2(5+cq) =10 2(—6 —c1 +c2 —e3) < —12
WAW2WIWAW] W2WI W4 2(24+c1—ca+ca) =>4 2(—1—2c1 +c2) < —2
WAW2WIWAW2WI W W2WT 2(c1 —c3 + C4) ? 2(2—c1+c2+c3— 264) >4
WAW2W3WAW] W2WIW2WT 2(2 +co — C4) >4 2(71 +c1 — 2¢co + 03) < -2
WAW3WAW2WIWAWIW2WT 2(=1+c1—ca)? 2(3—c2+2c4) =6
W2 W3WAW] W2W3WAW2WT 2(5+cq) > 10 2(=5+c1 —c3) < —10
WLW2WIWAW] W2WIWAW] 2(1—c1+ca)? 2(1+2c1 —c2) =2
WAW2WIWAW] WRWIW] W2 2(—c1+c3—cq)? 2(24c1+c2—c3) =4
WLW3WAW2WIWAWIW] W2 2(—2—c1+c2—ca)<—4 2(5+c1 — 3+ 2c4) =10
WAW2WIWAW] WRWIWA4W 2(3 +co2 —c3+ C4) >6 2(72 —c1 —cg + (33) < —4
WAW3W4W2W3WAW W2W3 2(—3—ca2+c3—ca) < —6 2(7+c2) > 14
W W3WAW] W2 W3WAWLWS 2(5+cq) > 10 2(—=5—c1+c3—2cq) < —10
WAW2WIWAW] WRWZW] W2W 2(14+c1 —c2+c3 — 04) >2 2(1 —c1 + 2¢2 — 03) >2
WAW3WAWRWIWAWI W] W W 2(—1+c1—ca)? 2(4—c1+ca—c3+2c4) =8
WAW2WIWAW] W2WIW4W2WT 2(3 +c2 —c3+ C4) >6 2(71 +c1 — 2c2 + 03) < -2
W2W3WA4W] W2W3WAW2WI WL 2(5 + 04) > 10 2(74 +c1 —c2+c3 — 264) <=8
WLW2WIWAW] WRWIWAW] W2 2(1—c1+ca)? 22+c1+ca—c3) =4
WLWIWLWLWIWAW] WRWIW2 2(—2—c1+c2—ca) < —4 2(64+c1 —c2+c3) =12
WAW2WIWAW] W2WIWALW2WS 2(4+c3—ca) =8 2(—=3—c1 —c3+2c4) < —6
WAW3WAWRWIWAW WRWIW4 2(—2—c2+cqa)< -4 2(7+c2) > 14
WAWWIWAW] W2WIWAW] W2WT 2(2 +c1 —co+ C4) >4 2(1 —c1 + 2¢2 — 03) >2
WAW3WAWRW3WAW] WRW3W2W 2(=1+c1—ca)? 2(5—c1 +c3) =10
WLW2WIWAW] WRWIWAW2WI W 2(4+c3—ca) =8 2(—2+c1 —ca—c3+2ca) < —4
WW3WAWL W2WIWAWLWIW] W2 2(5 + 04) > 10 2(=34ca2 — 264) < —6
WAWIWLWLWIWAW] WWIWAWL 2(—-1—c14+ca—c3t+ca)<—2 2(6+4+c1—c2+ez)=12
WAW2WIWAW W2 WIWAW] WRW3S 2(1—c1+ca)? 23+ c1+c3—2c4) 26
WAW3WAWRWIWAW] WRWIWAWRW] 2(c1 —c3+ca) ? 2(5 —c1 +c¢3) > 10
WAW2WIWAW] W2WIWAW] WRWI W 22+c1—catca) >4 2(2—c1+ca+c3—2ca) 24
WAW2WIWAW] W2WIWLWWZ W] W2 2(44+c3—ca) =8 2(—=1+4+c2 —2¢c3 + 204) < -2
WAW3W4W2W3WAW] WRW3W4W2W3 2(—c1+c3—cq) ? 2(5+c1 —c3+2c4) =10
WAWIWAWLWIWAW W2 WIWAW2WI W 2(1+c1 —ca+c3—ca) =2 2(4—c1+c2—c3+2c4) =28
WAW2WIWAW] W2WIWAW] W2WIWT W2 2(3 +c3 —c3+ C4) >6 2(1 —cg + 2¢c3 — 204) > 2
WAWIWAW2W3WAW WowaWawaw3wiwe  2(24+ca —ca) =4 2(3—ca2+2c4) =6
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for which w € W2 the principal series representation Ba (i, ) exists. If some condition is added,
then it is necessary and sufficient for the existence of Ba(iy): ‘¥’ means ‘cz —cq = ¢1’ and ‘s’
means ‘c; — ¢4 = 17, while ‘#" indicates that for these w the representation Ba(ji,) never exists.
Tables A3 and A4 give the values of the inner product of the point dx =—w(A+ p)la,, of
evaluation of Eisenstein series and the only simple root within A(P;, A;). Using (16), we can
then read off which points dx lie inside the closed, positive Weyl chamber defined by the above

system.

Tables A5—A8 give the previous data for the standard minimal parabolic Q-subgroup Fp.
Owing to a lack of space we divided the set of Kostant representatives W into a ‘lower’ and
an ‘upper’ half, according to the length of the elements w € W, In Table A8 the Kostant
representatives w which can give rise to values Ay = —w(A + p)|qy, € C' are underlined. No

point A,, in Table A7 will lie inside C.

All lists were compiled by a computer program, developed by Jakub Orbén.
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