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Abstract

In a recent paper of the author the well-known Vagner—Preston Theorem on inverse semigroups was
generalized to include a wider class of semigroups, namely right normal right inverse semigroups. In an
attempt to generalize the theorem to include all right inverse semigroups, the notion of u—y;
transformations is introduced in the present paper. It is possible to construct a right inverse band B,(X)
of u— u, transformations. From this a set A,{X) for which left and right units are in B,(X) and satisfying
certain conditions is constructed. The semigroup A4,(X) so constructed is a right inverse semigroup.
Conversely every right inverse semigroup can be isomorphically embedded in a right inverse semigroup
constructed in this way.

1980 Mathematics subject classification (Amer. Math. Soc.): 20 M 20.

1. Introduction

A regular semigroup S is called right inverse if for any idempotents e, fof S, e fe = fe.
Such semigroups have been studied by Ewing (1971), Venkatesan (1972), Bailes
(1972) and Warne (1980). Right normal right inverse semigroups form a special class
of right inverse semigroups and a faithful representation for these has been given by
the author (1976). This generalizes the well-known Vagner—Preston Theorem
((1961), Theorem 1.20). An attempt is made in this paper to generalize these earlier
theorems of the author to right inverse semigroups. For this, the notion of u—y;
transformations is introduced. We can construct a right inverse band B /{X) of u — y;
transformations; B,(X) is obviously a subsemigroup of the symmetric weakly
inverse semigroup T(X) of all partial transformations of X (see Srinivasan (1968)).
We define '

Ap(X) ={a:2eT(X) and there exists an inverse o' of « in T(X) such that «'a,
aa’ € B,(X) and for any e € B,(X), aea/, o'sx € By X)}.
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[2] Right inverse semigroups 323

Then the semigroup A, (X) is a right inverse semigroup and it is called the
symmetric right inverse semigroup on (X, M).

2. Basic concepts

In general we follow the notation and terminology in Clifford and Preston (1961).
Forany a€ S, aregular semigroup, V(a) denotes the set of inverses of the element a. A
binary relation w is called a quasi-ordering if it is reflexive and transitive. For any
binary relation p, we denote by U(p) and U'(p) its domain and range respectively.

In what follows S is a right inverse semigroup.

LEMMA 2.1. For any a,beS, the following conditions are equivalent:
(i) There exists an idempotent e in S such that a = be.
(ii) a = bd'a for any a' e V(a).

PRrOOF. Assume (i). It is clear that there exists an inverse a* of a such that a* = eb’,
b’ being an inverse of b. For any a’eV(a), a*a = a*ad'aa*a =d'aa*a=da.
Therefore, ba'a = ba* a = be(b’'b)e = bb'be = be = a. Thus we get (ii). Assume (ii).
Then (i) is obvious.

We define awb on S if (i) or (ii) and hence both the conditions in Lemma 2.1 are
satisfied.

LemMma 2.2. (Madhavan (1976)). The binary relation w defines a compatible partial
order on S.

It has been proved by Yamada (1967) that the binary relation % on a generalized
inverse semigroup S, defined as (a, b) € # if a and b have the same set of inverses, is the
smallest inverse semigroup congruence on S. It has been subsequently shown by
Hall (1969) that % is the smallest inverse semigroup congruence on any orthodox
semigroup.

LemMA 2.3. (Madhavan (1976)). The following conditions are equivalent for any two
elements a, b in a right inverse semigroup S:

(i) (a,b)e¥

(ii) awb, bwa.

3. The symmetric right inverse semigroup
Let X be a set and M = {y,: ieI} be a commutative semigroup of equivalence

relations whose domains are subsets of X. Assume that there is a maximum element
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uin M. Define a g — u, transformation of X as any map a from the subset Yof X onto
a subset Ya of X satisfying the following conditions :

M1. For any x,y€Y, (x, y) € y<>xa = yo.
M2. For any x,yeY, (xa, ya) € u=-(x, y) € .
M3. If xe Yand (x, y)ep, then ye Yand (xa, ya)€ p.

We note that the null map O vacuously satisfies these conditions and hence is a
u— p; transformation.

To every u—ypu; transformation a we can associate a y; in M and we denote
| U(@) = aoa™ " by pfar). A p— p, transformation « is called admissible if a* = a and
for any p— u; transformation B, u(af) = p(e) u(p).

We denote the set of all admissible u—y; (i e I) transformations by B,/(X). We
note that the null map O e B, (X).

LEMMA 3.1. A u—y, transformation o is an idempotent if and only if a S p;.

Proor. This is true for the empty relation. Let « ( # ‘0 ) be a u — y; transformation.
If a2 = o, then (xa)o. = xa whenever xa is defined, and this implies (x, xx)€e y;,
whence o € ;. Conversely if o Sy; then for every x for which xa is defined, we have
(x, xe) e p;, p; S u whence x € U(x) by M3 and xa = (xa)o by M1. Thus a® = « as
required. The lemma now follows.

LEMMA 3.2. Let a be an admissible p—y; transformation and B a p—p;
transformation. Then wapf) = p; p;| U(af) and of is a p — p, transformation, where
By = K iy

Proor. By hypothesis, u(aff) = p(a) u(B) and clearly, p(or) u(B) < ; uj[ U(aB). Let
(x, y) € u; | U(¢B). Then there exists u such that (x, u) € u;, (4, y) € ;. Since x € U(af)
we get xe U(a) and xo e U(P). Clearly xo = ua. But (#, ux)e u; (Lemma 3.1). Since
x(af) is defined and xa = ua, we get that uapf is defined and hence uf is defined.
Consequently uf = yB. Thus (x,u) € u; | U(a) and (u, y) € 1| U(B). It now follows that
weB) = ple) w(B) = p; p; | U(ap). Since y; u; € M, denoting it by p, we find that we can
associate 4 € M with af. Clearly (x, y) € y =xaff = yaf for any x, ye U(ap). Also let
xaf = yaf. Then (xa, ya) € u;. Since a? = a and xa is defined, (x, xa) € 4; by Lemma
3.1. Thus (x,xa)ep;, (xa,yr)ep;=(x,yn)€u;pu;. Similarly (y,yx)eu. Also
(x, ya) € p i, (3, yo) € py=>(x, y) € p; ; p1; = p; it; = p4. Thus af satisfies M1. Again
(xapB, yaB) e u=>{(xa, ya) € u=(x, y) € u. Thus M2 is satisfied. Let xe U(af), xaf be
defined and (u,x)eu. Then xa is defined and therefore (xo, ux) e pu. This implies
(xaf,unxf)e p. Thus af satisfies M3. Hence af is a u— g, transformation.

LemMa 3.3. Let o, Be By(X). Then U@B) = U(a) n U(B).
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PRrOOF. There exist u;, ;€ M such that « S y; and < u;. Then, let x € U(af). This
implies that x € U(x) and xa € U(). Clearly (x, xa) € u. Also (x, xo) € p, xo € U(B) imply
that xeU(B). We now get xeU(a)n U(f). Thus we have shown that
U@p)SU(a)n U(B). To prove the reverse inclusion, let xe U(x) n U(f). Then
xe U(w), (x, xa) e p; S p and xa € U(B). These imply that x € U(a) and xa € U(f) which
in turn imply that xe U(af). Thus we get U(ax) n U(B) EU(af). The lemma now
follows.

LEMMA 3.4. If a, Be By X), then u(a) w(B) = u(B) wl(ar).

PROOF. There exist y;, ;€ M such that a S p; and B< ;. Let (x, y) € p(e) u(B). This
implies that there exists u € X such that (x,u)e u;, xe U(a), (4, y) € u; and ue U(B) for
some ue X. Thus we get (x, y) € ; u;. Also ue U(B), (x, u) € u; < 1 imply that x € U(B).
Again xe U(w), xe U(B) imply that xe U(x) ~ U(B). Thus we get (x, y)e u; u; and
xe U@ n U(B) = U(af) = U(Bw). Since p; pu; = ; p; it follows that (x, y) € u(f) p(a),
whence we get u(o) u(B) S u(p) (). The reverse inclusion can be similarly proved.
The lemma now follows.

THEOREM 3.1. By\(X) is a right inverse band.

PROOF. Let a, f € By(X). It is clear from Lemma 3.1 that «f satisfies M1, M2 and
M3. We shall show that affa = fa. For this, let x € U(afa). Then there exists v e U(f)
such that (xa, v) € u(B) and xaf = vf. Therefore xafo = vfa. We note that for any
EneBX), uény=wpnt) in view of Lemma 34 and therefore
xén = yEn<wxné = yné. Thus (xa) fo = vfa=(xa) aff = vaf=xfa = vfo = xafa.
Therefore afo < fa. Now let x € U(af). We note that xaf is defined if and only if xfo
is defined. When x € U(af8), there exists v € X such that (xo, v) € u(f). Then xaff = vf.
Now,

xaf = vf=>xafa = vfa=>(xa)af = vaf=(xa)f = vaf=xPa = vfa = xafo.

Therefore fo Safa. Combining this with the earlier result we get afo = fo.

It remains to show that af is admissible. Clearly «ff is idempotent. Let ybea u— p;
transformation. Then by Lemma 3.1, By satsfies M1, M2 and M3 and hence is a
p— y; transformation for some je I. Then

u(aBy) = wla) w(By) = pler) t(B) ly) = o) 1(y)-

The theorem now follows.
Let T(X) denote the (symmetric weakly inverse) semigroup of all partial
transformations of X. (See Srinivasan (1968).)
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THEOREM 3.2. Let
Ay(X) = {ae T(X) : there exists an inverse o of a in T(X) such that o'a, aa’ € By(X)
and for any e € By(X), «'ca, aea’ € Bp(X)}.
Then A\(X) is a right inverse semigroup.

ProOF. We shall first show that A,(X)is a semigroup. Let a, 8 € By (X). Then there
exist inverses a’ of a, ' of § such that a'a,aa’, §'8, Bf’ € By (X) and satisfying the
conditions mentioned above. We note that

apfo'ap = apfaaffp = ax'apff = ap,
since a'a, B’ € By(X). Also, similarly
Poapfa = faapfo’an’ = fpfo'an’ = Bo'.

Therefore there exists an inverse f'o’e€ T(X) and aff’a’, fa’'afie B)(X) by the
definition of A,(X). Also for any &€ B,(X), afef'o,fa'cafeBy(X). Thus
af e Ay (X). It follows that A4,,(X) is a semigroup. We shall show that A4,/(X) is
right inverse. For this, let « = a? € 4,,(X). Then there exists an inverse o’ of « in T(X)
such  that oo ,d'aeBy(X). Since B,(X) is a semigroup we
get o =dan’ =(@a)(a)eBy(X). Thus o is an idempotent and
a = aa'a = (xo) (o'x) € Bp(X). Therefore if a = a® € A (X), then ae Bp(X). Thus
B,(X) s the subsemigroup of idempotents of A,(X). It remains to show that 4,/(X)
is regular. For this, let x€ 4,(X). By definition, there exists a'€ T(X) such that
oo’ = o, '’ = o and aa’, o’ € By (X). Also for any ¢ € By(X), o'ea, e’ € By X).
Consequently o’ € 4,(X), whence we get A,,(X) is regular. This together with the
earlier assertion, shows that 4,/(X) is a right inverse semigroup.

4. The embedding theorem

Before proving the final embedding theorem we need the following lemma proved
by Madhavan (1976).

Lemma 4.1. If S is an orthodox semigroup, aeS and a',a*eV(a), then
(SaV¥ = (Sa*) ¥, ¥ being the Yamada—Hall congruence on S.

Let S be a right inverse semigroup. For all e = ¢? €S, define
¥, = {(x,y)e(Se)¥ x (Se) ¥ : xe = ye}.
Clearly %, <%. We have then :

LEMMA 4.2. Let e = €%, f=f*€S. Then ¥, ¥, =¥, ¥, =¥,
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PROOF. Let (x, y)€ %, #¥,. There exists u € S such that (x, u)e %, and (u, y)e %,. Now
xe =ue=>xef=uef=ufef Also ufef=yfef= yef. Thus it follows that
xef = yef. Clearly x €(Se) % and ye(Sf)#. There exists k € S such that (x, ke) e % and
this implies (xeke)e¥. But (xe,ke)e¥, (x,ke)e H=(x,xe)e®. Since xe = ue it
follows that (x,ue)e%. Also (x,ue)e¥, (x,u)e¥ ,>(u,ue)e %,
(wue)eW=>(uf,uef)e ¥, (uuf)e¥, (uf,uef)ec¥ =>(u,uef)c ¥ =>(ue,uef)e¥ since
(u,ue)e . Again (x,ue)e?, (ue,uef)e@=(x,uef)e®. Thus xe(Sef)#. Also
(v, YN e%. But yf = uf and thus we get (y,uf)e¥. Also

(u, uf ) € = (ue, ufe) € H=>(u, ufe) e ¥ =>(uf, ufef ) e ¥ = (uf, uef ) e ¥=(y,uf ) e %

and (uf,uef)e ¥ =>(y,uef)e%. Thus ye(Sef)%. It now follows that (x,y)e%,,
whence we get %, % <%, .. To prove the reverse inclusion, let (x, y)e%,,. There
exists ueS such that (x,uef)e®. Then (xef,uef)e% and this implies
(x,xef)e®. Therefore by Lemma 2.3, xw xef wxe. Again
(x, xef) e W =(xe, xefe)e Y =>(xe, xfeye%. Therefore xewxfew x. Then (x,xe)ed,
whence we get xe(Se)@. Also xee(Se)% and xefe(Sef)%. As proved earlier
(x,xef)e® and this together with (x,xe)e® implies (xe,xef)e®. Now
(xe, xef)e W =>xee(Sef )Y < (Sf)¥. Clearly, xef e (Sef ) ¥ < (Sf) .1t now follows that
(x,xe)e¥, and (xe,xef)e¥,. We get ¥,, <% ,% . Combining with the previous
result, we get ¥ ¥, =¥ .
To prove that # %, = % % ,, we first note that for any x, yeS§,

xef = yef=xefe = yefe=xfe = yfe=>xfef = yfef=>xef = yef.

Also let xe(Sef)®%. Then there exists ueS such that (x,uef)e®. Now
(x, uef)e ¥ =x w xef w xfe w x. Thus (x,xfe)e . This implies that x e(Sfe)%. Thus
we get (Sef )% < (Sfe) W. The reverse inclusion can be similarly proved whence we get
(Sef) ¥ = (Sfe)%. Thus we have shown that %, = ¥ ,, whence the lemma follows.

THEOREM 4.1. Let S be a right inverse semigroup. Then for every aeS define
P.: (Sa)¥ - Sabyxp, = xa. Thena — p,(a€ S)is amonomorphism from S into T(S).

PROOF. Let a€ S and a’ € V(a). We shall show that a — p, defines a monomorph-
ism. For this it is enough to show that U(p, p,) = U(p,,). Let xe U(p, p,). For any
aeV(a), (x,xaa)e¥ and there exists ue(Shd)# for any b'eV(b), such that
(xa,u)e®. Obviously, (u,ubb’)e® and therefore, (xa,ubb’)e®. Now
(xa,ubb’) e % =(xad',ubb'a’)e ¥ and (x,ubb’'a)e H =xe€ U(p,). Let xe U(p,,).- Then
for any b'eV(b), and any d' €V(a), (x,xabb'a)e®. Clearly, xabb'a’'eSa’ and
therefore x €(Sa')%. Now

(x, xabb'a’) e % =>(xa, xabb'a'a) e H = xa w xabb’ a"a w xabb’ w xa.
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Thus (xa, xabb’) e %, whence we get xae(Sb’)#¥. Therefore, xe(San (Sb)#) p; . It
now follows that p,p, = p,. To show that for any a,beS, p, = p,=a = b, let
P. = pp- Then Sa = Sb and therefore a'a = b'b for any a’'€ V(a) and any b’ = V(b),
b e(Sh)¥ = (Sa)%. Thus ab =da=>bb=>ba We get alb'a)b’ = ab'bb’ = ab'.
Thus ab’ is idempotent. Then

ab’ = ab’bb’'bb’ = ab'bb’ab’ = bb’bb’ = bb’
and
a=ada=ab'a=>bba=>bbb=>b

We can define M ={#}u{#¥,:e=e?€S}. Clearly M is a commutative
semigroup of equivalence relations whose domains are subsets of S; % is the
maximum element. We can define a % — %, transformation satisfying M1, M2 and
Ma3. To every such % — %, transformation we can associate an equivalence relation
¥,

We denote the set {xp, :xe U(p,)} by Sp..

LEMMA 4.3. Let e = €’€S, f=f?€S and « be any ¥ — % transformation and
aSps. Then ap,a = p,o.

ProOF. Let xap, a be defined. Then xap,a = xp, p,p; = xp, p. Since (x,xp, )€Y
and xa is defined, xex is defined and therefore xp, p, = xp,a. Thus xap, a = xp,a.
This implies xp,a < p,a. Conversely, let xp,a be defined. Then

XP & = XP Py =XPyPePy-
Since (x,xp,)ep, &% and (xp,)a is defined we have that xa is defined. Also
(x,xp ; p.)€% and this implies, since xa is defined, that (xp , p,) a is defined. Thus
Xp. o =Xxp s p.p; = (xa) p, . Therefore p,a < ap,a and combining this with the
earlier result, we get ap, a = p, a. The lemma now follows. If e = e € S, a < p, and
ais a % — %, transformation, then a < p, € ¥(p,). Thus a? = «, by Lemma 3.1.

LEMMA 4.4. Lete = ¢*,f=f*€S and p a ¥ —% ; transformation such that < p;.
Then (x,y)€¥(p, B) if and only if (x, y) e ¥(p, py) and (y, y) e ¥(p).

PROOF. Let (x, y)€ ¥(p, B). Then clearly (x, y)e ¥(p, p,). Also (x,xp,p)e¥. Now
(x, xp.p) e ¥=>x e (Sp. p) Y=(SP) ¥.

Thus (y,y)e#(f). To prove the converse, we note that (x,y)e#(p,p 1),
1 Ve¥B)=>x, yeUlHp.ps)), xp.ps = Ypeps YPy=yB. These imply that
x, yeUL¥(p.ps)], Xpsp. = VPyPes YP; = yB. These again imply

XPePy = XPrPePyr =YPrPePy = YPePy
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and

ypsp.B = yBp.B = yp.B.
We note that yf is defined and (y, y8,) e %. Therefore yBp, B is defined. Hence

yBp.B=yp.B=yp.ps=xp.ps
But

XPe Py = YPePr=(XPe YPIEY (P )= Y.
Since yp, B is defined, it now follows that xp,B = xp,p, = yp.B. Thus we get
x,yeU[%p.p;)] and xp,B = yp.B. Since xp.B is defined it follows that

x e U[%(p, B)] and similarly for y. Thus we get x, yeU [¥(p, f)] and xp, B = yp. B. 1t
is now immediate that (x, y)e ¥(p, p).

LEMMA 4.5. Let e = e*€S and let o be a % — %, transformation such that 0. < p,.
Then (x, y)e¥(a) if and only if (x,y) e ¥(p,) and (y, y) € ¥(x).

PROOF.  Now, (x,y)e#(@)=(x,y)e¥(p.), (3 y)eH(W)=x,yeU[¥(p,)],
xp, = yp, = ya=x, ye U[¥(p,)], xa = ya since (x,y)e¥(p,) =% and hence xa is
defined whence xp, = xa. But xe U[#(p,)] and xa is defined implies x € U[%(x)]
and similarly for y. This proves the lemma.

LEMMA 4.6. Let e = &, f = f?€ S and let B be a % —% ; transformation such that
B<py. Then % (p. ) = ¥(p.) ¥(P).

Proor. Now,

(x, ) e¥(p.B)<=(x,y)e¥(p.p/),
Ve (P)<=(x,ueW(p,) and (u,y)e¥(p)

for some uesS, (y,y) e ¥(B)<(x,u)e ¥(p,), (u, y) € ¥(f)<>(x, y)e ¥ (p, B). The lemma
now follows.

Now let e = e?€S so that p, is a ¥ —%, transformation. Let f be a ¥ —%
transformation. Then there exists £, an inverse of f such that 'S p,. Clearly,
Y(BB) = (P). 1t is easy to verify that Bf’ is a ¥ — %, transformation.

LEMMA 4.7. Let e = e*€S. Then p, is an admissible % —% , transformation.

Proor. Clearly p2 = p,. Let fbea & — %, transformation. Then by Lemma 4.5,
and the above observation we get #(p, f) = ¥(p.) %(P). The lemma now follows.

https://doi.org/10.1017/51446788700021327 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700021327

330 S. Madhavan 9

THEOREM 4.2. Let S be a right inverse semigroup and
M={#u{¥,:e=e*eS}.

Then S can be isomorphically embedded in the symmetric right inverse semigroup
T(S, M) on (S, M).

PrOOF. We have seen that {p,: e =e*€S} forms a right inverse band E of
admissible % — %, transformations on S. Define

A = {a: aeT(S),aa’,0’a € E for some inverse o’ of a, and for every ¢ € E, aea’, o 'cxeE}.
Then clearly S is embedded isomorphically in 4 = T(S, M) by virtue of Theorem 4.1.

ADDED IN PrOOF : In conclusion the author expresses his sincere thanks to Dr T.
E. Hall for many valuable suggestions that have led to considerable improvement of
this paper.
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