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DISTORTED WAVE CALCULATIONS: APPLICATION TO ASTROPHYSICS 
AND TOKAMAK PLASMA 

A. K. Bhatia 
Laboratory for Astronomy and Solar Physics 

NASA/Goddard Space Flight Center 
Greenbelt, Maryland 20771 USA 

During the last few years, observations of solar phenomena have been 
carried out by rocket f l i gh t s , manned sate l l i tes l ike Skylab, unmanned 
sate l l i tes l i ke Orbiting Solar Observatories and more recently Solar 
Maximum Mission. The wavelengths, l ine intensit ies and l ine prof i les 
in UV and X-ray regions of the solar spectra have been measured. The 
spectroscopic data obtained are of high spatial and spectral 
resolut ion. The goal is to understand the physical properties of the 
emitting plasma and determine the electron temperatures, densities and 
volume of the emitting plasma from UV and X-ray spectra. 

Since emission lines are seen, this would imply plasma is hot and 
ionized. The l ines are produced when the higher states of the posit ive 
Ions excited by electron impact decay to the lower states. Therefore, 
i t is necessary to understand the l ine forming processes and calculate 
the relevant atomic data for the interpretation of the spectroscopic 
data. Since the tokamak spectra are simi lar1 to the f lare spectra, 
the same atomic data can be used to interpret the tokamak spectra. 

The intensity of the l ine due to the transit ion from j to i i s 
given by 

I j i - Mj A j i hc_ , (1) 
M j 

where x-j-? is the wavelength of the l i ne , A^- is the t ransi t ion rate 
and Nj is the population of the upper leve l . In the solar corona and 
in f lares the electron densities are of the order of 10 to 1012 cm"3 

which are not high enough to maintain a Saha-Boltzmann dist r ibut ion of 
level populations. These must be obtained by solving the s ta t i s t i ca l 
equilibrium equations. 

We assume that the col l is ional and radiative processes are much 
faster than the ionization and recombination processes so that the 
calculation of the level populations can be carried out separately by 
including only col l is ional and radiative processes. Therefore, we can 
deal with one ion at a time and assume that ionization equilibrium 
exists. This is a good approximation for the lower excited states but 
not for the higher excited states. We would also assume that the 
plasma is opt ical ly th in . 

The level populations N̂  are given by the rate equation 

J 7 i J7«- j<l jrl 
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where Ctj is the collisional excitation rate coefficient from level i 
to j and is given by averaging over the Maxwellian distribution 

J o*.c CVM 5 

Te is the electron temperature. Coll ision strengths ^ H j , 
dimensionless and symmetric in i and j , are related to the excitation 
cross section by 

JT- l j = E u i CTij ' ( 4 ) 

where E is the incident energy and u.j is the s ta t i s t i ca l weight of 
the lower level i . The de-excitation rate coeff ic ient C j-j is 
given by 

^ ~ 73] ci e ' (5) 

Other processes which can populate or depopulate the levels must 
be included in Eq. (2): photoexcitation by background radiation, as 
from the photosphere of the Sun, the rate for which is given by 

fiJ a DC*) Ajc/Ce^/^-O (6) 

where TR is the temperature of the blackbody radiation and D(h) is 
the d i lu t ion factor. Stimulated emission, much smaller than 
spontaneous emission, and proton excitation rates- between the 
f ine-structure levels should also be included. 

A number of approximations have been made to calculate «Hj j . The 
Coulomb Born approximation has been used extensively. This 
approximation overestimates co l l i s ion strengths near the threshold for 
exci tat ion. The Gaunt factor approximation based on the Bethe 
approximation, val id for allowed transi t ions, is not very re l iable. 
The distorted wave approximation, which is val id when the coupling 
between the various channels is weak, has been widely used for the last 
few years. The total hamiltonian of the (N + 1) electron system is 

H-. = -hS** **'*) + ? Y«i ' (7) 

where N is the number of target electrons and Z the nuclear charge. 
The total wave function is 

£ n = A $n ( 1 ,2 , . . . , N) Fn (N+l) > (8) 

where n is the i n i t i a l or f inal state. Fn sat isf ies the equation 
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(9) 

In the distorted wave programs3 developed at University College 
London (UCL) Vnn is chosen to be a central potential and is given by 
a scaled Thomas-Fermi potential such that 

U m V (*} = 1 C S - N ) / * , (10) 

The functions Fn (r) which have the usual l im i t for r > o and** are 
made orthogonal to the target orbi tals having the same angular 
momentum. The reaction matrix is given by 

Kij - - < ^ I H N + , - ET| «±j> (ID 

- _ < Ft ( l^. + W g | l j > 
where V-jj and W-jj are the direct and exchange potentials. The 
short range correlations^ can be improved by including quadratically 
integrable functions in the wave functions (8). The reaction matrix 
K-jj is modified then. The T matrix is given by 

T 2iK (12) 
- T R K 

and the co l l i s ion strength for a given parity and total angular and 
spin momenta L and S is given by 

<-* = 1 ( 1 L + 1 ) ( 2 S + 0 Z \TLjf H3) 

The total co l l i s ion strength is given by 
_TTLS 

SI- - I ^M ( 1 4 ) 

J t « j " TTLS J * 
In general, only the f i r s t few incident part ial waves ^ i are used in 
the calculat ion. The contribution for l> Z^, for allowed 
t rans i t ions, is included in the Coulomb Bethe approximation4. 

A better approximation is a close coupling approximation5. 
Though the calculations tend to be d i f f i c u l t and expensive, they have 
the advantage of including resonances. 

The target wave functions i n are calculated using the 
'Superstructure1 program5, also developed at UCL. The radial 
functions are again calculated in a scaled Thomas-Fermi Potential. As 
pointed out by Lazer7 that to obtain accurate wave function of highly 
ionized systems, i t is necessary to include a l l configurations in the 
same complex of a given principal quantum number and par i ty . The 
configuration interaction type wave functions can be used in this 
program to calculate the energy levels, osci l la tor strengths and 
radiative t ransi t ion rates in LS and intermediate couplings. The term 

94 

https://doi.org/10.1017/S0252921100085390 Published online by Cambridge University Press

https://doi.org/10.1017/S0252921100085390


coupling coefficients are calculated in th is program to transform LS 
coupling^coll ision strengths to col l is ions strengths in intermediate 
coupling**. Since we require atomic data for high nuclear charge Z, 
the re la t i v i s t i c corrections are calculated using the Breit-Pauli 
Hamiltonian as a perturbation to the non-relat iv ist ic Hamiltonian. 
Atomic data have been calculated for a number of ions, and the level 
populations and intensity ratios have been calculated for diagnostic 
purposes by solving the s ta t is t ica l equilibrium equations (2) by 
assuming that the steady state dNt = o exists. We discuss some 
specific cases. <**" 

UV lines of Ca XVII have been observed by Doschek el a l 9 in the 
August 9. 1973 solar f lare by using NRL's s i i t less objective grating 
(171-630A) aboard Skylab. Also X-ray l ines have been ident i f ied by 
McKenzie and Landecker10 in solar f lares obtained from the Sol ex 
Bragg crystal spectrometer aboard the USAF P78-1 sa te l l i t e . Bhatia and 
Mason11 calculated the atomic data using three sets of 
configurations: Case A: 2sz, 2sp, 2pz; Case B: Case A + 2s3s, 
2s3p, 2s3d; and Case C: Case B + 2p3s, 2p3p, 2p3d. 

The energy values for Cases B and C are in good agreement with the 
observed values. The co l l i s ion strengths are calculated using Case B 
configurations and scaled. The co l l is ion strengths are in good 
agreement with the close coupling calculations of Dufton el a l 5 . 

The rates for electr ic dipole, e lectr ic guadrupole and magnetic 
dipole transit ions are proportional to Z^, Z6 and Z1^, 
respectively. The rates for magnetic transit ions at high Z become 
comparable to rates for the allowed transitions and therefore, the 
transit ions become very important in the observations of tokamak 
plasma. The co l l is ion strengths for the dipole allowed, spin-forbidden 
and non-dipole allowed transit ions behave l i ke logE, 1/E2 and 
constant, respectively, as E >«o. Also ^ Sl^ > constant for a 
f ixed E/Z2. These l imi ts are useful for interpolation or 
extrapolation of Aj-,- and ^ i j . 

The level populations and intensity ratios have been calculated for 
UV and X-ray l ines. The observed9 intensity rat io for the l ines 
192.86 and 232.83 A corresponding to the transit ions 2s2p 'P] > 

2s2 ^ o and 2p2 3P2 > 2s2p3P is 60. The calculated ratios 

are 87.6, 62.9 and 59.1 for log Ne = 12, 13, and 14 cm"3, 
respectively. A comparison with the observed value of 60 would imply 
an electron density of 5 x 1013 cm"3 which is much higher than 3 x 
1011 cm"3 at 6.3 x 10° K obtained by Dere et a l 1 2 from the 
measurements of Ca XV and XVI. This would imply an uncertainty in the 
cal ibrat ion or the 233A l ine is blended. In the X-ray region, the l ine 
at 20.456A" (2s3d 3D3 > 2s2p JP2) is density sensitive. But 
the electron density was not determined as the measured intensit ies are 
weak. A l ine observed at 22.025A can be associated with the calculated 
l ine 22.152A° (2s3s !So > 2s2p ip^ ) . A similar calculation has 
been carried out for Fe XXIII by Bhatia and Mason13. Since then the 
ident i f icat ion of the lines in the X-ray region given by them has been 
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The intensity rat io of the allowed lines is temperature sensitive 
and i t can be shown that 

This ratio is sensitive to changes to the electron temperature Te i f 
UE.(j- AEj^/kTg ~ 1. Feldman and Doschek24 inferred the 
electron temperature = ion temperature using Mg I I allowed l ines. The 
intensity rat io of the sa te l l i te l ine to the resonance l ine is a 
function of electron temperature and can be used for temperature 
diagnostics25. 

The Bowen fluorescence mechanism takes place when the wave length 
of a transi t ion coincides with the wavelength emitted by another ion. 
This radiation when absorbed w i l l populate the upper levels 
preferential ly and therefore w i l l change the level populations and 
intensi t ies of the emitted radiation. He I I Lyman o (304 A) coincides 
with the 0 I I I 2p^ Jp2 > 2P3d p2 w a v e l e n 9 t n - Bhatia et 
a l 2 6 calculated the atomic data for 0 I I I by using 2s22p2, 
2s2p3, 2p4, 2p3s, 2p3p and 2p3d configurations. The 
photoexcitation by He I I was taken into account by increasing the 
electron excitation rate coeff ic ient C by PC where C is the rate 
coeff ic ient for exciting the 2p3d 3P2 from 2p2 3P2. The total 
excitation rate i s , therefore, KC, where K = 1+P the level populations 
e.g. of 2p3d 3p2 a n d 2 p 3 p 3 5 ^ w e r e f o u n d t Q b e K d e p e n d e n t : . 

Choosing K = 1000 to obtain agreement of the calculated intensity of 
304A l ine with the intensity observed by Behring et a l 2 7 , they 
calculate the intensit ies of other l ines and mult iplets and compare 
with the observation. 

The calculated intensi t ies of the non-photosensitive mult iplets 
508, 526, 703 and 835A are in good agreement with the observations of 
Varanazza and Reeves28. Also, the intensit ies of mult ip let 
components 508.18, 703.85, and 702.90A agree very well with the 
observations of Behring et a l 2 7 . The intensity of the mult ip let 374A 
is higher when photoexcitation is included but is lower than the 
observed intensity given by Raymond29. Dere30 has pointed out that 
this l ine is blended, and according to Raymond (private communication), 
the observed intensity should be lower than that given in Ref. 29. 
Final ly , the l ine at 644A w i l l not be observed at a l l i f 
photoexcitation is not present and the calculated intensity in the 
presence of photoexcitation agrees very well with the observation of 
Veranazza and Reeves28 (see Fig. 4 of Ref. 26 for more deta i ls ) . 
Furthermore, the observed mult ip let 644A is due to 0 I I I and not N i l 
or 0 I I as suggested by Veranazza and Reeves28. 
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Though the bulk of the plasma is usually hydrogen or deuterium, 
other gases are added in controlled quantities for diagnostic 
purposes. Since the temperature in a tokamak is comparable to 
temperatures reached in solar f lares, various stages of ionization of 
elements are present. Atomic data for various ions of interest have 
been calculated using UCL programs. The forbidden t ransi t ions, in 
part icular magnetic dipole, are of special interest. These l ines f a l l 
in the UV and EUV spectral regions and are due to transit ions between 
the levels of the ground configurations 2s2pic of these ions. These 
lines are well separated in wave lengths and l ine blending is much less 
severe than in the case of allowed l ines at shorter wave lengths. 
These transit ions can be well observed to determine the l ine pro f i les . 
Ion temperatures can be inferred by measuring the f u l l width at half 
maximum. Ion concentration and electron density can be determined from 
the intensit ies of these l ines. Suckewer et a l ^ 1 observed l ines from 
titanium ions and compared the observed intensit ies with the synthetic 
spectrum calculated by Bhatia et a l 3 2 using the configurations 2s2, 
2s2pk l , 2pk z . Suckewer el a l 3 1 observed the Ti XIV 2115.3, Ti 
XV 2544.8, Ti XVII 3834.4 and 3371.5A lines along with the allowed Ti 
XIX 169A l ine and thei r intensity variat ion with time. The ion density 
can be calculated by noting that i f the level population of the upper 
level does not vary with electron density, as for 2s22p^ 3p^ of 
Ti XV, (see Fig. 3 of Ref. 32), then 

where nj = Nj/Nt is the level of population of the level j . From the 
measured L-j and the calculated n,-Aj.j as indicated in Fig. 3 of 
Ref. 31, they obtained an ion density of 2.6x l0 l u cm"J. 

More recently Stratton et a l 1 measured the intensity rat ios of 
various lines in Fe XVIII to XXII and compared with intensity ratios 
inferred from the DW calculations. They conclude (See Table 1 of Ref. 
1) that in general the agreement is within 30 percent, the expected 
accuracy of the distorted wave calculations. 
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