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A b s t r a c t . The paper presents a method to derive rotational angles between two 
reference frames from the systematic differences represented in terms of spheri
cal functions - hereafter referred to as the ROTOR (ROTation by Orthogonal 
Representation). It is shown that the ROTOR is preferable over the least-squares 
technique since it (a) takes into account only the harmonics which correspond to 
rotation, (b) tests them for pure rotation, and (c) discovers the existence of quasi-
rotational terms which may smear rotation. Due to these properties the ROTOR 
yields realistic results even in the case when the observational data contain not only 
noise but other systematic terms that have nothing to do with rotation. Numerical 
experiments with the FK5 and three catalogs of radio sources are described. 

1. Introduct ion 

The link of frames is an important problem in modern astrometry since 
there exists a strong demand that at least three types of reference frames 
(the FK5, VLBI and HIPPARCOS) are to be interconnected. In its general 
scope this task is very complicated, and a lot of observational programs ai
ming at measuring of optical and radio positions of stars and radio sources 
are now in progress (Lindegren and Kovalevsky, 1995). The recent increa
sing of precision (VLBI, CCD, observations from outer space) poses another 
problem. The da ta contain information, and to extract it from observati
ons we must use specific tools - mathematical methods. In this connection 
one may ask whether the traditional mathematical routines, and among 
them the classical least-squares technique, are sufficient for treating the 
high precision observations the modern astrometry is dealing with. 
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In a previous paper (Vityazev, 1994, hereafter Paper 1), a new method to 
derive angles of mutual rotation between two reference frames was propo
sed. This method does not employ the least-squares technique but implies 
that the systematic differences in positions of two catalogs are expressed in 
terms of orthogonal functions. Numerical experiments with the 1535 basic 
stars of the FK5 showed tha t ROTOR can be used to obtain the rotation of 
any reference frame with respect to the FK5. In Paper 2 (Vityazev, 1996) 
a further study of the ROTOR was made. This time the emphasis was put 
on the ROTOR's application to the catalogs tha t are characterized by a 
low-density distribution of the objects of comparison (such as the catalogs 
of radio stars and quasars). 

The present paper is devoted mainly to practical aspects of the RO
TOR's implementation. An improved algorithm which can be applied to 
any set of points on the celestial sphere is developed. In Section 2, a brief 
theoretical outline of the ROTOR is made. The modified algorithm is de
scribed in Section 3. In the next Section we show why the ROTOR is 
preferable over the LSM if the da ta contain non-rotational terms. Numeri
cal experiments demonstrating the execution of the algorithm conclude the 
paper. 

2. Theoret ica l Out l ine of t h e R O T O R 

Consider two rectangular systems of coordinates (X, Y, Z) and (X', Y', Z') 
and connected to them the spherical coordinates (a, 8) and (a1,5'). We 
suppose tha t coordinates with primes are obtained by rotating the initial 
system about the axes X, Y, Z by the angles ui,U2,us, respectively. These 
angles are regarded as positive if rotation is done in counter-clockwise di
rection if viewed from the end of the axis. For small rotation angles, the 
results of the rotation, namely A a = a - a' and AS = 8 - 8' are described 
by the following basic equations: 

3 

AacosS = Yjuji 4>i(a,8), (1) 

AS = ]T>.-V>,(a,<S), (2) 
t=i 

where we use two sets of functions 

<f>i (a, 8) = sin 8 cos a 
$ : < <j>2(a, 8) = sin 8 sin a (3) 

<j>3(a,8) = —cos 8, 
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* : JV>iKjO = - s i n a ( ) 

^ rp2(a,o) = cos a . v ' 

When we are sure tha t the observational quantities A a and AS comprise 
nothing else but the rotational terms and noise (normally distributed ran
dom variables with zero mean), the least-squares routine is probably the 
best one to derive the rotational angles wi, u>2, W3. At present, least-squares 
determinations of the rotational angles is common practice. Nevertheless, 
long experience of catalog comparison (Brosche, 1966; Schwan, 1977; Bien 
et al., 1978; etc.) shows us tha t the differences A a and AS have, as a rule, 
a much more complicated structure than tha t given by the right-hand sides 
of equations (1) and (2). Following Brosche (1966), we will use the following 
representations of the differences A a cos S and AS 

n 
AacosS = ^ C j Kj(a,S) + t, (5) 

j=o 

n 

AS = Y,Cj' Kj(a,S) + e', (6) 
j=o 

where Cj and C/ are the coefficients of expansion of the systematic diffe
rences in terms of the spherical functions 

f Pn0(S) k = 0, / = 1 
Kj(a,S) = I Pnk(S) sinka k £ 0, / = 0 (7) 

[Pnk{S) coska kjtO, 1 = 1 

and Pno{S), Pnk{S) are the Legendre polynomials. The indices j and n, k, I 
are linked by 

j = n2 + 2k + I - 1. (8) 

Returning to our problem, one may note tha t if the left-hand sides of equa
tions ( l ) - (2) and (5)-(6) are obtained from comparing two astrometric 
catalogs, then both pairs of equations may be regarded as models of syste
matic differences. Models (1) and (2) are physical since they were derived 
from the consideration of relative rotation of two coordinate systems. At 
the same time, these models are incomplete, because the real differences 
may comprise non-rotational effects. Models (5) and (6) are complete since 
they are based on a complete orthogonal system of functions, but they are 
not physical, for, in general, one cannot say what physics stands behind 
every term of equations (1) and (2). But, if we know (or suppose) the na
ture of the systematic differences A a and AS, the physics of the coefficients 
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Cj and Cj can be clarified without any problem. Thus, in the case of rigid 
rotation one has 

3 

C-> " 2 ^ « (jr.. ir ,V (9) 
»=i 

( & , # j ) 

2 

(if j , #_,-)' 

(V>.-,*,-) 

fei ( * * . * ; ) ' 

where the scalar product is defined as 

r-2ir [•ir/2 

r/2 

/•2ir /-7r/2 
(Pi?) = / ^ a / p (a , <S)g(a, <$) cos<5 d<5. (11) 

Jo J-ir/2 

TABLE 1. 

n 

k = 1, 1 = 1 

k = 1, 1 = 0 

k = 0, 1 = 1 

Spherical functions which represent rotation in right ascension. 

0 

- £ W 8 

1 2 

^Wl 

>?U2 

-lfw3 

3 4 5 6 ... 

^Wl - ^Wl ... 

•̂W2 - ^W2 ... 

-^•W3 - -^W3 ... 

TABLE 2. Spherical functions which represent rotation in declination. 

n 

k = 1,1 = 1 

k = 1,1 = 0 

k = 0,1 = 1 

0 

-

1 

- ^ 2 

^•wi 

-

2 

-

-

-

3 

-T*wa 

T^wi 

-

4 

-

-

-

5 

- ^ W 2 

* > 1 

-

6 

-

-

-

Evaluating the integrals corresponding to various values of the indices 
n, &,/, we find tha t the rotational angles wi, u>2, ^3 are proportional to 
specific coefficients Cj, Cj (Tables 1 and 2). The factors of proportionality 
are defined over the quantities: 

/•TT/2 

kn = Rni / Pni(6) sin 8 cos 5 d8, (12) 
J-K/2 
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In = RnO / Pno(S) COS2 S dS, (13) 
J—ir/2 

/•TT/2 

fnn = Rm / Pni{5) cos 6 d5, (14) 
J-w/2 

where 

Rnk = \ / 2n + 
x / v ^ M M O 

(15) 

U fc = 0. 

From this follows tha t if for a given set of points we could calculate the coef
ficients Cj, Cj which correspond to unit rotational angles (wi = u>2 = W3 = 
1'), then the angles of rotation would be evaluated without any difficulties 
from systematic differences under consideration. 

3. T h e R O T O R ' s Implementa t ion 

For a practical realization of the ROTOR one should have an appropria
te procedure to derive the coefficients Cj, Cj from individual differences 
Aacos<5 and AS available for stars or radio sources common to the two 
catalogs of comparison. It is likely, tha t the method proposed by Brosche 
(1966) is the best to maintain the ROTOR. For the sake of reference we 
will call this technique the ORM (Orthogonal Representation Method). 
For a given set of individual differences AacosS and AS and for a chosen 
significance level the ORM derives the coefficients Cj, Cj tha t yield the 
systematic parts in Eqs. (5)-(6) together with their root mean square errors 
a, a'. It should be noted that the rms errors characterize the level of noise 
in the da ta and tha t they are independent of j due to normalization of 
spherical functions. Now, we are in a position to describe the practical 
algorithm of the ROTOR. 

Given are the points {a,-, Si}, i = 1,2, ...,N at which the individual 
differencies Aa,cos(<5,) and ASi are known. The algorithm consists of the 
following steps. 

1. Using the ORM calculate the coefficients Cj±a and C'j-ka' to represent 
the systematic differences by spherical harmonics. 

2. Calculate at given points the artificial individual differences 

Aa,-cos($) = 0i(a,-, Si), (16) 

A<5; = V i K Si), i = l,2,...,N, (17) 

which correspond to mutual rotation of frames around X axis (u\ = 1'). 
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3. With the help of the ORM represent the artificial individual differences 
in terms of spherical harmonics. Find those j ' s for which the coefficients of 
expansion Cj, Cj have non-zero values. 

4. For all of the j ' s specified in step 3, find the estimates of rotational angle 

( w i ) i = 7T ^ 7T ' fr°m A a c o s £ ; (18) 
W Cj 

Mi = % ± £ r from AS. (19) 

5. Test the da ta for rotation. The main idea of testing is: if all significant 
values oj\ are similar (formalization is given below) then one can conclude 
that initial differences do contain the component due to rotation around X 
axis. For the final result one should adopt the value u>i obtained from the 
lowest value of j . If the values u>\ turn out to be discordant, there is no 
pure rotation in the da ta . 

6. To derive the rotational angles u2 and U3 the steps 2 - 5 must be repeated 
with the artificial differences calculated from Eqs. (16-17) with <f>2, <j>3, ^2 
and <f>3 substituted accordingly. 

The formal tests which are used at step 5 follow from Eqs. (18-19). 
Consider the quantities: 

m 1 x Cnll C/JJIII . . Cnl0 Cml0 
T 1 (n ,m) = -x—-=—; T2{n,m) = -—-=—; 

'-'mil t-'nll <-̂ mlO W10 
n,m = 2 ,4 ,6 , ... , n ^ m; (20) 

T3{n,m) = - = — ; 
t-'mOl L'nOl 

n,m = 0 ,2 ,4 , ... , n ^ m; (21) 

T{(n,m) = ^ S o o ; Z*(„,m) = ^ 5 * 1 
'-'mlO °nlO ° m l l ° n l l 

n, m = 1,3,5, ... , n ^ m. (22) 

If the noiseless da ta contain mutual rigid rotation of frames then all the 
values of rotational angles should coincide, and all the quantities defined by 
Eqs. (20-22) should be equal to unity. When noise is present, the coefficients 
Cj and Cj are random quantities. Consequently, the magnitudes (w,-)j, i = 
1,2,3 are random values too. Now, the values Tj(ra, m) and T[{n, m) instead 
of being equal to unity should satisfy the following inequalities: 
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(1) for angles u>i, u>2,W3 from Act cos <S 

1 - o% < Ti(n,m) < 1 + a,-, (23) 

where 

a2 = a r 2 ( » , m ) ^ + C~\0 , 

n, m = 2 ,4 ,6 , ... , ra ^ m; (24) 

a 3 = a T3(nf m) y ^ + C " ^ , 

n,m = 0 ,2 ,4 , ... , ra ^ m; (25) 

(2) for angles u\, o>2 from AS 

1 - o\ < T!(n,m) < 1 + a\, (26) 

where 

a[ = o'T[{n,m) ^ (C* n l 0 ) -» + (C r o l 0 ) -» , 

<r2 = ^ ^ ( n , m J ^ n J - a + ( C B U ) - » , 

n, m = 1 , 3 , 5 , . . . , n^m. (27) 

4. T h e L S M in t h e P r e s e n c e of Sys t emat i c No i se 

It is valid to say tha t the LSM is the best technique to derive the angles of 
rotation from systematic differences provided they consist of nothing else 
but rotational terms defined by Eqs. (1-2) plus stochastic noise (normally 
distributed random values with zero mean). This is not true when the 
differences contain some systematic terms beyond the model of rotation. To 
clarify the situation consider following theorems which have been proved 
(in more general form) in Paper 1. 

T h e o r e m 1. If the systematic differences Aacos<5 are represented in terms 
of spherical functions 

Aa cosS = J2 CnM KnM (a, 8) (28) 
nkl 

with arbitrary coefficients C„fc/, then the LSM solution of Eq. (1) looks as 
follows: 

^ i = r X / 2"'1-1 ^ w2 = 2 X , 2"'x'0 ^2i>i ( 2 9 ) 
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3 °° 
^3 = - 4 X ^ , 0 , 1 hv (30) 

T h e o r e m 2. If the systematic differences AS are represented in terms of 
spherical functions with arbitrary coefficients C'nkl, then the LSM solution 
of Eq. (2) looks as follows: 

W l = - 2 E C ^ - M ^ r o » " - i ' w 2 = j ^ d ^ m j M . (31) 

It is interesting to note tha t the coefficients Cnki and C'nM which are pro
portional to the angles u;i,W2,u;3 (see Tables 1 and 2) are essentially the 
same tha t enter Eqs. (29-31) to define the parameters of rotation in the 
LSM solutions. Thus, we see tha t mutual rotation of frames is portrayed 
only by particular subsets of spherical functions. For the sake of reference 
we define these subsets as 

(n = 2 ,4 ,6 , . . . ; k = 1; / = 1; 
E= I n = 2 ,4 ,6 , . . . ; k - 1; / = 0; (32) 

{ n = 0 ,2 ,4 , . . . ; k = 0; / = 1, 

, _ J n = 1,3,5,. . . ; k = 1; / = 1; /„„.. 
* " \ n = 1,3,5,. . . ; * = 1; / = 0. l d t J j 

So, to detect rotation in Act cos 8 and AS one may use only the E and 
E' subsets of spherical functions. Keeping this in mind, we can point out 
two essential faults of the LSM when the systematic differences contain 
non-rotational components. 
(a) The statistical significance of the LSM solution is diminished by the non-
rotational components. We will show this for a-solution (situation with the 
J-solution is treated analogously). Suppose that 

Aacos8 = J2CJKj(a'S) +^2CjKj(a,8), (34) 

where summation over E produces rigid rotation and G is a subset of 
spherical harmonics defined as "the set of all except E". In the least-squares 
procedure the root mean square errors of rotational angles are defined by 
equation 

^ ) = W i W ^ | , 1 = 1 ,2,3, (35) 
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where W{ are the weights of unknowns. In this formula due to Eq. (34) 

3 

€,• = Ac*,- cos(8i) - ^ w f c <f>k(ai, Si) = Y^CjKj(cti, Si). (36) 
fc=i jeG 

In the classical form of the least-squares procedure the root mean square 
errors describe the level of random part in observed quantities. In our case, 
as it is seen from Eqs. (34-36), even in absence of stochastic noise the 
values a(<jji) may happen to become very large due to the presence of non-
rotational terms (summation over G). We see tha t the LSM does not dis
criminate between stochastic noise and any other components which are 
beyond the rotation. In this sense, the non-rotational terms tha t are re
presented by the G subset of spherical harmonincs may be regarded as 
"systematic noise". 

(b) The LSM may yield a solution which would be adopted as a rotation 
even if the systematic differences contain no rotational components. Indeed, 
the orthogonal functions belonging to E may represent either rotational 
terms (R-terms), given by Eqs. (1-2), or other functions, which are not 
orthogonal to the functions from E. Henceforth, we will call such functions 
the quasi-rotational terms (the Q-terms). 

Let us suppose now, that the systematic differences are composed of 
the Q-terms and of nothing else (in Eq. (34) we set Cj = 0 for all j £ G). 
In this case the coefficients Cj, Cj with j € E will not be equal to zero, 
and after summation according to Eqs. (29-31), they will produce non-zero 
values of rotational parameters with (r(u>i) = 0, i= 1,2,3 due to Eq. (36). 
Since the summation in Eq. (36) is necessarily finite, it may happen tha t 
the residuals of the corresponding series give but small e,-. In this case, the 
formal errors of rotational parameters may be found too small to reject the 
spurious solution. 

Thus, we see tha t in the presense of systematic noise the LSM yields too 
high rms errors of the rotational angles and, what is more dangerous, the 
LSM does not discriminate between rotational and quasi-rotational terms. 
Consequently, one never knows whether the LSM solution reflects rotation 
or something else, for in the LSM technique the model is taken for granted. 
In contrast to tha t , the ROTOR gives realistic rms errors of the rotational 
angles, since it takes into account only the rms errors of the coefficients Cj 
and Cj belonging to the E and E' subsets of spherical harmonics. The most 
valuable feature of the ROTOR is its ability to test the compatibility of da t a 
to the rotational model. In this way the ROTOR is protected from confusing 
the rotational components with the non-rotational. Here, we clearly see the 
difference between the LSM and the ROTOR. In the presence of the R -
and Q - terms the LSM fits the functions of the <&— and \P— bases to all 
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the components of which the systematic differences are comprized, and this 
may lead to a fictitious solution. The numerical example demonstrating this 
property of the ROTOR is given in Paper 1. 

5. T h e R O T O R in Pract i ce 

To show how the ROTOR works in practice, we used the following sequence 
of catalogs: the FK5-Basic (Fricke et al., 1988); the catalogs of radio stars 
(Svidunovich, 1990), containing 205 stars; the JPL catalog of 104 radio 
sources (Melbourne et al., 1983); the catalog IERS-s which is a sample of 
50 sources from the general IERS catalog (IERS Annual Report for 1988). 
The IERS-s was taken as an extreme for which the ROTOR is ineffective 
due to the poor distribution of radio sources over the sky. 

In all the numerical runs the systematic differences AacosS and AS 
have been calculated for each star or radio source in such a way that syste
matic differences were taken to be "rotation plus systematic noise": 

3 

A a cos 8 = J^ ui <f>i(a> S) + J2 CiKi(a' * ) ' (3 7) 

2 

AS = J > V,(«, S)+J2 C'jKM, *) , (38) 
«'=1 j€G' 

where G, G' denote the sets of empty cells in Tables 1-2. The input diffe
rences have been calculated with u>, = 0''5 , i = 1,2,3 and Cj = C ' = 3 ' 
for A = 0 , 1 ; n = 0 , 1 , ...6. 

The rotational parameters derived with the LSM and with the ROTOR are 
shown in Tables 3 and 4. 

We see tha t the LSM did not reconstruct the angles correctly, whereas for all 
the catalogs (except the IERS-s) the ROTOR gave strict solutions with very 
small rms error. As was said above, this is one of the beneficial properties 
of the ROTOR since it recognizes rotation and rejects the systematic noise 
(the non-zero values of rms error are explained by the remnants of rotation 
in the highest harmonics). 

One of the purposes of our study was to find the catalog for which the 
ROTOR loses its efficiency. Table 4 shows tha t this catalog is the IERS-s. 
Thus, we can say tha t the situation when the ROTOR can not be used is 
defined by sets of approximately 50 points or less with uneven distribution 
in a comparatively narrow zone of declination. 
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TABLE 3. Rotational angles obtained with the LSM for various catalogs. Model: 
"rotation plus systematic noise". Columns 2-4 from Eq. (1), columns 5-6 from 
Eq. (2). Unit: 1 arcsec. 

Catalog 

FK5 

RS 

JPL 

IERS-s 

U>1 

0.622 
± 0.505 

-1.43 
± 1.80 

4.90 
± 1.67 

22.9 
± 4.8 

a>2 

0.632 
± 0.506 

-2.96 
± 1.72 

5.78 
± 1.51 

-0.93 
±4.02 

U>3 

0.453 
± 0.213 

0.803 
± 0.914 

-0.14 
±0.60 

-2.82 
± 1.72 

wi 

0.561 
± 0.291 

1.566 
± 1.006 

-0.94 
±0.92 

-1.11 
±2.42 

UI2 

0.584 
± 0.293 

0.961 
± 1.148 

1.23 
±0.90 

5.85 
± 2.49 

TABLE 4. Rotational angles obtained with the ROTOR for various catalogs. 
Model: "rotation plus systematic noise". Columns 2-4 from Eq. (1), columns 5-6 
from Eq. (2). Unit: 1 arcsec. 

Catalog 

FK5 

RS 

JPL 

IERS-s 

Wl 

0.498 
± 0.002 

0.501 
± 0.008 

0.496 
± 0.010 

0.808 
± 0.184 

U>2 

0.501 
± 0.002 

0.501 
± 0.002 

0.511 
± 0.008 

0.558 
± 0.101 

W3 

0.500 
± 0.001 

0.506 
±0.003 

0.501 
± 0.008 

0.426 
± 0.195 

U>1 

0.501 
± 0.001 

0.502 
± 0.003 

0.503 
± 0.005 

0.156 
± 0.285 

W2 

0.501 
± 0.001 

0.501 
± 0.004 

0.501 
± 0.002 

1.422 
± 0.342 

6. Conclusions 

The success of the ROTOR's application depends on the possibility of re
presenting the systematic differences by at least several low order spherical 
functions. To achieve this, the catalogs of comparison must have a sufficient 
number of objects in common properly distributed over the celestial sphere. 
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Unfortunately, catalogs of radio sources contain much less objects than ca
talogs of stars. And this is an obstacle not only in the task of deriving the 
mutual orientation of two reference frames based on radio sources, but in 
the general problem of their comparison. Nevertheless, the numerical expe
riments described in this paper and in Papers 1 and 2 give evidence that 
for various models of systematic differences and for a wide range of cata
logs the ROTOR is preferable to the least-squares technique with respect 
to deriving the mutual orientation of two reference frames. 
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