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CHARACTERISATIONS OF BLOCH FUNCTIONS IN THE
UNIT BALL OF Cn , I

ZENGJIAN LOU AND HASI WULAN

Weighted Hadamard product characterisations of Bloch functions in the unit ball
of Cn are studied. In particular, we prove that / belongs to the Bloch space
B{Bn) if and only if the non-weighted Hadamard products of / and g belong to
BMOA(Un) for all / in Go(Bn), a subspace of the Hardy space /^(B, , ) .

1. INTRODUCTION

Hadamard products and related coefficient multiplier problems for spaces of holo-
morphic functions in the unit disk have been studied extensively in many papers; see,
for example, [9]. In the higher dimensional extension of such a study, Burbea and Li [3]
obtained recently some new descriptions of multi-index coefficient multiplier problems
and the properties of weighted Hadamard products of holomorphic functions of several
complex variables. In this note, for the higher dimensional setting of these questions,
we prove new characterisations of spaces of multipliers of holomorphic functions in the
unit ball, which characterise Bloch functions by weighted Hadamard products.

We first set up some basic notations which shall be used in the note, most of
them can be found in [3]. Let Cn denote the n-dimensional vector space. For z
= fo,... , zn) 6 C", a = ( a i , . . . , an) € Z\, set

da = d?...dzn, v = (du...,dn),

Z • £ = («l£l. • • • , Zntn) and <Z,0 = Zl?i + • • • + Znln if € = (fr, . . . , £ „ ) € Cn .
Let Bn and Un denote respectively the unit ball and the unit polydisk in C n .

For a complete Rheinhardt domain ft of C n , by H{U) we denote the space of all
holomorphic functions in fl. Then any / € H(Cl) has a unique power series
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daf(O)
with aa = j — , za = z"1 ... z°n , a e V+. So H(Q) may be regarded as a space

of multi-index sequences {aa}.

For f(z) = E o M a , 9(z) = E a i a z ° e H{Bn) and g ^ 0, we define the g-
Hadamard product of / and g by

where
, , _ a!r(n + g)

The interesting feature of this product is that it is lying not only in H(Bn) but also in
H(Un) and

(2) (/ * 9)q(z) - (/,<£>, :=JfH)g(z • |) d«,(0

for any z €Un, where

r ( q )
- M )

and dv denotes the usual volume of Lebesgue measure on Cn (see [3, Proposition 3.2]).
Let X and Y be two vector spaces of multi-index sequences. A multi-index

sequence {Aa} is said to be a multiplier from X to Y, if {AQxQ} 6 Y whenever
{xQ} € X. The set of all multipliers from X to Y is denoted by (X, Y). A multi-index
sequence {Aa} is said to be a </-multiplier, q ~2 0, from X to Y if {AQa>Q(g)zQ} e Y
whenever {xQ} € X. The set of all q -multipliers from X to Y is denoted by (X, Y) .
Recently Burbea and Li have shown in [3] that

(3) B(Bn) = (A\{Bn), BM0A(Un))q,

where B(Bn) is the Bloch space and BMOA(Un) the space of functions in H(Un) with
bounded mean oscillation on the torus T" :— dUn and Ax

q(Bn) is the Bergman-type
space {A\(Bn) — i / 1 (S n ) , the Hardy space). In this note we prove that the space
Aq(Bn) in (3) can be replaced by its restricted subspaces (Theorem 1).

We next introduce some further notations and recall some function theoretic con-
cepts. For s > 0, let

(!>•/)(*) = £ (\a\ + l)saaz°
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be the fractional derivative of f(z) = ]T}a aaz
a of order s.

The Bloch space on the unit ball, denoted by B(Bn), is defined as the space of
/ G H(Bn) for which

\\f\\B(Bn) = |/(0)| + SUP (1 - |Z|2)|V/(*)| < 00.

The small Bloch space Bo(Bn) is the B(Bn)-closure of the holomorphic polynomials in
z S Cn (see [11] for more information). It is easy to see that / € B(Bn) if and only if

s u p ( l - | z | 2 ) 8 | ( 2 ? V ) ( z ) | < o o , s > 0
zSBn

(refer [7, Theorem 2.1]). Similarly, the Bloch space on the unit polydisk Un, denoted
by B(Un), is the space of / 6 H(Un) satisfying

,») - sup £ ( l - \zj\2)\f(z) + nzjdjf(z)\ < oo.

The small Bloch space Bo(U") is the B(Un)-closure of the holomorphic polynomials in
z e C n .

In order to give the definition of BMOA space on the unit polydisk C/n, we
first define differential operator Dn of order n with D1 — d/dz. Let S : Z —> Z+
be defined by 6(m) = max(m,0), m € Z. For a = (e*i,... ,on) € Z£, let 6(a)

= (<S(ari),... , (J(an)) € Z£ and jr(a) = f] {at : «• 7̂  0}. We define
i l

BMOA(Un) is the space of functions / in H{Un) with bounded mean oscillation on
the torus Tn:

(see [4, p. 238] for n = 1). Equipped with the norm || • \\BMOA(un) > BM0A(Un) is a
Banach space. The closure in BMOA(Un) of the holomorphic polynomials in z e C"
gives rise to the space of functions in H(Un) with vanishing mean oscillation on T"
and is denoted by VMOA(Un).

We now introduce a new quasi-Banach space,

G\{Bn) = {/ e H(Bn) : | |/| |Gi(Bn) < °°}> 0 ^ q < 00,

where
H/lloJ(BB) =
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2. T H E O R E M AND ITS PROOF

Now we state our main theorem which gives a new characterisation of the Bloch
space B(Bn) with g-Hadamard products.

THEOREM 1 . For any q^O, we have

B{Bn) = {G\{Bn),BMOA{Un))q.

PROOF: Let A(Un) denote the space of functions which holomorphic in Un and
continuous on IT". It is well-known that A(Un) C BMOA(Un). To prove

B(Bn) c {G\{Bn),BMOA(Un))q,

it suffice to show that

B(Bn)c{Gq(Bn),A(Un))q.

For q > 0. Let A\{Bn) be the space of / € H{Bn) for which

J Bn

([3]). By [10, Theorem l(b)], G\{Bn) C A\{Bn). Then it is sufficient to prove that

B(Bn)c{Al(Bn),A(Un))q,

where we used [1, Lemma 1].
Suppose that rq(Bn) is the dual of Aq(Bn) with respect to the g-pairing. Then

Tq(Bn) = B(Bn) [2]. Applying [3, Propositions 3.1 and 3.3], (2) gives

(4) \(f*g)M < ll</llr,(Bn)ll/!iLi(Bn) < c||5||B(Bn)||/lUi(Bn).

For / € Aq(Bn), z € Un, the correspondence z -¥ fz € Aq(Bn) is continuous. That is

\\fZl — fz2\\A
1(Bn) —̂  0 as \z\ — Z2I -> 0 (refer [8, Lemma 4 (iii)]). Combining this with

(4) yields

\(f*9)q(zi)-(f*9)g(z2)\=\({fZl-f22)*9)q(l)

«S ||/*! -/z2IUj(Bn)ll5llB(Bn)

- ^ 0 ,

aa\zi-z2\-+0. Hence ( / * g)q E A{Un) for all / € A\{Bn).
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For q = 0. Let f(z) = £ a a a z Q € Gj(Bn), g(z) =

(5) £ (H + rfr2Maabau>a(0)za = f V^{
a JdBn

Noting that /„ r2n+1 log 1/r dr = l/(4(n + I)2) . We obtain

€ B(Bn), we have

O r JdB

f

It is easy to see that

as |zi - zal -> 0. Thus (/ * g)0 € A(£/") for all / € Gj(Bn).

We now prove {G\{Bn),BMOA{Un))q C B(Bn) by showing that (Gj(Bn),

B{Un)) C B(Bn). For g(z) = J2a
 baZa, we denned a linear operator

Tg : G\{Bn) -> B(CT»)

by Ts(/) = (/ * fl)g. So Tg is a bounded linear operator from Gx
q(Bn) to S(l/n) and

(6) W *9)q\\B(un)^Cg\\f\\G,(Bn)

for all / € Gq(Sn), where C3 is a constant depending on g ([3, Lemma 3.4]).

Let a € C and m G Z+, (a)m stands for 1 if m = 0 and a(a + 1) . . . (a + m - 1)

if TO > 0, let A € £/ and

= £ (m +
m=0

Setting / := Gn+9,_5+i((-,r£», ^ € dBn, 0

= Gn+,,_6«-,rD). For r? G [/", we have

a, b € C.

r < 1, 1 < 6, then V1/

= /
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This implies

(7) Vlh(rl)=V»g(r2t).

Using [3, Proposition 3.5(iii)] we have Gn+g,_6(A) = (1 - A)~("+<J+6) F(X), X € U,
where F satisfies

sup (1 - \z\2)m-n-q-b\Vn+«+bF{z)\ < oo

for some m > 0 (see [3, p. 246]). Proposition 3.5(ii) gives

< \\F\\oof\l ~ (z,rO\-{n+q+b)(l - \z\2) dvq{z)

(8)

where C is a constant depending only on q, n and b. Combining (6) with (7) and (8)
we get

\Vbg(r2Z)\ < CCgWFUil -r2)-b, £ G dBn, 0 < r < 1.

It follows that g E B(Bn). The proof of Theorem 1 is finished. D

REMARKS.

(1) Let q — 0 in Theorem 1, we have

B{Bn) = (Gl(Bn),BMOA(Un))0.

That is / belongs to the Bloch space B(Bn) if and only if the non-
weighted Hadamard products of / and g belong to BMOA(Un) for all
/ in Go(Bn), a subspace of the Hardy space Hl(Bn).

(2) When n = 1 and q = 0, Theorem 1 was proved in [5].

We next introduce the generalised mean Lipschitz space £(£/"). For z
= (*!,... ,zn), let zu) = (*!,... ,Zj_i) e CJ-1 if j > 1 and z<>) = (zj+l,... ,zn)
€ Cn~j for j < n. So (z ( j ) , z^ ) € C""1 if n > 1. If / is a function defined in
a Cn-neighbourhood Nn(z) of z, then f{z^,-,z^) is a function denned in N^(z)
= {£EC: (zU),l,zW) G Nn{z)}. Define £(£/") the space of / G H(Un) with

£ sup f M2Jr,(zU),zM) :djf)(l-r
2)2rdr < cx>,

>=i(*(,-).*U))ec—^o v y

where Moo(r, (z{j),z^) : f) = sup{\f(z{j),re,zW)\ : I G d # i } . Equipped with the
norm |Hl£(t/n)i £(C/n) is a Banach space. Let H°°(Un) denote the space of all bounded
holomorphic functions in Un. The proof of Theorem 1 implies the following.
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C O R O L L A R Y 2 . For g ^ 0

B(Bn) = (G\{Bn),A{Un))q = {G\{Bn),H°°{Un))q

= {Gq{Bn),Z{Un))q={G\{Bn),VMOA{Un))q

= (Gl(Bn),B0(U
n))q = (Gq(Bn),B(Un))q.

PROOF: In fact, the proof of Theorem 1 implies that

B(Bn) = (Gl(Bn),A(Un))q = (Gq(Bn),B(Un))q.

Noting that A(Un) C H°°(Un) C B(Un). We have

n) = {Gq(Bn),H°°(Un))q.

Prom [3, Theorem 5.6], B(Bn) C (Aq(Bn),£(Un))q. Combining this with the
inclusion Gq(Bn) c Aq(Bn), we obtain

B(Bn)c(Gl(Bn),Z(Un))q.

Since £([/") C VMOA(Un) ([3, Proposition 2.4]) and VMOA{Un) C B0(U
n)

C B(C/n), we have

B(Bn) = (Gj(Bn),£(f/"))g = (Gq(Bn),VMOA{Un))q = (Gq(Bn),B0(U
n))q.

Corollary 2 is proved. D

In particular, Corollary 2 gives

B(Bn) = (Gl(Bn),A(Un))0 = (Gl(Bn),B(Un))Q,

which is a result in [6]. When Gq(Bn) is replaced by Aq(Bn), Corollary 2 was proved
by Burbea and Li in [3].
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