
TENSOR PRODUCTS OF BANACH ALGEBRAS* 

Boaz Natz i tz** 

( rece ived Sep tember 1, 1968) 

In t roduc t ion . In [3] Gelbaum defined the t ensor p roduc t A ® B 

of t h r e e c o m m u t a t i v e Banach a l g e b r a s , A, B and C and es t ab l i shed 
s o m e of i ts p r o p e r t i e s . Var ious examples a r e given and the p a r t i c u l a r 
c a s e w h e r e A, B and C a r e group a l g e b r a s of L. C .A . g roups G, H 
and K r e s p e c t i v e l y , is d i s c u s s e d t h e r e . It is shown t h e r e that if K is 
compac t L .(G) 0 . . L .(H) is i s o m o r p h i c to L (S) w h e r e S is L . C . A . 

1 L (K) 1 1 

if and only if L .(G) ® . . L (H) is s e m i s i m p l e . 
1 L (K) 1 

1 

It is the p u r p o s e of this pape r to extend these r e s u l t s to the c a s e 
w h e r e K is L. C. A. group and to point out the connect ion be tween the 
t en so r p roduc t and s p e c t r a l s y n t h e s i s . 

This p a p e r is divided into t h r e e s e c t i o n s : sec t ion 1 is a co l lec t ion 
of def ini t ions and t h e o r e m s which appea r in [3]; sec t ion 2 dea l s with 
group a l g e b r a s as a topologica l modu le ; and in sec t ion 3 we d i s c u s s the 
c a s e of the t e n s o r p roduc t of group a l g e b r a s . 

1. P r e l i m i n a r i e s . Let A, B and C be the c o m m u t a t i v e Banach 
a l g e b r a s w h e r e A and B a r e C m o d u l e s : || ac || < || a || || c || , | |bc ||<: || b || || 
for a e A , b e B and c e C . 

We c o n s t r u c t the c o m m u t a t i v e a lgeb ra 

F C ( A , B) = { f : f G C A X B , f(a, 0) = f(0, b) = 0, ^ ( f ) 

= S || f(a, b) || . || a || . || b || <«> } 

* Supported by Air F o r c e G r a n t AFOSR-407-63 , Yale Un ive r s i t y and 
N . S . F . G r a n t G. 24295, Un ive r s i t y of Minneso ta . 
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where addition and multiplication by scalars are defined as usual and 

where multiplication of two elements f f € F (A, B) is defined by 
1 Z \^ 

f l*f2(a,b) = {Zf 1 (a 1 .b 1 )£ 2 (a 2 ,b 2 ) : a ^ = a, b i b 2 = b} if ||a|| . | |b|| > 0 

/ 0 otherwise . 

In F (A, B) we consider the closed ideal I (with respect to the 

semi-norm y ) generated by the functions of the following type : 

1. f(&1 +a 2 , b4) = - f ( a r b±) = -f(a2, b ^ 

f(a, b) = 0 otherwise 

2. f(a,, b +b ) = -f(a,, b ) = -f(a b ) 
1 1 2 1 1 1 2 

f(a, b) = 0 otherwise 

3. f U ^ , b4) = -f(a lf b ^ ) 

f(a, b) = 0 otherwise 

4. f(ad 04> b ^ ^ - f ( a i , b 4 ) 

f(a, b) = 0 otherwise 

where 0 represents either a scalar or an element of C. 

With the above notations the tensor product D = A ® B is defined 

to be F (A, B ) / I : D is then a commutative Banach algebra with y. as 
v> J-

a (quotient) norm, if C is the complex numbers we obtain the usual tensor 
product A ® B endowed with the "greatest cross norm" - the "projective 

tensor product". 

As is customary we denote by ÎU , îfi , ÎH and ÎT1 the maximal 
A B C D 

spaces of A, B, C and D respectively. 

In order to simplify our next theorems we add the following 
assumption: For every (M , M )efoA X ftl _, there exist 

A JD A r> 
aeA , b e B, c , c eC such that ac (M )bc (M ) t 0 . 
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[In the g e n e r a l c a s e the one point compac t i f i ca t ion of fU ( r e s p . îïï ) 
A B 

or equivalent ly the adjunction of module ident i ty is n e e d e d . ] 

THEOREM 1. (i) T h e r e a r e continuous mapp ings JJL : ft -> ÎTl , 
.A. v^ 

V : to„ -* lïU such that, for (a, b, c) G A X B X C and (M . , M_ ) e ÎTl A X L , 
B C A B A B 

ac (M A ) = a(MA)c(M .(MA)) f b c ^ ) = b (M B ) c (v (M f i ) ) . 

fii) Let p = a X V : fh X ^ - ^ H i X in and let A be the d iagonal 
\ / r r " i ^ B c c : Q 

- i 
of Hi X ffi . Then t h e r e ex i s t s a h o m o m o r p h i s m T : to _ -• p ( A), 
a local ly compac t subse t of to X m . If T ( M ) = (M , M ) and if 

UL(M A ) = hi = v(M^ ) then for eve ry f = f/l eD , with f(a , b ) = c n = 1 
A C B n n n 

and f(a, b) = 0 o t h e r w i s e , 

f ( M D ) . z a n ( M c ) â n ( M A ) b n ( M B ) . 

THEOREM 2 . Let {c} be an a p p r o x i m a t e ident i ty for C . Then 
{c} is a l so an a p p r o x i m a t e ident i ty for A if and only if each a ç A is of 
the f o r m a c w h e r e a eA and c e C . M o r e o v e r , for e > 0 , a. and 

c can be chosen to sat isfy || c || = 1 and }) a - a || < e . 

F o r the proofs of t h e s e t h e o r e m s as well as s e v e r a l o ther 
app l ica t ions we r e f e r the r e a d e r to [ l ] , [3] and [ 5 ] . 

In the next s ec t ions we sha l l denote by 2 c (a , b ) and 
n n n 

2 c (a ®b ) e l e m e n t s of F (A, B) and D r e s p e c t i v e l y , 
n n n C 

2 . Group A l g e b r a s . In this sec t ion we sha l l focus our a t ten t ion 
upon group a l g e b r a s with an addi t ional module p r o p e r t y . Although s o m e of 
the r e s u l t s of this sec t ion hold for a l a r g e r c l a s s of m u l t i p l i e r s [5] we sha l l 
r e s t r i c t o u r s e l v e s to the following p a r t i c u l a r c a s e [3]: 

Let G and K be two L. C. A. g roups with dual g roups G and K 
r e s p e c t i v e l y . Let G : K -*• G be a ( topological) h o m o m o r p h i s m of K 
into G (so that 6(K) is local ly compac t and hence 6(k) is c losed [6] and 
let 8*: G -»* K be the (induced) dua l mapping defined by [12]: 
(0(k), a) = (k, 9* {a)) whe re a e G. 

With the above nota t ions we define the "module ac t ion" as 

ac(g) = f a(g-G(k))c(k)dk for aGL (G), c e L (K) 
K 
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Under th is defini t ion L (G) is an L f K ) modu le with 
1 1 

I I a c II £ II a II II c II anc^ ( a
y |

c ) a
9 ~ ( a . a

9 ) c e t c . Indeed, the u s u a l 

p roofs hold h e r e with the obvious m o d i f i c a t i o n s . 

We now p r o v e s e v e r a l p r o p o s i t i o n s which wil l be used in the 
s e q u e l . 

LEMMA 3 . Let a eG . Then ac(or) = â(ûf)c(0*(ûr)) for a e L (G), 

c e ^ j K ) . 

Proof . 3Lc(a) - j ac(g)(g, a)dg 

= f f a ( g " e(k))c(k)(g, a) dk dg 
G K 

= J J a(g)c(k)(g, <*)(9(k), a) dg dk 
K G 

= â(or)c(e*(ûf)) . 

LEMMA 4 . Let X1 = { S a . c . ; a . e L ( G ) , c . e L ( K ) } . Then A» = L ( G ) . 
l l l 1 l 1 1 

Since A ! is a c losed idea l in L. (G) it suffices to show that A' 

is not contained in a for e v e r y aeG. [7, p . 148] , 

This c l e a r l y is the c a s e s ince d>(a, c) = £c(a) = di(a)c(a) ^ 0. 

PROPOSITION 5. Let {u} be an a p p r o x i m a t e ident i ty for L (K) . 

Then au-> a for e v e r y a e L (G). 

Proof . Let € > 0 . Choose a .eL. (G) , c . € L . ( K ) , i = l , . . . , n and 
i l i i 

ue{u} such that 

n 
|| a - 2 a . c . || < € /3 and || c . - c . u || < 6 /3r) . 

i= l 

Then, 

( || u || < 1, T) > m a x || a. || ) 1 < j < n 

|| a - a u || < || a - S a . c . || + || 2 a . c . - E a .c .u | | + || 2 a .c .u | | < e / + zl + € / = € . 
M H _ H i i " " i i i i " " l l " 3 3 3 
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PROPOSITION 6. (i) Let_ a e L ^ G ) , c € L . ( K ) . Suppose c = l 

on supp(â) . Then a = a c . 

(ii) Let a ç L (G), and let e > 0 . Then t h e r e ex is t a e L, (G) , 

c e L (k) such that || c || = 1, || a - a || < ç and a = a c . 

P roof . (i) àc(#) = â(ûf)c(6#(ûf)) = 'k(cn) by L e m m a 3 and our 
a s s u m p t i o n . Hence, s ince L. (G) is s e m i s i m p l e ac = a. 

(ii) T h e o r e m 2. 

3* Tenso r P r o d u c t s by Group A l g e b r a s . We now tu rn our 
a t ten t ion to a p a r t i c u l a r example by a t enso r p roduc t over a Banach 
a l g e b r a - the c a s e w h e r e the a l g e b r a s involved a r e group a l g e b r a s 
of a local ly compac t abe l ian group and w h e r e the module act ion is in 
a c c o r d a n c e with the p r e v i o u s s ec t i on . 

One p u r p o s e in the deve lopment wil l be the r e a l i z a t i o n of D as 
a group a l g e b r a L (S) of a L . C . A . , S cons t ruc t i b l e f rom G, H and 

K. Another equal ly i m p o r t a n t p r o b l e m will be the s e m i s imp lie ity of D. 
It is a wel l -known open ques t ion whether the t enso r p roduc t of s e m i -
s imp le Banach a l g e b r a s is again s e m i s i m p l e . In the c a s e of group 
a l g e b r a s this is t r u e s ince L (G) ® L (H) = L (G X H) [2], [4] and 

[11] . Yet in the g e n e r a l c a s e this is known to be t r u e if the condit ion of 
" m o n o m o r p h y " ( A ® B -> A ® B is 1-1) ho lds , which is the c a s e 

if e i the r one of the a l g e b r a s sa t i s f i e s the Grothendieck condi t ion of 
app rox ima t ion [2], [4], [10], and [11] . 

To focus our ideas let G, H, and K be t h r e e L. C. A. g roups with 
dual g roups G, H and K r e s p e c t i v e l y . Let 0 : K -> G and 
\\t : K -> H be h o m o m o r p h i s m s of K into G and H r e s p e c t i v e l y . With 
the p r e v i o u s defini t ions the t en so r p roduc t D = L.(G) ® . . L (H) is 

1 ^A^) ! 
a wel l -def ined Banach a l g e b r a . We f i r s t c h a r a c t e r i z e i ts m a x i m a l idea l 
space - which t u rn s out to be L. C. A. group S - and then define a 
l inea r mapping T : F / ^ ( L , (G), L . (H) ) "*" L , (S) which t u r n s out to be 

L (rv) 1 1 1 

an i s o m o r p h i s m of D onto L (S) provided D is s e m i s i m p l e . S e v e r a l 

r a t h e r powerful t h e o r e m s a r e used in this deve lopment . B e s i d e s Cohen 's 
f ac to r i za t i on t h e o r e m (P ropos i t i on 6) [ l ] , [5] we need G r o t h e n d i e c k ' s 
c h a r a c t e r i z a t i o n of the t ensor p roduc t [4] ( t h e s e a r e used in showing 
that T is su r jec t ive ) and C a l d e r o n ' s r e s u l t in s p e c t r a l syn thes i s [8] . 

Some of the ideas involved in this d i s c u s s i o n appear in [3] . 
However , our proof of the s e m i s imp lie ity of D is en t i r e ly d i f ferent . 

To m a k e our d i s c u s s i o n comple te we indica te the proofs of s e v e r a l 
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p r o p o s i t i o n s which a p p e a r a l r e a d y in [3] . 

THEOREM 7 . (i) The m a p s |i : G -> K and v : H — K a r e the 
dua l s 0* and i|»# of the m a p s 0 and \\t . 

(ii) T (to ) = {(a, P) : a e G, (3 = H, G*(a) = V|J* ((3)} = (0* X LJJ*)"1 A 

w h e r e A = d iagona l of K X K. Hence T ( Î H „ ) is a c losed subgroup of G X H. 

(iii) T (lTi,-p̂ ) = G X H / T (to_) w h e r e + is the a n n i h i l a t o r . 

(iv) T (to ) = (0 X - vp) r = Q w h e r e r = d iagona l of K X K . 

(v) T(toD) = G X H / Q -

(vi ) if Z G D and z = 2 c (a ®b ) then for Jvl eln z(M ) = 
m m m D D D 

2 c ( y) a (a)b (p), w h e r e T ( M _ ) = (a, p) and 6* (or) = i|;*(6) = 7 . 
m m m D 

Proof . (i), (ii) and (vi) follow f r o m T h e o r e m 1, (iii) fol lows 
f r o m (ii) by dual i ty and (v) follows f r o m (iv) by dua l i ty . To p r o v e (v) we 
f i r s t note that Q is c losed s ince i ts loca l ly compac t group in the r e l a t i v e 
topology (the m a p p i n g s a r e open) [6] . 

Next we show that Q C T ( M
n ) • Indeed, for g = 0(k), h =-i|;(k), k e K 

and (a, P ) G T (M ), we have 

(g, or)(h, P) = (9(k), <*))( - i | / ( k ) , p ) = (k, 9*(a))(kfv|i*(p)) 

= (k, y) (k, y) = l 

by (ii) and ( i i i ) . 

F ina l ly , let (or , p ) e Q then 1 = (9(k),a )( - ^(k) , p ); hence 

b*(<* ) = «1»* (S ). Hence (or , 6 ) GT ( to. ) (by (ii)) and th is c o m p l e t e s the 
o o o o D 

proof s ince Q is c l o s e d . 

Let T be the l i nea r o p e r a t o r defined on the funct ions in 

F / K ) ^ L I ^ G ^ ^AH^ w i t h f i n i t e suppor t and va lue s in L (G X H/Q); 

T is defined by 

Tc(a, b)(g, h) = f f a(g-f.(k )-e(k ))c(k )b(h+4.(k,))dk,dq_ 
Q K 1 2 1 2 1 2 

= J a c ( g - e ( k 2 ) ) b ( h + q;(k2))dq2 , 
Q 
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w h e r e dq r e p r e s e n t s the Haar m e a s u r e on Q = (6x- -\\jj' diag (K X K) 
o o 

and (g, h) r e p r e s e n t s the cose t (g, h) + Q . By a p r o p e r choice of the Haar 
m e a s u r e s we have that the mapping F - * J F((g, h) + q)dq is su r j ec t i ve 

A Q 

and 
o o 

f J F((g, h ) + q ) d q d g d h = f F(g, h)dgdh, 
G X H / Q GXH 

[7], [12] . 

P R O P O S I T I O N S . (i) T is bounded, ( || Tf || < y (f)). 

(ii) T [I] = 0 . 

(iii) T is mul t ip l i ca t ive on D w h e r e T denotes the induced 
mapping by ( i i ) . 

(iv) T: D -> L (G X H/Q) is su r j ec t ive . 

(v) T is i s o m o r p h i c . 

Proof , (i), (ii) and (iii) a r e s t r a i g h t - f o r w a r d . 

(iv) is a consequence of P ropos i t ions 6 and the i s o m e t r i c 
i s o m o r p h i s m be tween L ( G ) ® L (H) and L (GXH). Indeed, let 

1 y 1 1 
S a1 b e L (GXH); w r i t e a 1 = a c and cons ide r 2 c (a ®b )e D by 

n n l n n n n n n 
p r o p e r choice of a and c . Then 

n n 

T Z c (a ®b ) = / a c (g-9)(k )b (h++(k ))dq 
n n n J n n Z n L Z 

which is s u r j e c t i v e . 

(v) One half is obvious . The second follows d i r e c t l y f rom the 

ident i ty z(M ) = Tz(a , p) w h e r e (a, p) <—*• M ( T h e o r e m 7). 

We include a deta i led proof of this ident i ty s ince the involved 
o o 

computa t ions a r e typ ica l . To this end let dcr = dgdh; then 
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S a c (a)b (p) = S f f a . (g-6(k ))c (k jb (h)(g, a) (h, p ) dkdgdh 
n n n GXH K n 1 n 1 n 

= Z / / / a (g-6(k +k ))c (k )b (h++(kJ)(FëIk~),a)(h-+(k ),p)dk,dq do-
GXH/ Q K i ^ n i n Ù Ù Ù \ Ù 

S /" f ( a (g-9(k +k ))c (k )b (h+^tk ))(g,h), («fp))dk dq do-
GXH/ Q K " 1 2 n 1 n 2 1 2 

o o o o 
= 2 f T ( c (a ® b ) ( g , h ) ( ( g , h ) ( a f f 6 ) ) d ( r = T Z c (a ® b )(a, p ) . 

^ n n n o v r / / n n n r 

GXH/Q 

In order to simplify some of the statement, we introduce the 

following definitions: 

Let 

S= -0,(3,Y); aeG, (3eH, yeK, 6* far) = +*(p) = Y } . 

A cube is a set of the form E = E^XE^XE-) where E^, E-^ and E~ 
G H K. G H K 

are subsets of G, H and K respectively and where EOS= (6. An 
m 

element X = 2 a.b.c. of L(GXHXK) where a . eL(G) , b . ç L ( H ) , 
. . î i i l i l i l 
i = l 

e £ L (k), i = 1, . . . , n will be called a generator. A term abc will be 
l 1 

a component of the generator. 

LEMMA 9. (i) S is a closed subgroup of GXHXK . 

(ii) If E = E- XE;;X E- is a cube then 6*(E- ) Pli|# (E -) H E - = 0 . 
G H K. G ri rv r 

Proof, (i) If \ = (a, (3, y) does not belong to S then for 
6*(a) = Y. / Y (similarly for i|j* ( (3 ) = Y / Y) we choose two disjoint 

-1 ^ 
neighbourhoods (in K) V of Y and V of Y, • T h e n ©* (V ) x H x V

f ^ / 

Y Ti Yi Y 
is a cube neighbourhood of \ . 

(ii) (By contradiction) If X€0* (E - ) H I|J* (E- ) D E * then Y = 9* (a) = v)j*(p ) 
G K 

and (a, p, y ) e S H E . 

LEMMA 10. Let f e L (GXHXK) with f = 0 on S . Then for 

arbitrary e > 0 there exists a generator z with components z. , 

i = 1, . . . , L = L(€ , s, t) such that 
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(i) {supp. z.} are compact cubes ; 

(ii) ||z-£|| < € . 

Proof. Without loss of generality we may assume that the support 
of f is a compact set disjoint from S. For, by Calderon's Theorem, 
[1], S is a spectral set and the usual triangle inequality completes the 
argument. 

Let supp. f = A be a compact set disjoint from S . Choose 
generators x and y such that x = 1 on A and the supp. x. are compact 

cubes where x. are the components for x for i= 1, . . . , n and 

||y-f || < € / II M . Then z = x*y satisfies the lemma. 

LEMMA 11. Let f = 2 r ( a ©b ) e L f G ) ® T /T^X L (H) . 
^ n n 1 L (K) 1 

Then f = Sa b c G L. (G X H X K). J f f = 0 then f - 0 on S. 
n n n 1 

Proof. ||f||< S || a || || b || || c || = 7.(2 c (a (a , b )) < co . 
II II— II n H H n II II n II i n n n n 

Also, ffop/Y) = E a t ^ c (a, (3,y) = 2 a (o>)£ (p)c (y) = i(a, (3, Y) = 0 by 

Theorem 7. 

LEMMA 12. Let f = c(a ® b) e L. (G) ® T / T / . L ( H ) . 
1 L1(K) 1 

Let 0* (supp â), \\J* (supp b), supp c be compact subsets of K . Then, , 
if 6* (supp a)ni | j* (supp b) O supp c = 0, f = 0. 

Proof. Choose V , V , V neighbourhoods of 9* (supp a), 

I|J* (supp b), supp c respectively such that V D V D V = 0 . Choose 

local identities c , c_, c_ e L (K) such that c. = 0 outside of V., 
1 2 3 1 i ^ i 

i = 1, 2, 3 and c = 1 on 6* (supp a ), c = 1 on i(j* (supp b), c = 1 
1 c. J 

on supp c. Now V H V O V = $ implies c c c = 0 whence 

c(a ® b) = cc (ac ® be ) = ce c c (a ® b) = 0(a ® b) = 0. 

COROLLARY. Let z be a generator with components z. = a.b.c. , 

n 
i = 1, . . . , n . Let supp z. be a compact cube. Then z = 2 c.(a. ® b.) = 0. 

1 

Proof. By Lemma 9, 0* (supp a.) O I|J* (supp b . ) 0 supp c. = 0 f 

i = 1, . . . , n . Hence, by Lemma 11 and the compactness of 0#(supp a.) 

etc. , we get the required result. 
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THEOREM 13 . D is s e m i s i m p l e . 

P roof . Let y = E c (a ® b ) be such that y s 0. Cons ide r , in 
n n n 

a c c o r d a n c e with L e m m a 11, y = 2 a b c e L ( G X H X K ) . Let e > 0 . 
n n n 1 

By L e m m a 10 t h e r e ex i s t s a g e n e r a t o r z with componen t s z., i = l , . . . , L 

such that supp z. a r e c o m p a c t cubes and | | z - y | | < e . . By the p r e v i o u s 

c o r o l l a r y 2 c.(a. ® b.) = 0. On the o ther hand we have that 
_ l l l _ 

y ( y - 2 c . (a . ® b.)) £ || y - z || < e . Hence y (y) < 6 , and D is s e m i s i m p l e . 
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