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1. I n t r o d u c t i o n . If {a : or = 1, 2, . . . , N } , with 
va v 

N -** oo a s v-*• oo, i s a double s equence of r e a l n u m b e r s wi th the 
v 

N 
v 

p r o p e r t y tha t 2 a = 0, then 
a- 1 

m a x ( a 

( 1 - 1 ) J im i < « < N v 
va 

= 0 
V-*00 N 

V 
Z . a 2 

va 
(2= 1 

i s known in s t a t i s t i c a l l i t e r a t u r e as the Wald- Wolf o w i t z - No e t h e r 
condi t ion and i t p l a y s an i m p o r t a n t r o l e in the p r o o f s of c e r t a i n 
t ypes of c e n t r a l l i m i t t h e o r e m s ( see e . g . , [ l ] , [2] ). The 
p u r p o s e of th i s no te i s to show tha t for c e r t a i n t ypes of n u m b e r s 
(a ' s w h o s e c o n s t r u c t i o n i s d e s c r i b e d below) , the condi t ion 

va 
(1 .1 ) i s a lways s a t i s f i e d . F o r e x a m p l e , c o n s i d e r a s e q u e n c e 

A = ( 6 A, 0 . . . . , 9 ) of r e a l n u m b e r s (not a l l 6' s a r e equal ) , 
v 1 2 v 

and f o r m a l l p o s s i b l e p a i r s of d i f f e r ences a.. = ©. - ©., i 4= j . 

The to t a l n u m b e r of such d i f f e r e n c e s i s N = v(v - 1) and if the 
v 

T h i s work w a s done while the a u t h o r s w e r e a t tending the s u m m e r 
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o r d e r e d p a i r s (i, j ) , with i ^ j and i, j = 1, 2, . . . , v, a r e 
l abe l l ed a - 1, 2, . . . , N in s o m e conven ien t m a n n e r , the 

v 
condi t ion (1 .1 ) t a k e s the f o r m : 

m a x (9. - 0 . ) 2 

(A o\ v 1< i, j < v 
(1 .2) l i m — — 

i J 

= 0 . 
v ^ ° ° s (e. - e.)2 

1 < i, J < v 

It fol lows f r o m our r e s u l t s tha t ( 1 .2 ) i s a lways sa t i s f i ed wi th 
out any r e s t r i c t i o n on the n u m b e r s 9. . T h i s r e s u l t w a s 
p roved and employed by one of u s in [ 2 ] , and a l though the 
proof t h e r e i s qui te e l e m e n t a r y and d o e s not r e s e m b l e in any 
way the proof for the g e n e r a l c a s e h e r e , the r e s u l t i t se l f is 
r a t h e r e l u s i v e . The r e s u l t s of the p r e s e n t no te , h o w e v e r , a r e 
s t r o n g e r and m o r e g e n e r a l : we ob ta in for the left hand s ide 
( L . H . S. ) of ( 1 . 2 ) , with the second p o w e r r e p l a c e d by the 

th 
a b s o l u t e p p o w e r , the b e s t p o s s i b l e bound for a l l p , 
0 <_ p < oo, which c o n v e r g e s to z e r o as v -*• oo . Our m a i n r e s u l t 
i s c o n c e r n e d with finding an u p p e r bound for the L . H. S. of 
( 1 . 1 ) , with the second p o w e r r e p l a c e d by the a b s o l u t e p p o w e r 
and a ' s a s n u m b e r s f o r m e d by s e l e c t i n g a l l p o s s i b l e s u b s e t s 

va. 
of s i z e s (2 < s < v - 1) f r o m j± and us ing a g e n e r a l i z a t i o n of 

— — y 

the not ion of d i f f e r e n c e s , such tha t the bound is i ndependen t of 
the 9 ' s and c o n v e r g e s to z e r o a s v -* oo . The a u t h o r s hope 
tha t a l though the r e s u l t s a r e of r a t h e r e l e m e n t a r y n a t u r e , they 
m i g h t be usefu l and of i n t e r e s t to o t h e r s . 

2 . The m a i n t h e o r e m . L e t A = (9 , 9 . . . . , 0 ) be a 
v 1 2 v 

s e q u e n c e of r e a l n u m b e r s , not a l l equa l , and c o n s i d e r a l l 

p o s s i b l e s u b s e t s , t = ( ) in n u m b e r , of A of s i z e 
v s ' v 

s ( 2 < s < C v - l ) , l abe l l ing t h e m in s o m e conven ien t m a n n e r , 
th 

i = 1, 2, . . . , t . Le t C deno te the i s u b s e t of s i z e s and 

A i s t i ! V V -

162 

https://doi.org/10.4153/CMB-1966-020-2 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1966-020-2


T H E O R E M 1. F o r a l l p , 0 < p < oo, and a l l 
s(2 < s < v - 1), 

m a x m a x j 9. - 9 | 
( 2 .1 ) 1 < i < t i € A 1 l 

s - 1 
K 

v 
2 9 . - 9 

i = l ie A„ i t 

s - l V y-2 
p / \ s - l s - 2 , 

w h e r e 9 =/ . A 9, \ / s, and K = 1 or 2 a c c o r d i n g 
' \ l e A e V P 

as p < 1 or p :> 1. 

P roo f . We m a y a s s u m e wi thout l o s s of g e n e r a l i t y tha t 

m a x f9. - 9. | 
i j 

= l < C i < j < C v . F i r s t , we o b s e r v e that 1 1 v 

m a x m a x 
1 < I < t ig A 

- - v i 

i 4 

m a x m a x ( 9 . - 9 
< 1 < i < t i € A / 2 — - ^ 
" " " V ' U « A - { i > S } 

max f(r7 lei-ev 

"fl l^-e.l. 
so t ha t 

m a x m a x 
(2 .2 ) 1 < i < t ie A 

- - v i 

je. - 9 
i . 4 <(M 1 

S / 
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Next, let B. = \£ : 1 e A } and denote by D the class of all 
l l I J lv 

subsets of A of (s - 1) elements chosen out of 
v 

A - {6 , 6 } , labelling these subsets by r - 1, 2, . . . , t* 
v 1 v ^ v 

v- c 
where t^ = ( , ) . We now observe that 

v s-1 
t 
v __ 

s s I e - e |p 

i I 
1 = 1 i € A „ 

2 + 2 + 2 
i cB BC i eB^B ieB B 

1 v 1 v 1 v 
icA. 

i eB B 
1 V 

e - 0 I1 

l i ' 
i€B BC ieA -{1} * 

1 v i L J 

| e . - e |p 

+ 2 
i e B ^ B 

1 v 

e - e 
V J ieB^B ieA -{v} 

1 v i l J 

10 - 9 
i 

ieB B 
1 v 

e - 0 | p + le -
1 i ' ' y 

The last inequality follows by ignoring certain t e r m s . Now 

* th 
let C denote the y subset in D and 

v lv 
A" = {i: 0 e C" } . Then letting ©" = / 

i€ A 

2 ^ 0 \ I s - 1 and 

regrouping the te rms, we note that the last expression is 

v 
2 

( s - i ) ê * +0 
y l v 

+ 2 

Y=l 

( s - l ) 0 +0 
y v 

1 6 4 

https://doi.org/10.4153/CMB-1966-020-2 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1966-020-2


+ 2 
7=1 i€ A 

(s-i)e +e 
e 3£—i 

v 

+ z z 
7 = 1 ie A' 

(s-i)e +e 

Y 

+ Z 

1 v 

/ je -e | p + le --e | p } 

' 4\ P V * 
M — ^ { | e - ë |P + 
\ s / , L ' 1 v ' 

7=1 

v Y 

+ Z { z L r i - (se . - (s - i )9 
jjç L 

7=1 ie A 
7 

+ e - s 9 . - ( s - l ) € 
' v \ i y± J 

+ Z 
ieB B 

1 v 

{ I e , - e | p + |e - e | p } 

Ï¥) 
t 

p v 

z 
7 = 1 

K 
|e e |P + iszll 

1 V ' 

V 

s 7 = 1 p 
1 v 

+ Z 
1 

- 0 
i c B B Kp d V 

1 v r 

p-1 
where K = 1 or 2 r according to p < l or p > l . The las t 

P 
inequality follows from a well known resu l t (see [3], p . 156). 
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C o n s e q u e n t l y , 

( 2 . 3 ) 

£ 

r[r^P + ̂ j u-"? + v - 2 

s - 2 

e - e 
1 V 

K 

T h e p r o o f of ( 2 . 1 ) i s t h e n c o m p l e t e o n a c c o u n t of ( 2 . 2 ) a n d 

( 2 . 3 ) . 

F r o m T h e o r e m 1 t h e r e s u l t s t a t e d i n t h e p r e v i o u s s e c t i o n 

f o l l o w s i m m e d i a t e l y . 

C O R O L L A R Y F o r a l l p , 0 < p < o o , a n d a l l 

s (2 < s < v ), 

( 2 . 4 ) l i m 
v -*• oo 

m a x m a x | 0 . - 0 n p 
l I 

1 < £ < t ie A 
- - v i 

V 

£ = 1 i e A 

0 - 0 
i i 

We r e m a r k t h a t t h e r e s u l t of T h e o r e m 1 w i l l r e m a i n v a l i d 
if A = (( 

2' 
) i s r e p l a c e d b y a d o u b l e s e q u e n c e 

A = (0 e , 
v v 1 v 2 v v 

A c c o r d i n g l y t h e r e s u l t of t h e a b o v e 

c o r o l l a r y w i l l a g a i n h o l d if t h e 0 ' s a r e a l l o w e d to v a r y a s 
v -* oo . 

3 . T h e c a s e s = 2 . We w i l l s h o w i n t h i s s e c t i o n t h a t , 

fo r t h e c a s e s = 2 , t h e b o u n d d e r i v e d i n t h e p r e c e d i n g t h e o r e m 
i s s h a r p f o r a l l 1 £ p < oo. In a d d i t i o n , f o r t h i s c a s e , w e a l s o 
o b t a i n a n i m p r o v e d c o n s t a n t b o u n d f o r a l l 0 <_ p < 1 and s h o w 
t h a t i t i s a l s o a t t a i n e d . F o r s > 2 , h o w e v e r , o u r b o u n d s do n o t 
s e e m to b e t h e b e s t p o s s i b l e . T h e d e r i v a t i o n of t h e b e s t 
p o s s i b l e b o u n d s f o r s > 3 and f o r a l l p , 0 < p < oo, w e p o s e a s 
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an interesting open question. Let us denote for convenience, 
the left-hand and the right-hand sides of (2.1) by R (p, s) 
and B (p, s) respectively. 

v 

THEOREM 2. (i) For 1 < p < oo, R (p, 2)<B (p, 2) 

and the bound is sharp for each p ; 

(ii) For 0 < p < 1, R (p, 2)<B (1, 2) 
j_ JT _ y r — V 

= ~T~, 77" and the bound is sharp for each p. 
2(v-l) c 

Proof. For s = 2, it follows from Theorem 1 that for 
1 < p < oo, R (p, 2) < B (p, 2) . To prove that the bound 

B (p, 2) is sharp, we need simply to show that the bound is 
v 

attained for some sequence A . Consider the sequence 

(1) 1 1 1 
A =(0 , 1, —, ~7, . . . , T ) , i . e . one zero, one 1, and 

v 2 2 2 
1 (1) 

( V - 2 ) T " ' S ; then it is easy to show that R (p, 2) at A is 
2 v v 

equal to B (p, 2). To prove (ii), we first note that for 
v 

0 < p < 1, 

Rv (p, 2) = 

max 0. - 9. 

1±2 L_i 
2 le. - e. 

|e -e | p 

1 V 

2 J 2 
.i4l,v 

-e ip + s le.-e | p + le -e , p 

1 i 
i4i. i = t l , v 

1 V 1 V 

e - e 
1 V 

L=K V 

|e -e ip + le -e «p 

1 V 1 V 

2(v-l) 
Bv (p,2) (say) 
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w h e r e B (p, 2) i s in fact equa l to B (1, 2) . It can e a s i l y be 
v v 

shown tha t B (1 , 2) < B (p, 2); hence the new bound B (p, 2) 
v — v v 

i s a b e t t e r bound than tha t g iven in T h e o r e m 1. F i n a l l y , by 
( ? ) 

taking the s e q u e n c e ^ = (0, 1, 1, . . . , 1), i . e . one z e r o and 

(v -1) l l s , i t is e a s y to see tha t B (p, 2) is a t t a ined for e a c h 

P> 0 < p < 1. The proof i s thus c o m p l e t e . 

4 . Concluding r e m a r k s . It is i m p o r t a n t to o b s e r v e tha t 
in p r o v i n g T h e o r e m 1, we have employed the t echn ique of 
finding an uppe r bound (2 .2 ) for the n u m e r a t o r of R (p, s) 

and a l ower bound (2 .3 ) for the d e n o m i n a t o r of R (p, s ) ; and 

t h e s e uppe r and lower bounds r e s p e c t i v e l y a r e s h a r p for a l l 
s> ^ £ s < v - 1 , and al l p , 1 £ p < oo. (The equa l i ty in (2 .2 ) 

(2) 
wi l l hold for A and s i m i l a r l y equa l i ty in (2 . 3) wi l l hold for 

(1) v 

A ). H o w e v e r , the r a t i o of t h e s e bounds , B (p, s) , i s s h a r p 
v v 

only for the c a s e s = 2 . F o r s e c u r i n g a s h a r p bound for s > 2, 
the p r e s e n t a p p r o a c h does not s e e m to be a d e q u a t e . It i s a l so 
no t ewor thy tha t for s > 2, and 0 < p < 1, the b e s t l ower bound 
for R (p, s) m u s t depend upon p (unl ike the c a s e s = 2 ). 

Speci f ica l ly , it can be shown tha t for suff ic ient ly l a r g e v , 
B (1 , s) > B (p, s) for a l l 0 < p < 1 and a l l s > 2 . 

v v — 

We would l ike to po in t out a l s o tha t an ana logue of (2 . 4) 
e x i s t s in g e n e r a l funct ion s p a c e s . Le t {f \ be e l e m e n t s of 

s o m e n o r m e d l i n e a r s p a c e , not a l l the s a m e , then we can p r o v e 
tha t for 1 < p < co, 

max l!f.-fJP 

(4.D lim i < i ^ < v Li_,0 
l l f . - f l lP 

1 < i, j < v 

S t a t e m e n t s of this s o r t a r e use fu l in the s tudy of e x t e r i o r p o w e r 
s p a c e s and G r a m - d e t e r m i n a n t s ( see [4] and the r e f e r e n c e s 
g iven t h e r e ) . S i m i l a r l y an i n t e g r a l ana logue of (2 .4 ) m a y be 
s ta ted as fo l lows: for 1 <_ p < oo, and any cont inuous funct ion 
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f(x, y), 

m a x | f (s , t ) | P 

0 < s < x 
0 < t < y 

= 0 . 
x y 
/ / | f ( s , t ) | P d s d t 
0 0 

Al though the p r o o f s of (4 .1 ) and (4 .2) a r e d i f fe ren t in n a t u r e 
f r o m the proof of T h e o r e m 1 p r e s e n t e d above , they can e a s i l y 
be c o n s t r u c t e d with the aid of Ho lde r ' s i nequa l i t y . 

5 . A c k n o w l e d g e m e n t . The a u t h o r s w i sh to thank 
P r o f e s s o r Leo M o s e r for s o m e p a r t i c u l a r l y helpful r e m a r k s 
c o n c e r n i n g th is w o r k . 
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