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Abstract

Let E/Q be an elliptic curve and p > 3 be a good ordinary prime for E and assume that L(E, 1) = 0 with root
number +1 (so ordg— L(E,s) > 2). A construction of Darmon—Rotger attaches to E and an auxiliary weight 1
cuspidal eigenform g such that L(E, ad® (g),1) # 0, a Selmer class x,, € Sel(Q,V,E), and they conjectured the
equivalence

kp 0 = dimeSel(Q, VpE) =2.

In this article, we prove the first cases on Darmon—Rotger’s conjecture when the auxiliary eigenform g has complex
multiplication. In particular, this provides a new construction of nontrivial Selmer classes for elliptic curves of rank 2.
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1. Introduction

Let E be an elliptic curve over Q (hence modular [51, 46, 8]) with associated L-function L(E, s). In the
late 1980s, a major advance towards the Birch and Swinnerton-Dyer (BSD) conjecture was the proof,
by Gross—Zagier and Kolyvagin, of the implication

ordg1L(E,s) =1 = rankzE(Q) =1 and #II1(E/Q) < oo. (1.1

In the proof of (1.1) an imaginary quadratic field K/Q is chosen such that ords—| L(E /K, s) = 1 and
for which a Heegner point yx € E(Q) can be constructed using the theory of complex multiplication
and a modular parametrisation of E. By the Gross—Zagier formula [21], the nonvanishing of L’(E /K, 1)
implies that yx has infinite order and the proof of (1.1) is reduced to the proof of the implication

vk € E(Q)ors = rankzE(Q) =1 and #III(E/Q) < oo, (1.2)

which is a celebrated theorem by Kolyvagin [31].

A more recent major advance towards BSD arises from the works of Kato [29], Skinner—Urban [45]
and Xin Wan [49] on the Iwasawa main conjectures for elliptic modular forms, which, in particular,
yield a proof of a p-converse to (1.2)

rankzE(Q) = 1 and #III(E/Q)[p™] <0 = yk & E(Quors (1.3)

for certain primes p of good ordinary reduction for E, an implication first realised by Skinner [43]. (A
different proof of (1.3) was obtained independently by Wei Zhang [53] as a consequence of his proof
of Kolyvagin’s conjecture.) Together with the Gross—Zagier formula, (1.3) yields a p-converse to the
theorem (1.1) of Gross—Zagier and Kolyvagin.

It is natural to ask about the extension of these results to elliptic curves E/Q of rank r > 1. As a
first step in this direction, in this article we prove certain analogues of (1.2) and (1.3) in rank 2, with yg
replaced by a generalised Kato class

K, € Sel(Q, V,E)

introduced by Darmon—Rotger. Here, Sel(Q,V,E) C H'(Q, V,E) is the p-adic Selmer group fitting
into the exact sequence

0— EQ)®zQp — Sel(Q,V,E) — T,1II(E/Q) ®z, Qp — 0,

where T, I1I(E/Q) is the p-adic Tate module of the Tate—Shafarevich group III(E/Q).

1.1. The Darmon—Rotger conjecture

We begin by briefly recalling the construction of k, by Darmon—Rotger [ 18, 17]. One starts by associating
a global cohomology class

Ky,s(f.8h) € H(Q,Vygn),
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where Vo = V,(f) ® V,(g) ® V,(h) is the tensor product of the p-adic Galois representations
associated to f, g and A to the data of

o atriple of eigenforms (f, g, h) € S2(To(Nf)) X S1(T'o(Ng), x) X S1(T'o(Np), ) of weights (2,1, 1)
and levels prime-to-p with

gcd(Ny, NgNy) =1, (1.4)

o achoice of roots y € {@g,Bs} and § € {ap, B} of the Hecke polynomials of g and £ at p, assumed
to be regular; that is, g, # B¢ and ay, # Bh.

Letting g” and /" be the p-stabilisations of g and z with U p-eigenvalue y and 6, the class ky s(f, g, h)
is defined as the p-adic limit

K)/,(S(f’g’h) = }i_I)an(f’g[’hl’)’ (15)

where (g, h¢) runs over the classical weight £ > 2 specialisations of Hida families g and k passing
through g” and 4 in weight 1, and k(f, k¢, h¢) is obtained from the p-adic étale Abel-Jacobi image of
generalised Gross—Kudla—Schoen diagonal cycles [20, 22].

Remark 1.1. Under assumption (1.4), the sign in the functional equation for the triple product L-series
L(s, f®g,®hy)is—1forall¢ > 2;inparticular, L(1, f®g,®h,) = 0, and by the Gross—Zagier formula
for diagonal cycles (proved in [52] for £ = 2) the classes «(f, g, h¢) should be nontrivial precisely
when L'(1, f ® g, ® hy) # 0. On the other hand, the global root number of L(s, f ® g ® k) is +1 and
it is precisely this sign change phenomenon between weights ¢ > 2 and ¢ = 1 that makes it possible for
the p-adic limit construction (1.5) to yield interesting cohomology classes in situations of even analytic
rank; in fact, as we recall below, classes that are crystalline at p precisely when ords= L(s, fQg®h) > 2.

Under the hypothesis that p > 3 is a prime of good ordinary reduction for f, the explicit reciprocity
law of [18] yields a formula of the form
exp;(K%(;(f, g, h)) = L(1, f ® g ® h) - (nonzero constant), (1.6)

where exp), : H!(Q, Vran) — Qp is the composition of the restriction map

Loc, : HY(Q, Vygn) = H'(Qp, Vign)

with the dual exponential map of Bloch—Kato [7] paired against a differential associated to (f, g, /). As
a result, the class ky_s(f, g, h) is crystalline at p and therefore lands in the Bloch-Kato Selmer group
Sel(Q, Vygn) C H'(Q, Vs an), precisely when L(s, f ® g ® h) vanishes at s = 1. With the different
choices for y and ¢, one thus obtains four — a priori distinct — classes ky s(f,g,h) € Sel(Q, Vygn)
whenever L(1, f ® g ® h) = 0, and Darmon—Rotger conjectured (see [17, Conj. 3.2]) that the following
are equivalent:

(a) the classes «, s(f, g, h) span a nontrivial subspace of Sel(Q, V¢ gn),
(b) dime Sel(Q, Vfgh) =2,
assuming for simplicity that the Hecke fields of f, g and 4 embed into Q,,.

The adjoint rank (2,0) setting

The construction of «, s(f, g, h) yields classes with a bearing on the arithmetic of elliptic curves E/Q
by taking f to be the newform associated to E and 7 = g* to be the dual of g, so that the triple tensor
product V¢ 4.+ decomposes as

Vi = V,E® (V,E ®ad’V,(g)), (1.7)
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where adOV,, (g) is the 3-dimensional G g-representation on the space of trace zero endomorphisms of
V, (g). Correspondingly, L(s, f ® g ® g*) factors as

L(s,f®g®g") =L(E,s)- L(E,ad’(g), s).
In particular, the above construction yields the four generalised Kato classes
Koo (f18:8)s Ko g (F18:87)s kg 01 (f28:87), kg, 51 (f58:87) (1.8)
landing (thanks to the explicit reciprocity law (1.6)) in the Selmer group
Sel(Q, Vygq+) = Sel(Q,V,E) @ Sel(Q, V,E ® ad’V, (g))

whenever L(E, 1) = 0. Since one expects L(E, ad’(g), 1) # 0 & Sel(Q, V,E ®ad0Vp(g)) = 0 by the
Bloch—Kato conjecture, the nonvanishing criterion in [17, Conj. 3.2] leads to the following prediction
(see the ‘adjoint rank (2, 0) setting’ discussed in [18, §4.5.3]).

Conjecture 1.2 (Darmon-Rotger). Suppose that L(E, s) has sign +1 and vanishes at s = 1 and that
L(E,ad’(g), 1) # 0. Then the following are equivalent:

(i) the four classes in (1.8) span a nontrivial subspace of Sel(Q,V,E).
(ii) dimq,Sel(Q,V,E) =2.

Remark 1.3. Of course, by the Birch and Swinnerton-Dyer conjecture, condition (ii) in Conjecture 1.2
should be equivalent to the condition ords=) L(E, s) = 2.

Remark 1.4. Note that Conjecture 1.2 does not predict that the four classes in (1.8) generate
Sel(Q, V, E). In fact, a strengthtening of the elliptic Stark conjectures in [16] predicts that in the setting
of Conjecture 1.2 only the classes Koy ay! (f,g,g%) and Kg, ! (f,g,g") are nonzero and that they are
the same class up to a nonzero algebraic constant. Our results also confirm this prediction (see Remark
1.6 and Subsection 5.7 for further details).

1.2. Statement of the main results

In this article, we prove Conjecture 1.2 in the case when the auxiliary eigenform g has complex
multiplication, assuming #III(E/Q)[p®] < oo (in fact, a weaker condition suffices) for one of the
implications.

As before, let E/Q be an elliptic curve with good ordinary reduction at p > 3 andlet f € S>(I'o(Ny))
be the associated newform. Let K be an imaginary quadratic field of discriminant prime of N in which
(p) = pp splits and let ¢ be a ray class character of K of conductor prime to pNy valued in a number
field L. The weight 1 theta series g = 8, then satisfies

L(E,ad’(g),s) = L(EX,s) - L(E/K, x, s),

where EX is the twist of E by the quadratic character associated to K and y is the ring class character
given by ¢ /7, for Y7 the composition of  with the action of complex conjugation 7. In this case,
ag = ¢¥(p) and B, = ¥(p) are the roots of the Hecke polynomial of g and p, which we shall simply
denote by @ and f3, respectively, and g* is the theta series of s ~!. As in the formulation of the conjectures
in [17], we assume that g # B,; thatis, y (p) # 1.

Let pE,p : G — Autg, (E[p]) be the mod p representation associated to E and denote by N; the
largest factor of N divisible only by primes that are inert in K. Finally, let

Loc,, : Sel(Q,V,E) — HI(QP,VPE)
be the restriction map at p.
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Theorem A. Suppose that L(E, s) has sign +1 and vanishes at s = 1 and that the value

L(E,ad%(g),1) = L(EX,1) - L(E/K, x,1)

is nonzero. Suppose also that

o Pg,p is irreducible,
o N]Z is the squarefree of an odd number of primes,
o PE,p is ramified at every prime qlN}.

Then ko g-1(f,8,8") = Kg o1 (f,8,8") = 0 and the following hold:
Ka,a1(f88)#0 = dimg,Sel(Q,V,E) =2 (1.9)

and, conversely,

K(t,zrl(fsgsg*) # 0. (110)

dimg, Sel(Q, V, E) = 2
Sel(Q, V,E) # ker(Loc))

In particular, if Sel(Q, V,,) # ker(Loc,), then Conjecture 1.2 holds.

Remark 1.5. The condition Sel(Q,V,E) # ker(Loc,) should always hold when Sel(Q, V,E) # 0.
Indeed, if Sel(Q, V,,E) equals ker(Loc,), then E(Q) must be finite (since E(Q) injects into E(Qp)),
so if also Sel(Q, V, E) # 0, we would conclude that III(E/Q) [ p*] is infinite.

Remark 1.6. It also follows from our results that, for g = 6,, as above, the classes «,, ,-1(f,g,g") and
Kg -1 (f,g,g") are the same up to a nonzero algebraic constant and they span the p-adic line

Zp = ker(log,) C Sel(Q,V,E),

where log,, : Sel(Q,V,E) — Q,, is the composition of Loc,, with the formal group logarithm of E.
When #I1I(E/Q)[p™] < oo, it is suggestive to view £, as the line spanned by the image of

2
PrQ:=P80-Q8Pc \(E(Q®&Q)

under the natural map

2

Log,: /\(E(Q ©Q) — E(Q) ®Q,

induced by log,. This is consistent with predictions by Darmon—Rotger (see [17, §4.5.3]) and suggests

the view «,, ,-1(f,g,¢") as a ‘p-adic shadow’ of a rank 2 motivic regulator.

Remark 1.7. Note that the implications (1.9) and (1.10) in Theorem A are rank 2 analogues of the
implications (1.2) and (1.3) by Kolyvagin and Skinner, respectively.

The key new ingredient in the proof of Theorem A is a leading term formula for an anticyclotomic p-
adic L-function © ¢ /x € Z,[T] attached to E/K in terms of anticyclotomic derived p-adic heights (see
Theorem 5.3). This formula applies in arbitrary order of vanishing of @,k at T = 0 and, in particular,
it allows us to deduce the following p-adic analytic criterion for the nonvanishing of generalised Kato
classes.

Theorem B. Under the hypotheses of Theorem A, assume in addition that rankz E(Q) > 0. Then the
following implication holds:

ordr (@f /) =2 =  Kao1(f.8.8") #0.

The same result holds with k o o1 ([, 8,8") replaced by kg g1 (f, 8, 8")-
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Remark 1.8. If pg ), is irreducible and ramified at some prime ¢ # p (e.g., if E is semistable and
p > 11 is good ordinary for E, by [39] and [33]), the nonvanishing results of [9] and [48] assure the
existence of infinitely many imaginary quadratic fields K and ring class characters y such that

o gisinertin K,
o every prime factor of Ny /g splits in K,
o L(E,ad’(g).1) = L(EX.1) - L(E/K, x.1) # 0.

Thus, Theorem B suggests a general construction of nontrivial p-adic Selmer classes for rational elliptic
curves of rank 2.

Remark 1.9. In the Appendix to this article, we apply Theorem B to numerically verify the nonvanishing
of generalised Kato classes for specific rational elliptic curves of algebraic and analytic rank 2, a task
that was left as ‘an interesting challenge’ by Darmon—Rotger (see [17, p. 31]).

Remark 1.10. Assume that rankzE(Q) = 2 and #I11(E/Q)[p™] < co. A refinement of Conjecture
1.2 predicting the position of «, s(f, g, g") relative to the natural rational structure on Sel(Q, V,E) =
E(Q) ® Q,, then leads to the expectation

N ? *
K(l,(l"(f’g’g) NGX Lng(P/\Q) ~6X Kﬁ,ﬁ’l(fvgvg )’ (111)

where (P, Q) is any basis for £(Q) ® Q and ~o denotes equality up to multiplication by a nonzero
algebraic number. Our results confirm the predicted relation &, -1 (f, g, &%) ~g" 8.8~ (f.8.&"),and
in Theorem 5.5 we show that

_ (v)
l-pla,  Opi
1

hy (P, Q)

Ka/,(t‘l(f7 8> g*) ~Qx C- ' Lng(P A Q)7

1-a,

where C is a nonzero algebraic number, @, is the p-adic unit root of x> — a, (E)x + p (with a,(E) =

p+1—#E(F,) as usual), @;f; x is the leading term of ©¢ x at T = 0 and hg) is the anticyclotomic
rth derived p-adic height pairing. In particular, this implies that the conjectured algebraicity in (1.11)
follows from a p-adic Birch and Swinnerton-Dyer conjecture refining [4, Conj. 4.3] (see Subsection 5.7).

1.3. Relation to previous work

Prior to this article, the only general results (known to the authors) on the existence on nonzero Selmer
classes for elliptic curves E/Q of rank r > 1 are in forthcoming work of Skinner—Urban (see [47] for a
report). Their methods, which extend those outlined in their ICM address [44] for cuspidal eigenforms
of weight k > 4, are completely different from ours.

On the other hand, Darmon—Rotger [18] exhibited, under a certain nonvanishing hypothesis, the
existence of two linearly independent classes in the Selmer groups Sel(Q, V,E ® o) of elliptic curves
E/Q twisted by degree 4 Artin representations o. The required nonvanishing is that of a special value
35 @ of a certain p-adic L-function. Both their works and ours exploit the construction of generalised
Kato classes introduced in [18], but in the setting we have placed ourselves in, the special value g{fa
vanishes. The proofs of our main results are based on anticyclotomic Iwasawa theory and derived p-adic
heights, both of which make no appearance in [18].

2. Triple products and theta elements

In this section we describe the triple product p-adic L-function for Hida families [28] and recall its
relation with the square-root anticyclotomic p-adic L-functions of Bertolini—-Darmon [4].
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2.1. Ordinary A-adic forms

Fix a prime p > 2. Let I be a normal domain finite flat over A := O[[1 + pZ, ], where O is the ring
of integers of a finite extension L/Q,,. We say that a point x € Spec I[(ap) is locally algebraic if its
restriction to 1+ pZ,, is given by x(y) = y*x e, () for some integer k, called the weight of x and some
finite-order character €y : 1+ pZ, — u,~; we say that x is arithmetic if it has weight k, > 2. Let X/
be the set of arithmetic points.

Fix a positive integer N prime to p and let y : (Z/NpZ)* — O* be a Dirichlet character modulo
Np.Let S°(N, x,I) be the space of ordinary I-adic cusp forms of tame level N and branch character y,
consisting of formal power series

(o8]

f@ =) an(f)g" €llq]

n=1

such that for every x € X the specialisation f (g) is the g-expansion of a p-ordinary cusp form f, €
Sk (Np™*1, yw? kxe€,). Here ry is such that ex (1 + p) has exact order p" and w : (Z/pZ)* — ;-1
is the Teichmiiller character.

We say that f € S°(N, x,1) is a primitive Hida family if for every x € X/ we have that f is
an ordinary p-stabilised newform (in the sense of [28, Def. 2.4]) of tame level N. Given a primitive
Hida family f € S°(N, x,I) and writing y = x’x, with y’ (respectively x,) a Dirichlet modulo N
(respectively p), there is a primitive Hida family f* € S°(N, x,x’, 1) with Fourier coefficients

ag(fl)z )_(/(f)ag(f) lff)(N,
ac(f) " xpw? (O™ if €| N,

having the property that for every x € X} the specialisation f is the p-stabilised newform attached to
the character twist f, ® .

By [24] (cf. [50, Thm. 2.2.1]), attached to every primitive Hida family f € S°(N, y,I) there is a
continuous [-adic representation py : Gq — GL,(FracI) which is unramified outside N p and such that
for every prime ¢ { Np,

tr ps (Frobg) = ar(f),  det py (Frobe) = yw*(0)(O)it™",
where (£); € I¥ is the image of (£) := fw™'(£) € 1 + pZ,, under the natural map
1+ pZ, - O+ pZ,]* =N - T".

In particular, letting (gcye)r : Go — I* be defined by (gcye)1(0) = (gcye(0))1, it follows that ps has
determinant y; lac_ylc, where 1 : Go — I* is given by yi := o-X(gCyC)_z(scyC)H, with o, the Galois

character sending Frob, +— y(£)~'. Moreover, by [50, Thm. 2.2.2], the restriction of pr t0 Gq, is
given by

vy *
pflcq, ~( 0 wj—PIXI[—ISC—le , .1

where ¢ : G, — I* is the unramified character with ¢ (Frob,,) = a, (f).

Let T°(N, x,I) be the I-algebra generated by Hecke operators acting on S°(N, y,I), and let Af -
T°(N, x,1) — I be the I-algebra homomorphism induced by f. Let C(Ay) be the congruence module
associated with A (see [25]). Under the following hypothesis:

the residual representation py¢ is absolutely irreducible and p-distinguished, (CR)

it follows from results of Hida and Wiles that C (A ) is isomorphic to I/(#y ) for some nonzero 5 € L.
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2.2. Triple product p-adic L-function
Let

(f.8.h) € S°(Ng, xr,Lr) X S°(Ng, xg-Ig) X S°(Nn, xn In)
be a triple of primitive Hida families. Set
R = ]If ®Oﬂg®01[h»

which is a finite extension of the three-variable Iwasawa algebra Ry := A®pA®A, and define the
weight space X{z for the triple (f, g, k) in the f-dominated unbalanced range by

= {00 € X X XD XXD ko> ky ko and ko = ky ke (mod D)), 22)

where %fg“ o) %I*g (and, similarly, %ﬂs) is the set of locally algebraic points in Spec I (61,) for which
g, (g) is the g-expansion of a classical modular form.

For ¢ € {f, g, h} and a positive integer N prime to p and divisible by Ny, define the space of A-adic
test vectors S° (N, xg,1¢)[@] of level N to be the Is-submodule of S (N, xg¢,1s) generated by {6(qD)}
as d ranges over the positive divisors of N/Ny.

For the next result, set N :=lem(Ny, Ng, Np,) and consider the following hypothesis:

for some (x,y,z) € %{2, we have eq(fj’c,g;, h?) = +1 for all g|N, =0

where g, (f5, g5 h?) is the local root number at ¢ of the Kummer self-dual twist of the tensor product
of the p-adic Galois representations attached to the newforms f*, g5 and h: corresponding to f, gy

and k.. We shall say that a point (x, y,z) € %{3 is crystalline if the conductors of f?, g, and h are all
prime-to-p.

Theorem 2.1. Assume that f satisfies hypothesis (CR) and that, in addition to hypothesis (X~ = 0), the
triple (f, g, h) satisfies

(ev) XfXeXn = w** for some a € Z,

(sq) gcd(Ny, Ng, Np) is squarefree.

Fix a generator 0y of the congruence module of f. Then there exist A-adic test vectors (f. 2, E) and an

element QI{ (Z, g, E) € R such that for all crystalline (x,y,z) € %{z of weight (k, €, m), we have

o s L(f,®gy®h3,c)
315 (L&E)(x’ y’ Z)2 = F(k’g’ I’l’l) : gp(fx’ gy’ hz)2 : 1—[ ; (\/_)21 QZ ’
q|N S«

where

oc=(k+l+m-2)/2,

o I'(k,t,m) = (c—1)!- (c—m)' (c=O' - (c+1—=t—m)! 2*Q2m)7%,

0 Ep(fy gy o) = (1= Fatetiey (- Bl ey g Bt ey (g Bl

o T4 Is a honzero constant ( equal to either 1 or 1 + g7 "),
Qf € C* is the canonical period in [28, Def. 3.12] computed with respect to 1y,

e}

and L(f5 ® g8, ® h?, c) is the central value of the triple product L-function.

Proof. This is a special case of Theorem A in [28]. The construction of 31{ (f. 2 ﬁ) under hypotheses
(CR), (ev) and (sq) is given in [28, §3.6]; the proof of its interpolation property (for all points (x, v, z) €
%{3, rather than just those that are crystalline) assuming hypothesis (X~ = 0) is given in [28, §7]. O
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Remark 2.2. The construction of 31{ (f. 2, E) is based on Hida’s p-adic Rankin—Selberg convolution
[23] and applies to any choice of test vectors for (f, g, k). In the following, for any test vectors ( f, g, k)
we use ZI{ (f, 8. h) to denote the associated triple product p-adic L-function (but note that in the proof
of our main results the specific choice f. 2, E) will be critical).

2.3. Triple tensor product of big Galois representations

Let (f, g, h) be a triple of primitive Hida families with yr xygxn = w*® for some a € Z. For ¢ €
{f.g, h}, let Vg be the natural lattice in (Frac ]I¢)2 realising the Galois representation pg in the étale
cohomology of modular curves (see [34]) and set

Vien :=Vs ®0Vg®th .

This has rank 8 over R, and by hypothesis its determinant can be written as det Vs gy, = XQSCyC for a p-
ramified Galois character X taking the value (—1)¢ at complex conjugation. Similar to [27, Def. 2.1.3],
we define the critical twist

V}gh =Vyien o XL

More generally, for any multiple N of Ny, one can define Galois modules Vg (N) by working in tame
level N; these split noncanonically into a finite direct sum of the Is-adic representations Vy (see [18,

§1.5.3]), and they define V}gh (N) for any N divisible by lcm(Ny, Ng, Np,).
If f is a classical specialisation of f with associated p-adic Galois representation V¢, we let V¢ 45
be the quotient of Vg, given by

Vf,gh = Vf ®o Vgé)]IVh

0 - - T 0 -
and denote by V 1 gh the corresponding quotient of V fah and by V Fgh (N) its level N counterpart.

2.4. Theta elements and factorisation

We recall the factorisation proven in [28, §8]. Let f € S>(pNy) be a p-stabilised newform of tame
level Ny defined over O, let f° € S>(Ny) be the associated newform and let ), = ap, (f) € O™ be the
Up-eigenvalue of f. Let K be an imaginary quadratic field of discriminant Dg prime to N . Write

Ny =N*'N~

with N* (respectively N™) divisible only by primes which are split (respectively inert) in K and choose
an ideal |+ C Ok with O /Nt ~ Z/NZ. .

Assume that (p) = pp splits in K, with our fixed embedding ¢, : Q — C,, inducing the prime p.
Let I's, be the Galois group of the anticyclotomic Z ,-extension K., /K and fix a topological generator
¥ € ' and identity O[T ]| with the power series ring O[[T] via y + 1 + T. For any prime-to-p ideal
a of K, let o, be the image of a in the Galois group of the ray class field K(p*)/K of conductor p*
under the geometrically normalised reciprocity law map.

Theorem 2.3. Let y be a ring class character of K of conductor cOg with values in O and assume that

(i) (pNg,cDg) =1,
(ii) N~ is the squarefree product of an odd number of primes,
(iii) if q|N~ is a prime with g = 1(mod p), then py is ramified at q.
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Then there exists a unique O ¢ k (T) € O[T] such that for every p-power root of unity ¢,

L(f°/K ® yes, 1)

2
. VD xes(om+) - €p,
)2 - Qpey-  KNTEX c(ow) - ep

Ok, (=17 = 5—127” Ep(fox O

where

e}

n > 0 is such that { has exact order p",
€ : T'oo = ppe be the character defined by ez (y) = ¢,
(I=ap' x()(1 —apx(®) ifn=0,

g b bl = P p

p(fix:8) {1 ifn>0,
Qo N- = 4||f°||1%0(Nf) . n}l’N_ is the Gross period of f° (see [28, p. 524]),
o+ € D is the image of W under the geometrically normalised Artin’s reciprocity map,
ug =|0%|/2 and &,, € {£1} is the local root number of f° at p.

o

o

e}

(e}

e}

Proof. See [4] for the first construction and [13, Thm. A] for the stated interpolation property. O

Remark 2.4. From the interpolation property of Theorem 2.3, one can show that the square of
Ok, (T) is essentially the anticyclomic restriction of the two-variable p-adic L-function constructed
by Perrin-Riou [35].

When y is the trivial character, we write ® ¢k , (T') simply as ® s/ (T'). Suppose now that the p-
stabilised newform f as in Theorem 2.3 is the specialisation of a primitive Hida family f € S°(N,I)
with branch character yy = 1 at an arithmetic point x; € X; of weight 2. Let £ 4 pN; be a prime
split in K and let y be a ring class character of K of conductor £ Ok for some m > 0. Denoting by
the superscript 7 the action of the nontrivial automorphism of K /Q, write y = '~7 with ¢ a ray class
character modulo £"Ok. Set C = D g £2™ and let

g=0y(5) € O[S2]lql. & =86,-1(S3) € O[S:]lq]

be the primitive CM Hida families of level C constructed in [28, §8.3].
The p-adic L-function EZI{ (f, 8,8 of Theorem 2.1 attached to the triple (f, g, g*) (taking a = —1

in (ev)) is an element in R = IS, S3]; in the following, we let

z} (f.22") € O[5]
denote the restriction to the ‘line’ S = S» = §3 of the image of 3,{ (Z, 8, g*) under the specialisation
map at xj.

Let K, be the Z?, -extension of K and let Ky~ denote the p-ramified Z ,-extension in K, with Galois

group I'ye = Gal(Ky~ /K). Let v, € I'y» be a topological generator and for the formal variable T let
¥r : Gal(Ke/K) — O[T]* be the universal character defined by

Wr (o) = (1+ 1)@, where olg,. =757, 2.3)

The character W1~ factors through I's, and yields an identification O[I'w] =~ O[T] corresponding

to the topological generator yé" € T'w. Let p” be the order of the p-part of the class number of K.

Hereafter, we shall fix v € Z; such that vP* = scyc(yg b) €1+ pZ,. Let K(x,ap)/K (respectively
K(x)/K) be the finite extension obtained by adjoining to K the values of y and a, (respectively the
values of y).

Proposition 2.5. Assume that

(i) N~ is the squarefree product of an odd number of primes,
(ii) py is ramified at every prime q|N~ with ¢ = 1(mod p).

https://doi.org/10.1017/fms.2021.85 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.85

Forum of Mathematics, Sigma 11

SetT =v'(1+S) — 1. Then

- ) , 0y
L) ([ 88 =+w " Op )k (T) - Cp oy - [L(fIK® x.1) - —L—,

Nfe,N-

where w is a unit in O[T], C¢ , € K(x,@,)* and

_LU/K® XD

L (f/K®y,1) :=
AR (v

K(x).

Proof. Thisis [28, Prop. 8.1] specialised to § = S, = S3, using the interpolation property of ® 7/, (T)
at £ = 1. (Note that the unit w is explicitly described in [28, Prop. 8.1], but we omit it here.) O

Remark 2.6. The factorisation of Proposition 2.5 reflects the decomposition of Galois representations

VY gge = V(1) ®@Ind2¥)"") @ (Vs (1) @ IndR x). (2.4)

Note that the first summand in (2.4) is the anticyclotomic deformation of Vs (1), while the second is a
fixed character twist of V¢ (1).

3. Coleman map for relative Lubin-Tate groups

In this section we review Perrin-Riou’s theory [36] of big exponential maps, as extended by Kobayashi
[30] to Z,-extensions arising from torsion points on relative Lubin-Tate formal groups of height 1.
Applied to the localisation of the anticyclotomic Z ,-extension of an imaginary quadratic field K in which
p splits, we then deduce, by the results of Section 2 and [18], a Coleman power series construction of
the p-adic L-function © ¢ /x of Theorem 2.3. This new construction of ® ¢ ,x will play an important role
in the proof of our main results.

3.1. Preliminaries

Fix a complete algebraic closure C,, of Q. Let Q;r C C,, be the maximal unramified extension of Q,,
and let Fr € Gal(Q};/Q,) be the absolute Frobenius. Let F C Q) be a finite unramified extension of
Q, with valuation ring O and set

R=0[X].

Let F = Spf R be a relative Lubin—Tate formal group of height 1 defined over 0, and for each n € Z
set

Fm .= F Xspec 0,Frn Spec O.
The Frobenius morphism ¢ € Hom(F, FY induces a homomorphism ¢ r: R — R defined by
er(f) =" oo
where £ is the conjugate of f by Fr. Let = be the left inverse of ¢ satisfying

erour(f)=p™ D, f(Xerx. 3.1)

xeF[p]
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Let Fo/F be the Lubin-Tate Z -extension of F associated with F — that is, Foo = U, F(F[p"]) -
and for every n > —1 let F,, be the subfield of F,, with Gal(F,/F) =~ (Z/p"*'Z)*. (Hence, F_; = F.)
Letting G = Gal(F/F), there is a canonical decomposition

Ge ~AXTZ,

with A the torsion subgroup of G and T’ ~ Z,, the maximal torsion-free quotient of Ge..
For every a € ZIX,, there is a unique formal power series [a] € R such that

[a]" o pr=g¢rola] and [a](X)=aX (mod X?).

Letting £7: Goo — Z}; be the Lubin-Tate character, we let o € G acton f € R by
o f(X) = f([er(0)](X)),
thus making R into an O[] G ]-module.
Lemma 3.1. R¥7=0 js free of rank 1 over O G].
Proof. This is [30, Prop. 5.4]. O

Let V be a crystalline G, -representation defined over a finite extension L of Q,, with ring of integers
OL.Let D(V) = Dqsis,q,, (V) be the filtered ¢-module associated with V and set

Deo(V) :=D(V) &z, RY7.

Fix an invariant differential wr € Qg and let log » € R®Q p be the logarithm map satisfying

logz(0) =0 and dlogr=wr,

where d : R — Qp is the standard derivation.
Lete = (g,) € T F = yln]-"(") [p"] be a basis of the Tate module of F, where the limit is with
respect to the transition maps

‘pFr_("H) . f(n+l) [pn+l] N ];(n) [pn]

One can associate to € and wr a p-adic period t. € B'._such that

cris

Dcris,F (3]-') = thl and Qte = wWle, (3.2)

where @ is the uniformiser in F' such that t,o*f(w};) =w-wr (see [30, §9.2]). For j € Z, the Lubin-Tate

twist V(j) := V ®L £’ then satisfies
Denis.r (V(j) = D(V) ®q, Fic'.
There is a derivation d¢ : Deo (V{j)) = Deris.r (V{j)) ® R¥7" — Do (V(j — 1)) given by
de: f=n®g nte ® g,

where 9: R — R is defined by df = 0 f - wx. These give rise to the map

K: 900(‘/) N @ Dcris,F(V<_j>) (33)

JEZ 1_(’0

sending f +— ((')jf(O)t]; (mod 1 - ¢));.
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3.2. Perrin-Riou’s big exponential map
For a finite extension K over Q,,, let
expg.y : D(V) ®q, K — H'(K,V)
be Bloch—Kato’s exponential map [7, §3]. In this subsection, we recall the main properties of Perrin-
Riou’s map Qy 5, interpolating expg y (;, over nonnegative j € Z.
Let V* := Homy (V, L(1)) be the Kummer dual of V and denote by
[, =1y :D(V)®@ KxD(V)® K > L® K
the K-linear extension of the de Rham pairing

(, Yar: D(V) xD(V) — L.

Let expy  : H!(K,V) — D(V) ® K be the Bloch-Kato dual exponential map, which is characterised
uniquely by

Trk jq, ([x, expk v (1) ]v) = (expg v+ (x), Y)ar,
forallx e D(V*) ® K and y € H' (K, V).
~1
Choose a Op -lattice T C V stable under the Galois action and set H (Fo,T) = 1(£n H' (Fp,T) and
~1 ~1
H (FOO,V) = H (FDO’T) ®ZP Qp’

which does not depend on the choice of 7. Denote by

Tw/ : H (Fuo, V) = H' (Foos V()))

the twisting map by .9;. For a nonnegative real number r, put
Z k(X)) = { Z cnr T X" e K[A|[X] | sup\cn,f|pn*’ <ooforallt e A},
n>0,7€A n

where |-| , is the normalised valuation of K with |p|, = p~'. Let ¥ be a topological generator of
I'Z and denote by %, x(Gw) the ring of elements {f(y — 1): f € %, x(X)}, so, in particular,
%,K (G) = OK[[GOO]] OOk K. Put

Heok (Geo) = | %k (Goo).

r=0
Define the map
Env:D(V) ®q, #w.r(X) = D(V)®q, Fn
by
_ p—(n+l)(p—(n+l) (GFr'("”) (€)) ifn>0,
Env(G) = o . (3.4)
(1-p7 ¢ )(G(0) ifn=-1,

andlet A = Z,[G].
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Theorem 3.2. Let € = (€,) be a basis of T F, let h > 0 be such that D(V) = Fil ™" D(V) and assume
that H(Fu, V) = 0. There exists A-linear ‘big exponential map’

Q5 4t Da(V)A — H' (Fuo, T) @5 Hoo,r (Goo)

such that for every g € £JZO<,(V)E:0 and j > 1 — h satisfies the interpolation property
pri, (Tw! 0 QF ,(8)) = (=D~ (h+j = ) expp, v (jy(Env () (d G)) € H' (F,.V(j)),

where G € D(V) ®q,, #n.r (X) is a solution of the equation

(1-9®pr)G =3g.
Moreover, these maps satisfy
j J o _
Tw! 0 Qy ) ode = Q‘E/(j),h+j’

and if j < —h, then

eXpp, v (jy (PrE, (Tw; 0 QF ,(8))) = Chol ’En,V(j>(d;jG)) eD(V{(j)) ®q, Fn,

and if D51 € D(V) is a p-invariant subspace in which all p-eigenvalues have p-adic valuation at most

—ONA—() - =1
s, then Qf/,h maps (D5 ®z, RY7=NA=0 jnto H (Foo, T) &% Hs+h,F (Goo).

Proof. For F = (}m, the construction of QF, , and its interpolation property for j > 1 — h are due to

Perrin-Riou [36]; the interpolation formula for Jj < —his due to Colmez [14]. The extension of these
results to Z,-extensions arising from relative Lubin—Tate formal groups of height 1 is given in [30,
Appendix]. O

3.3. The Coleman map

From now on, we assume that
D (V)20 = g, (V); (3.5)

that is, A =0 (note that by (3.3), this is a condition on the ¢-eigenvalues on Deis (V)), and for
simplicity, for any field extension M /Q,, we write #; for o p1 (G). Let

[—,—]V : D(V*) ®Q, Hr xD(V) ®Q, Hr — L®Qp Hr
be the pairing defined by
[ ® 41,m2 ® 2]y = (M1, m2)ar ® 1145

for all /11,/12 < %F-
Recall that F, = |J,, Fy,, and let (=, =), be the local Tate pairing H! (F,,, T*) x H'(F,,,T) — Oy.

~1 ~1
Letting x = (x,), and y = (y,,), be sequences inH (Fu,T*) and H (Fw, T), define the O [ G ||-linear
pairing

(=) H (Far T*) X H (Fuo, T) = OL[Guo]
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by letting (x, y)r,, be the limit of the elements

D, T yar o] € OLlGal(F,/F)],

o€Gal(F, /F)

which are compatible under the natural projection maps Op [Gal(F,+1/F)] — Op[Gal(F, /F)]. After
inverting p, this extends to a pairing

~1 ~1
(= p 1 H (Foo, V) X H (Feo, V) = L ®q, Ha,. (3.6)

Definition 3.3. Let e € R¥7™ be a O] G ]-module generator, and let € be a generator of 7, F. The
Coleman map

~1
Colg : H (Fw, V") = D(V*) ®q, #F
is the L ®q,, #F-linear map uniquely characterised by
Trr /g, ([Cols (2).7],) = (2.Q5, ,(n® €))F, (3.7)

for all n € D(V).
Let Q be the completion of Q) in Cj,, with ring of integers W, and set F,," = F,,Q}; for =1 < n < o0
(so F'] = F'"). Let 0 € Gal(F5/Qp) be such that op|qu = Fr is the absolute Frobenius.
Fix an isomorphism
0:Gu=TF (3.8)
defined over Wand let p : W][T] =~ R ®5 ¥V be the map defined by p(f) = f o p~!, so
prop=pTopg .

Fix also a O G ]-generator e € RY7=" and let h, € W[ G ] be such that p(1+ X) = h, - e. Note that
e(0) € 0*. Fix a sequence ({,») of primitive p"th root of unity giving a generator of 7,G,, and let
€ = (€,) be the generator of 7, F given by

—(n+1)
€n = pFr (é«pnﬂ _ 1) c I{n+l) [pn+l].

Let t € B, be the p-adic period as in Subsection 3.1 associated to the generator ({ prtl — 1) e T,,Gm
and the invariant differential wg = fi—))((

From now on, we suppose that Fil™' D(V) = D(V) and H(F., V) = 0, so the big exponential map
Qp, | of Theorem 3.2 is defined. Let 7 € D(V) be such that ¢n = an and suppose that 17 has slope s (i.e.,

~1
|| , = p~*). Forevery z € H (Fw, V"), we define

[F:Qp] . ) _
Col’(2) =y |Colg(@').n] - he - o € Hrn1o(Goo), (3.9)
j=1

where Go = Gal(Fu/Qp) and [—, =] : D(V*) ® #o x D(V) ® # o — H1o is the image of [—, -]y,
under the natural map L ®q, #o — #1.o. We put

Zjn = pr, (T (2)) € H' (Fo, Vi(=)))
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and say that a finite-order character y of G o has conductor pt!

factors through Gal(F,,/Q)).

if n is the smallest integer such that y

~1 —~ .
Theorem 3.4. Let z € H (Fw, V*) and let ¥ be a p-adic character of G such that y = /\/8_]7_- with x a
finite-order character of conductor p"*'. If j < 0, then

7 _ (_l)j_l
Col”(z)(y) = [T
[log v+ (Z—jm) @174, (1= pI~' ™) (1 = p~ip)'p] ifn=-1,

pUUTT() 3 (1) |logg, vy (2;,) @1 g y| it > 0.
7eGal(F,/Qp)

If j >0, then
Col”(z)(y) = j!(-1)
eXPy ey (Z-jn) @17 (1= p/ ™1 = pTp)Iy if n=-1,

p(n+1)(j—1)7-(¢,) 3 X_I(T) [eXp*F,, V*(—j>(zzi,n) ® ,—j"p—(n+1),7 ifn>0.
7€Gal(F,/Qp) ’ :

Here, () is the Gauss sum defined by

. —-J n+1 TU—(’)Hl
T(yY) = Z wgcyc(To-o ).{pnﬂ .
T€Gal(FY'/FY)

Proof. This follows from Theorem 3.2 by a direct computation (see [30, Thm. 5.10] and [32, Thm. 4.15]
for a related computation). O

3.4. Diagonal cycles and theta elements

We now apply the local results of the preceding section to the global setting of Section 2. Assume that
/8 =0y(S)and g* = 0,1 (S) are as in Subsection 2.4. Keeping the notations from Subsection 2.3, by
[18, §1] (see also [19] and [1]), there exists a class

" 1 T
k(f.gg") € H'(Q. V() (3.10)
constructed from twisted diagonal cycles on the triple product of modular curves of tame level N.

Every triple of test vectors F = (f, g, §*) defines a G g-equivariant projection V} e (N) >V
and we put

T
f.8g"

«(f.88") = pry(x(f.g8")) e H(Q V] ), (3.11)

where pry : H!'(Q, V; g’ (N)) - H'(Q, V} ’gg*) is the induced map on cohomology.

Since ‘P}_T gives the universal character of Gal(K«/K), by the G g-isomorphism (2.4) and Shapiro’s
lemma we have the identifications

H'(Q, V] ) = H'(Q,Vy (1) ® IndRW;™™) @ H'(Q, Vy (1) ® Ind x)
: (3.12)

= H (Koo, Vs (1) @ H'(K, V/ (1) ® x).
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In the following, we write

v

k(f,28*) = (keo(f, 88", k0(f, £8")) (3.13)

according to this decomposition.
Let g and g" be the weight 1 eigenform 6,, and 6,,-1, respectively, so that the specialisation of (g, g*)
at T = 0 (or, equivalently, S = v — 1) is a p-stabilisation of the pair (g, g%).

Lemma 3.5. Assume that L(f ® g ® g*, 1) = 0 and that L(f/K ® x, 1) # 0. Then for every choice of
test vectors F = (£, 8, 8*), we have ko(f,gg*) = 0.

Proof. Let k = k(f, #8*) and for every ? € {f, g, 8"}, let F*V, be the rank 1 subspace of V; fixed by
the inertia group at p. By (3.12), in order to prove the result, it suffices to show that some specialisation
of « has trivial image in H' (K, Vi(l) ® x). Let

Kf gge = Kls=v-1 € H'(Q, Vyggr) = H'(K, Vs (1)) @ H' (K, Vf (1) ® x),

where Vi oo+ := Vy (1) ® V, ® V,+. By looking at the Hodge—Tate weights, we see that the Bloch—Kato
Selmer group Sel(Q, V gg+) € H'(Q, Vi 4q+) is given by

Sel(Q. Vy g¢) = ker[H'(Q. V} go) 57 H'(Qp, FV/ (1) ® V, @ Vo) |

where 0, is the natural map induced by the projection Vy —» F~V; = V; /F™V; (see, e.g., [18,
p- 634]). Thus, it follows that

Sel(Q, Vy g¢+) = Sel (K, Vy (1)) @ Sel(K, Vy (1) @ y).

The implications L(f ® g ® g",1) = 0 = K 45 € Sel(Q,Vyger) and L(f/K ® x,1) # 0 =
Sel(K, V(1) ® x) = 0, which follow from [18, Thm. C] and [12, Thm. 1], respectively, therefore yield
the result. o

Suppose from now on that f° € S>(I'o(Ny)) is the newform associated to an elliptic curve E/Q with
good ordinary reduction at p. Thus, V; (1) = V,,E, and from (3.13) we obtain an Iwasawa cohomology
class

Yo =1
Koo(f,gg ) € H (KOO’V]?E)

Set V =V, E for ease of notation. Note that Fil™' D(V) = D(V) and, by the Weil pairing, V* ~ V. Let
be the prime of Q above p induced by our fixed embedding ¢, (inducing p on K), and for any subfield

H C Qdenote by H = Hg the completion of H with respect to 8. Then Gal(Kw/Q p) is identified with
the decomposition group of B in I's, = Gal(K/K).

For any integer m, let H,, be the ring class field of K of conductor m and put F = H, for a fixed
c prime to p. Let @ € K be a generator of pl¥*Qrl and let F.,/F be the Lubin-Tate Z p-€xtension
associated with the uniformiser @ /@ € OF (see [30, §3.1]). As is well-known, we have

(see, e.g., [42, Prop. 8.3]). In particular, F,, contains Ke.
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Let wg be the Néron differential of E, regarded as an element in D(H] o(E ol Qp)) = D(V¥). Let
@) € Z, be the p-adic unit eigenvalue of the Frobenius map ¢ acting on D(V) and let € D(V) =
D(Hét(E/G, Q,)) ® D(Q, (1)) be a p-eigenvector of slope —1 such that

wn = p_la,, p and (n,wg ®t g = 1. (3.14)

Finally, note that hypothesis (3.5) holds since D(V)“’[F:Qp]:(w/a)j = 0 for any j € Z, given that the
p-eigenvalues of D(V) are p-Weil numbers, while @ /@ is a 1-Weil number.

The second part of the next result recasts the ‘explicit reciprocity law’ of [18, Thm. 5.3] (see also
[19, Thm. 5.1] and [I, Thm. A]) in terms of the Coleman map of Subsection 3.3.

Theorem 3.6. Assume that L(f @ g® g*,1) = 0and that L(f/K ® x, 1) # 0. Then, for any test vectors
(f,8.87), we have

Locy(keo (. 28")) = 0
and
Col” (Locy (ko ([, 287))) = Z) (f. 88") - 20, S —a, ()7

Proof. Let 97++V;gg* be the rank 4 Gq,,-stable submodule of V;gg* defined by
[FVOF W@V + FIVRV, ®F Vg + VO F W @ F'Vpu| @ A7

The class k(f, 88") = (ko (f, 88%), k0(f, £8*)) € H(Q, Vfgg ) is known to land in the kernel of the
composite map

1 T Locy 1 Eaaval
H (Q’Vfgg*) B— H (QP, fgg ) - H (st fgg /g Vfgg )

(see, e.g., [19, Prop. 5.8]). Using (2.4), we immediately find that

g“v};gg =VRWI T+ F Ve (y+x )

and, therefore, identifying G » with G K, Via our fixed embedding 6 — 6 ps WE obtain
H'(Q,, & G‘**V‘ N H' (K, Vo ¥ ") e H (Ky, F'Ve y) ®H (K5, FTV ® x).

This shows the vanishing of Locg (ke ( f.8%)), and the second equality in the theorem follows from
Lemma 3.5 and [18, Thm. 5.3]. m|

Corollary 3.7. Assume that L(f ® g®g*,1) = 0and that L(f/K, x,1) # 0. Let (f, 8.8") be the triple
of test vectors from Theorem 2. 1. Then Locg (Koo ( f gg *)) =0, and

o 2C o
Col” (Locy (koo (f, £8))) = +w™' - @ 1k (T) - \LU(f/K @ . 1) L E———

ap(1-a3'x(®) nren-’

where w € O[T||* and Cy , € K(x,ap)* are as in Proposition 2.5.
Proof. This is the combination of Theorem 3.6 and the factorisation in Proposition 2.5. O

Remark 3.8. Corollary 3.7 places for the first time ©  /x (T') within the landscape of Perrin-Riou’s vision
[37], whereby p-adic L-functions ought to arise as the image of p-adic families of special cohomology
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classes under generalised Coleman power series maps. For a different class of anticyclotomic p-adic
L-functions introduced by Bertolini-Darmon—Prasanna [6], a similar result was obtained by the authors
n[l1, 10].

4. Anticyclotomic derived p-adic heights

The main result of this section is Theorem 4.5, giving a formula for the anticyclotomic derived p-adic
heights in terms of the Coleman map introduced before. This generalises a formula of [40] to arbitrary
rank.

4.1. The general theory

Initiated in [3] and further developed in [26], the theory of derived p-adic heights relates the degeneracies
of the p-adic height to the failure of the p®-Selmer group of elliptic curves over a Z,-extension to be
semi-simple as an Iwasawa module. Derived p-adic heights seem to have been rarely used for arithmetic
applications in the previous literature,! but they will play a key role in the proof of our results. In this
section, we briefly recall the results from [26] (with a slight generalisation) that we will need.

Let E be an elliptic curve over Q of conductor N with good ordinary reduction at p > 2. For any
number field F, let Sel,- (E/F) C H!(F, E[p"]) be the p”-Selmer group of E over F and put

Sel(F,T,E) = {iﬂlSel,,r (E/F)

r

and Sel(F,V,E) = Sel(F,T,E) ®z, Q). Let K be an imaginary quadratic field of discriminant prime
to Np and let K., /K be the anticyclotomic Z,-extension of K. Denote by K, the subsection of K., with
[K;: K] = p" and put

Sl (E/Kes) = lim Sel o (E/Ky).

n

Finally, let A = Z,[Gal(K«/K)] be the anticyclotomic Iwasawa algebra and denote by J C A the
augmentation ideal.

Theorem 4.1. Let N~ be the largest factor of N divisible only by primes that are inert in K, and suppose
that

o N7 is squarefree,
o E[p] is ramified at every prime q|N~.

Then there is a filtration
Sel(K,V,E) = S (E/K) 2 ST(E/K) 2--- 2 SY(E/K) 2 ---
and a sequence of height pairings
hY SO (EJK) x SV(EIK) — (J1/J*) 7, Q,
with the following properties:

(a) S;jﬂ) (E/K) is the null-space of h;").

Perhaps by influence of cyclotomic Iwasawa theory, a context in which the p-adic height is conjectured to be nondegenerate;
see [41]. In contrast, in the anticyclotomic setting, as noted in [2, p. 76], degeneracies of the p-adic height pairing ‘seem to be the
rule rather than the exception’.
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(b) ng:) (E/K) = Nis1 S;,i)(E/K) is the subspace of Sel(K,V,E) consisting of universal norms for
Koo/K:

0o

Sy (EJK) = () cork, /x (Sel(Ky, V),

n=1

where corg, jk : Sel(K,, V,E) — Sel(K, V,E) is the corestriction map.
© hg) is symmetric (respectively alternating) for i odd (respectively i even).
(d) hg) (x7,y7) = (—1)ih1(j) (x,y), where T € Gal(K/Q) is complex conjugation.
(e) Let

o dimg, (SY (E/K) /S (E/K)) ifi < oo,
© |dimg, S5 (E/K) ifi =
Then there is a A-module pseudo-isomorphism
Selpe (E/Kw)" ~ (AN @@ (A/J)® @) @ A% & M’

with M’ a torsion A-module with characteristic ideal prime-to-J.

Proof. This follows from Theorem 4.2 and Corollary 4.3 of [26] when N~ = 1. We explain how to
extend the result to squarefree N~ under the above hypothesis on E[p].

Following the discussion in [26, §3] and adopting the notations there, we see that it suffices to show
the vanishing of

H;, (K, S[p*]) = ker(H' (K, S[p*]) — H' (K}, S[p*])) 4.1

for every prime v { p inert in K, where S[p¥] = hm Indg,/k E[p k]. Since such primes v split
completely in Ko /K, by Shapiro’s lemma and inﬂatlon restrlctlon we find

H,, (K, S[p*]) =~ ker(H'(K,, E[p*]) @ AV — H'(K}', E[p*]) ® AY)
~HY(F,, E[p*]") @ AY 4.2)
= (E[p*]"™/(Fr, - DE[p*]™) ® A,
where F,, is the residue field of K,,, Fr,, is a Frobenius element at v and A" = Homg,, (A, Qp/Zp).

Since N~ is squarefree, any prime v as above is a prime of multiplicative reduction for E, so by Tate’s
uniformisation we have

E[p™] ~ (‘3 ’1‘)

as G, -modules, where ¢ is the p-adic cyclotomic character. Since pg , is ramified at v, the image of
** in the above matrix generates Q,/Z,. Thus, we see that

E[p™1"/(Fry = DE[p™]" =0,
which by (4.2) implies the vanishing of H (K,,S[p*]). O

We next recall Howard’s abstract generalisation of Rubin’s height formula for derived p-adic heights.
For every prime v of K above p, let #T,, E be the kernel of the reduction map T, E — T,,E , where E
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is the reduction of E modulo v. Letting V = V, E, this induces the filtration %V C V. For every prime
v|p of K, write

~1 ~1
Hﬁn(KDO,V9 V) = @H (KDO,W7 g\j-v)’

wlv

where w runs over the places of K., above v. The local pairings in (3.6) induce a semi-local pairing
~1 ~1
(= ke  H (Ko, V) X Hgp (Koo, V) = A®z, Q)

~1 ~1 =1

which induces a perfect duality between the H (K« v, V) /Hg, (Kwo,v, V) and Hg, (K v, V). Every class
~1

z € H (K, V) defines a linear map

~1 ~1
Lpr= ) (Locy(2), )k, : Hin(Ke p V) = ) Hiy(Keo 1, V) > Az, Q.

vip vip
Let ord(L, ;) be the largest integer r such that the image of £, , is contained in J".

Theorem 4.2. Let r be any positive integer with r < ord(L, ;). Then z = prg (z) belongs to S;,r) (E/K)
and for any w € S;,r) (E/K) we have

W (z,w) = =L, (W) (mod J7)

where W, = (W), |p € I,:Itlm(Koo,p, V) is any semi-local class with prg (w,) = Loc, (w) for all v|p.

Proof. This is a reformulation of part (c) of Theorem 2.5 in [26]. Note that the existence of w, follows

from the definition of Sﬁ,r) (E/K) in [26], and the fact that the image £, ,(W,) € J"/J +1 is independent
of the choice of w, is shown in the proof. O

4.2. Derived p-adic heights and the Coleman map

Now we compute the local expression in Theorem 4.2 for the derived p-adic height pairing in terms of
the Coleman map from Section 3, yielding our higher rank generalisation of Rubin’s formula.

We use the setting and notations introduced after Lemma 3.5. In particular, (p) = pp splits in K,
with p the prime of K above p induced by our fixed embedding Q — Q,,. Let K. be the closure of the

image of K, in 61) under this embedding and put
T'w = Gal(Kw/K), Tw=Gal(Ke/Q)p),
so, naturally, ', is a subgroup of I'w.. Also, we put F = H.. for some fixed ¢ prime to p and F., = H, P

which is a finite extension of K.
Let e € RY7=0 be a generator over O] G || such that e(0) = 1. Define

w7 =QF (n&e) el (Fu,V), 4.3)

where QF, | in is the big exponential map in Theorem 3.2.
As in Subsection 3.3, we let oy € Gal(F% /Q),) be such that oolQu = Fr is the absolute Frobenius.
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Proposition 4.3. Let QCyc be the cyclotomic Z;-extension of Qp. Let o¢ye € Gal(FY/Qp) be the
Frobenius such that a’CyC|Q;yc =1 and ocyclqu = Fr. For each 2 € H! (K, V), we have

[F:Qp]

(2,corp_ ;g (WN)g =prg_ (Col”(2)) —
Fool B2 R T R ; [Foo : Ruo] - hET

0—clyc |I€oo

eW[lx]®Q,.

Proof. We first recall that for every e € (R®g W)¥#=", the big exponential map QF, | (7®e¢) in Theorem
3.2 is given by

Qy (n®e) = (expp, v (Env(Ge))n=0,12,..., (4.4)

where G, € D(V) ® #1,o(X) is asolution of (1 — ¢ ® ¢r)G, =n® ¢ and B,y is as in (3.4). Taking

Ge=Ge= ) (p0pr)"(n@e) = ) ¢"poe™,

m=0 m=0
we obtain
En,V(Ge) — —(n+l) ((p—(n+l) ® 1)G§r*(n+l) (En)
S o - 4.5)
Z ¢ " @ ™ (enmm).

m=0

Put z, = prg (2) and G,, = Gal(K,,/ Q). From the definition of the Coleman map Col{ and using in
(4.4) and (4.5), we thus find that

[prg, (Col ().n], =
- —1 gn+l= m _ m—(n+l) n+l-m
2| 2wk v Ty )L e e e (e el |, 46)
m=0 yEGn 7€G, v

where exp 2 v is the Bloch—Kato dual exponential map.
On the other hand, it is immediately seen that

[F:Qp]
prg ({2, corp_g (W)g ) = Z pre, (270, wh)r )0l g .

and from (4.6) we find that

so o)’y =
prg, (@70, WhE) = > (2" expp, v By (Ge))r Yk,
yeGy,

:Tan/Qp Z eXpK V( O 7 )’lem’h‘n V(G )

veGp v
o [F:Qp] 77] P (n+1) —— ol m
_ * 0 —(n+ m r TO,
= Z Z expe  (2n 12 Z (Pe) ¢"nee (€n-m)™70 " 7lg
: Kn,V n
m=0 i=1 |yeG, en
[F:Qp]

i=1

https://doi.org/10.1017/fms.2021.85 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.85

Forum of Mathematics, Sigma 23

Taking the limit over n, we thus arrive at

pl

1 [FQ
Z,corp o (W))p = ————
(@cory e (W, = == D,

[F:Qp] L ,
> |preo(cols @), o)
=1 i=1

“4.7)
= prkm(Col"(i)‘Té) . L,

i

i=1 he 0
using (3.9) for the second equality. Finally, writing g, = p(1 + X) for the isomorphism p in (3.8), one
has g;,r o (€i-1) = {pi € Q;,yc, which immediately implies the relation
prg. (Col”(2)) - oy, = prg_(Col” ()70).
Together with (4.7), this concludes the proof. O
We shall also need the following result.

Lemma 4.4. The projection of w" to H' (F,V) is given by

1-ply™!
prr (W) = exppy (ﬁﬂ .

Proof. Letg =n® e andlet G(X) € D(V) ® #1,0(X) such that (1 — ¢ ® ¢ )G = g. Then
G(eo) =n®e(eo) —n+(1-¢) 'y

and, by definition,

pr(w") = corg, r (Bo,v (G)), (4.8)
where Eo v (G) is as in (3.4). Equation (3.1) and the fact that ¢ re(X) = 0 imply that
>, Txerg=o,
ceF ! [p]
from which we obtain

py—1

l—cpn'

Trryr (G ()= ). neele])—n+(1-¢)'n=
7€Gal(Fy/F)

Together with (4.8), we thus see that

1 - -1 1 - -
pre (W) = exppy Trry e (767 (G (@) = exppy ((1-p7 ' ™) (1= 9) ),
concluding the proof. O

Recall the identification K, = Q, and let Hflin(Qp, V) c H! (Qp,V) be the subspace given by
H'(Q p> Ty V). As is well-known, Hén (Qp, V) agrees with the Bloch-Kato finite subspace. Letlogg, y :
Hflin(Q p»V) — D(V) be the Bloch-Kato logarithm map and denote by log,,,. , the composition

2Q,v (—,wE®til>dR

D(V) Qp. (4.9)

1 lo,
log,, , :H'(Qp, V)
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~1
For a global class z € H (K, V), put

Col”(Locy(z)) := Z Col”(Locg (z"'_l))(r e WTls], (4.10)
o€l /I

—~ ~1
where Locg : H1 (Kw,V) = H (K, V) is the restriction map, and let J be the augmentation ideal of
W]

Theorem 4.5. Let z € H! (K, V) and denote by t be the largest integer r such that
Col”(Locy(z)) € J~ and Col”(Locy(z)) € J",

whereZ = 77 for the complex conjugation v € Gal(K/Q). Then for every Q0 < r < t, the class z = prg (z)
belongs to S;,r) (E/K), and for every x € Sl(,r) (E/K) we have

1-pla _ _ -
1_—_117 . (Col"(Locp (2)) - log,, ,(x) + Col" (Locy(z)) -log,, , (x)) (mod J"*1),

P

hy (z,x) = -

where X = x".

Proof. The inclusion z € S;,r) (E/K) follows immediately from Theorem 4.2. Let x € S‘(Dr) (E/K) and
put

~1
wy = corp g (W7) € Hgp (Koo, V).
Then, since dimq,, Hflin(Q,,, V) = 1, we can write
Locy(x) = ¢ - pro, (W)

for some ¢ € Q,,. Since prq, (wg) = corg/q, (W), from Lemma 4.4 and (3.14) we see that

-1
p

1-pla,

l-«a

b}

(logg, v (pro, (Wg)), we ® YR =[F:Qp] -

from which we deduce that

1—p_la,,
C:——l‘
l—ap,

[F:Qpl ™" -log,, ,(x).

Together with the formula in Theorem 4.2, this gives the equality

l—p_lap _1
— L 2P F:Q,l

(r)
hp (Z,X) ==
l-a
p

o . —o!
X Z log,,. »(x) - (Locg(z7 ), wyp)p o +log,, ,(X) - (Locg(z” ), we)g o
UEFm/fm

in J”/J™*!. Since h, = 1(mod J), as is immediate from the defining relation p(1 + X) = A, - e and the
fact that e(0) = 1, the result now follows from Proposition 4.3. |
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5. Proof of the main results

We begin by recalling the setting of Theorem A in the Introduction. Let E£/Q be an elliptic curve of
conductor N with good ordinary reduction at the prime p > 3 and assume that E has root number +1 and
L(E, 1) =0 (so, of course, ords— L(E,s) > 2). Let K be an imaginary quadratic field of discriminant
prime to N in which (p) = pp splits, with p the prime of K above p induced by our fixed embedding
Q — Gp. Let ¢ be a ray class character of K of conductor prime to Np and, as in Conjecture 1.2,
assume that

(a) L(EX,1)- L(E/K, x,1) #0,
() x(p) # 1,

where y = ¢ /7. In addition, we assume that

(c) E[p] isirreducible as a Gg-module,
(d) N~ is the squarefree product of an odd number of primes,
(e) E[p] is ramified at every prime g|N~,

where N~ is the maximal factor of N divisible only by primes inert in K. Let (f, g, g*) be the triple
consisting of the newform f € S,(I'o(N)) associated to E and the weight 1 theta series associated to ¢
and ¢!, respectively. Finally, put @ = ¢ (p) and 8 = ¢ (p).

5.1. Generalised Kato classes

By construction, the Hida families

£=8,=04(5), g =g,..=0,1(5¢€0[S]lql
considered in Subsection 2.4 specialise at S = v -1 to g, and gz‘f,, the p-stabilisations of g and g*
with U-eigenvalue a and o', respectively. Thus, for every choice of test vectors (f, ga-8,1) the
O[ S]-adic class (£, £,&, 1) in (3.11) specialises to the generalised Kato class
Ka/,a‘l (f’ g’ g*) = K(f‘l’ ga/ngl)ls:V*] € Hl (Q& Vfgg*),

where Vyger :=Vy @ Vg ® Vo
Varying over the possible combinations of roots of the Hecke polynomial at p for g and g*, we thus
obtain the four generalised Kato classes

Ka,a! (f’ 8> g*)v Ka,p! (f’ 8> g*)’ KB, a! (f’ 8> g*)’ Kp.p-1 (f’ 8 g*) € Hl Q. Vfgg*)' 5.1
Note the G g-module decomposition (1.7) yields

H'(Q.Vyger) ~ H(Q.V,E) ® H (Q.V, E ® adV,, (g))
~H'(Q,V,E) e H'(Q,V,EX) e H'(K,V,E ® x),

where EX is the twist of E by the quadratic character corresponding to K.

Lemma 5.1. The projections to H'(Q, VpE) of each of the classes in (5.1) lands in Sel(Q, V, E).

Proof. Since we are assuming L(E, 1) = 0 and (a) above, the result follows from the vanishing of
Sel(Q, V,EX) and Sel(K, V,E ® x) by the same argument as in Lemma 3.5. O

5.2. Vanishing of k, g-1(f,8.8") and kg o1 (f,8.8")

This part follows easily from the work of Darmon—Rotger [19] and Bertolini—Seveso—Venerucci [1].
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Proposition 5.2. k, g-1(f,8,8") = kg o1 (f,8,87) =0.
Proof. Let

8o =0y.0(52) € O[S2]llq]l, g4 =0y 5-1(S3) € OS54l

be CM Hida families as in Subsection 2.4 but passing through the specialisation (g, gz-1) rather than
(g(l’ ga/‘l)- Let
K(f,8a8p)(S2,83) e HH(QVE, . ) (5.2)

fgag;,]

be the two-variable restriction of the three-variable cohomology class constructed in [19] and [1] (after
a choice of test vectors g ,, g;,, that we omit from the notation), and consider the further restriction

L * _ -1 _ 1 T
K = K(f’gag'g—l)(v(l-'-T) I’V(1+T) 1) EH (Q’Vfga(g;,l)l)’
where Vj‘ga(g;,l)’ =~ (V,E® Ind,%X) & (V,E® Indg‘P}"’). Thus, «* is the restriction of (5.2) to the

line of weights (£,2—¢) (cf. k(f, g&*) in (3.11), where the line (¢, £) is considered). Then, by definition,

Ko gl (f,g.8)=k(v—-1,v-1).

As in Theorem 3.6, by [19, Prop. 5.8], the restriction Loc,(«*) belongs to the natural image of

1 g+y T : 1 i
H (Q,, & Vfga(g;_l)‘) inH (Qp,Vfga(g;_l)L),where
GJ“VTf.g @ ) =VrE® X'+ FVER (P YT,
J [e3 B,

Thus, the projection k%, of k* to H'(Q, Vo,E ® Ind%‘l’}") o~ ﬁl(Km, V,E) is crystalline at p and
therefore defines a Selmer class for V,, E over the K,/ K. Since under our hypotheses the space of such
anticyclotomic universal norms is trivial by Cornut—Vatsal [15], we conclude that k5, = 0. As in the
proof of Theorem 3.6, it follows that «, g-1(f, g, ") = 0. The vanishing of kg ,-1(f,g,&") is shown in
the same manner. |

5.3. The leading term formula

Let J C A be the augmentation ideal and let
r=ord;(Of/k) :=sup{s > 0| Ok € J°}.

Since Ok is nonzero by [48], visa well-defined nonnegative integer. Moreover, since L(E/K,1) =0
under our hypotheses, r > 0 by the interpolation property. Let

Sel(K,V,E) =58t 287 2. o5 2. 255 (5.3)
be the filtration in Theorem 4.1, where we have put Sg) = Sg) (E/K) for ease of notation, and let
Ry sP xSY — (110 @z, Q,

be the associated derived p-adic height pairings. Since we assume that N~ is the squarefree product of an
odd number of primes, we have S ;,w) = 0 by part (b) of Theorem 4.1 and the work of Cornut—Vatsal [15].
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Theorem 5.3. Let v = ord; (O k). Then

Kaa 1 (fr8,87) €S, (5.4)

and for every for every x € S;,r) we have
(r) * 1 —p_la,, r+1
hy (Kg,a1(f,8:8),X) = ————-Opk - log,, . ,(x) - C(mod J™), 5.5
1—a3! e
p

where a, is the p-adic unit root of X2 - ap(E)X + p = 0 and C is a nonzero algebraic number with
C? e K(y, ap)”.

Proof. This is the combination of Corollary 3.7 and Theorem 4.5. O

5.4. Nonvanishing of k, ,-1(f,g.8")

Here we prove the implication (1.10) in Theorem A. Thus, suppose that dimg, Sel(Q, V,, E) = 2. Since
L(EX,1) # 0, we have Sel(Q, V,,EK) = 0 by [31] (or, alternatively, [29]) and therefore

Sel(K,V,E) = Sel(Q,V,E), (r*,r7) = (2,0), (5.6)

where r* denotes the dimension of the +-eigenspace of Sel(K, V), E) under the action of the complex
conjugation 7. Since 7 acts as —1 on J/J?, part (4) of Theorem 4.1 gives

R (7, yT) = (1) Y (x, ), (5.7)

and hence from (5.6) we see that for i odd, the null-space of h;,i) (.e., S;,Hl)) is either O or 2-dimensional,
with the latter case occurring as long as S;,') # 0. Since, on the other hand, hg) is a nondegenerate
alternating pairing on S;,’) / S;,Hl) for even values of 7, unless S;,’) = 0, it follows that (5.3) reduces to

SCI(Q, VPE) = S;l) = S;)z) = . = S;}r) 2 SI()"+1) - . = ng}) — 0 (58)
for some even r > 2. By Theorem 4.1, we deduce that there is a A-module pseudo-isomorphism
Selps (E/Ke)" ~ (AI)Z @ M,

where M’ is a torsion A-module with characteristic ideal prime-to-J. Therefore, letting £, € A be any
generator of the characteristic ideal of Sel,~(E/Kx)", we have

ord; (L)) =2r.

Finally, the divisibility (@? / k) 2 (Lp) arising from [45, §3.6.3] implies that » > v and hence

Sg) = Sel(Q,V,E) by (5.8). Since by our hypothesis that Sel(Q,V,E) # ker(Loc,) we can find
x € Sel(Q,V,E) with log,, . (x) # 0, the nonvanishing of k, ,-1(f,8,8") now follows from the
leading term formula (5.5).

Remark 5.4. The same argument as above with 8 in place of « establishes the nonvanishing of
kg p-1([f+ 8, 8") under the given hypotheses.
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5.5. Analogue of Kolyvagin’s theorem for «, ,-1(f,g,8")

Here we prove the implication (1.9) in Theorem A. As in Subsection 5.4, we see that Sel(K,V,E) =
Sel(Q, V,, E) and the nontrivial jumps in (5.3) can only occur at even values of i. Thus, (5.3) reduces to

Sel(Q, VPE) _ S;)l) .= SéZrl) > S;)erl) = S(er,) > S;}Zrﬁl) = ng:) -0 (5.9)
forsome 1 < r; <--- <7y, and by Theorem 4.1 we have
Selp=(E/Keo)' ~ (AT @ - @ (A/J)*% @ M,

where d; = dimq,, (Sl(gzr")/Sg,zr"H)) > 2 and M’ is as in Subsection 5.4. Letting £,, € A be a generator
of the characteristic ideal of Sel,~ (E/Kx)", we therefore have

ord;(Lp) =2(r1dy + -+ +r,d;), dimg,Sel(Q,V,E) =di+---+d;. (5.10)
Suppose now that k,, ,-1(f,g,g") # 0. By (5.4), it follows that Sg) # 0 and therefore
< 27, (5.11)

On the other hand, the divisibility (£,) 2 (@i / ) established in [5] (as refined in [38]) implies that
ridy + -+ +ryd; < 1;together with (5.11) this yields

2ry zridi+- o+ rdy 2 2(r + -+ 1),

from which we conclude that r = 1, d; = 2 and dime Sel(Q,V,E) = 2.

5.6. Proof of Theorem B

This will follow from essentially the same argument as in Subsection 5.4 but without the need to appeal
to [45].

Let the hypotheses be as in the statement of Theorem B and assume that ord7 (@7 /x) = 2. Then
Theorem 5.3 gives the inclusion

* 2
Ka,a“(f’g’g ) € S;)
As in Subsection 5.4, the assumption that L(EX, 1) # 0 implies that Sel(K, V,E) = Sel(Q, V,E). Since
by (5.7) the T-eigenspaces of Sel(K, V,, E) are isotropic under h(l), we see that
S = Sel(K,V,E) = Sel(Q, V, E).

Finally, since our assumption that £(Q) has positive rank implies that Sel(Q, V,E) # ker(Loc,) (see
Remark 1.5), the nonvanishing of «, ,-1(f, g, g") follows from the leading term formula of Theorem
5.3. The same argument yields the nonvanishing of kg g-1(f, 8,8")-

5.7. Application to the strong elliptic Stark conjecture

We keep the setting from the beginning of this section but assume in addition that #111(E/Q) [p*™] < oo.

Asexplainedin [17, §4.5.3], the p-adic regulators appearing in the elliptic Stark conjectures of [ 16] all
vanish in the setting we have placed ourselves in. As a remedy, in [17] they formulated a strengthening of
those conjectures in terms of certain enhanced regulators; in our setting, they are given (modulo Q%) by

Log,(PAQ)=P®log,(Q)-Q®log,(P)
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where (P, Q) is any basis of E(Q) ®z Q. The strong elliptic Stark conjecture then predicts that the
generalised Kato classes k, o-1(f,8,8") and kg g-1(f, g, g") both agree with Log,(P A Q) up to a
nonzero algebraic constant.

In the direction of this conjecture, our methods show that k, o-1(f, g, &") and kg g-1(f,g,&") span
the same p-adic line as Log , (P A Q) inside the 2-dimensional Sel(Q, V,E).

To state the application, we identify J*/J*™*! with Z p in the usual manner by choosing a topological

5:} x € Zp\{0} denote the image of @ /x (mod J ™1 under this identification.

Theorem 5.5. Let the setting be as in the beginning of Section 5 and let vt = ordj(®y k). Then, as
elements of Sel(Q, V,E) = E(Q) ®z Q,, we have

generator of I'y, and let ©

_ (r)
l-pla,  Opik

l-a;'  aY(P,0)

K(I,(l_l(fag’g*):c' Logp(P/\Q)’
where C is nonzero and such that C* € K (y, a@p)*. The same result holds of kg g1 (f,g,8").

Proof. Immediate from the leading term formula of Subsection 5.3 applied to x = P and Q. O
Remark 5.6. The term hg) (P, Q) recovers the derived p-adic regulator Ry, introduced in [3]. Thus,
Theorem 5.5 links the conjectural algebraicity of the ratio between «,, o-1(f.8,8") and Log, (P A Q),

as predicted in [17, §4.5.3], to a refinement of the p-adic Birch and Swinnerton-Dyer conjecture in [4,
Conjecture 4.3] formulated in terms of R, .

6. Appendix. Nonvanishing of «, ,-1(f, g, g"): Numerical examples

In this appendix, we exhibit the first examples of elliptic curves E over Q of rank 2 with nonvanishing
generalised Kato classes by numerically verifying the conditions in Theorem B.

Setting

In the examples tabulated below, we take elliptic curves E/Q with
ords— L(E, s) =2 =rankz E(Q)

of conductor N € {q,2g}, with g an odd prime and pairs (p, —d) consisting of a prime p > 3 and a
squarefree integer —d < 0 such that

o K = Q(V—d) has class number 1, ¢ is inert in K and L(EX, 1) # 0,

o psplits in K and E[p] is irreducible as a Gg-module.

Note that such pairs (p, —d) can be easily produced. Indeed, [39, Thm. 1.1] implies that E[p] must
ramify at N~ = ¢, and the irreducibility of E[p] can be verified either by [33] when p > 11 or by
checking (from, e.g., Cremona’s tables) that E does not admit any rational m-isogenies for m > 3.

For every such triple (E, p, —d), there is a ring class character y of K of {-power conductor for some
prime £ 4 Np such that L(E/K, x, 1) # 0. (In fact, there are infinitely many such y, as follows from
[48, Thm. 1.3] and its extension in [13, Thm. D].) Writing y = /4" and letting g = 6, and g* = 0,1,
we then have the class

Ke.a1(f.8.8") € Sel(Q,V,E)

as in Subsection 5.2 (see Lemma 5.1). By Theorem B, to verify the nonvanishing of «,, ,-1(f,g,g"). it
suffices to check that

ordy (® k) = 2. 6.1)
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Verifying order of vanishing 2

Let B be the definite quaternion algebra over Q of discriminant g, let R ¢ B be an Eichler order of level
N/q and let CI(R) be the class group of R. Let

¢r :CI(R) > Z

be the Hecke eigenfunction associated to f by Jacquet-Langlands, normalised so that ¢ ; # O(mod p).
Fix an isomorphism i, : R® Z, =~ M>(Z,) and an optimal embedding Og < R such that K is sent to
a subspace consisting of diagonal matrices, and for a € Z}; and n > 0 put

u(a) = i,;‘(((l) "”{")) e B,

where B = B ® Z is the adelic completion of B. R
Consider the sequence {P&},»0 of right R-ideals given by P& := (r,(a)R) N B and define the nth
theta element © r /x , € Z,[T] by

1 P i ,- .
SO0 D (o (P =gy (PED) (14T

n
¥p " 520 acpp

®f/K,n =

where @, is the p-adic unit root of x* — ap(E)x+pandu=1+p.
By the definition of @k (see, e.g., [4, §2.7]), we have
Of/k =Of/k.n(mod (1+T)P" ~1).
Since (p", (1 +T)P" —1) c (p",TP), in the examples listed in the following Tables | and 2 we could

verify (6.1) by computing ® ¢ x , mod (p",T?) for n = 2 and 3, respectively. The computations were
done using the Brandt module package in SAGE.

Table 1. Examples with ordr (© k) = 2 determined mod (p2,TP).

E 14 -d Oy mod (pz,Tp)

389al 11 =2 107246973 +T* + 10375 +106T° + 66T 7 + 1178 +557° + 1107 '°
433al 11 =7 88T?+22T3 +86T* +7T° + 10T° + 1277 + 2978 + 88T + 48T 10

446¢c1 7 -3 22T% 42773 +3T*+16T° + 11T°

563al 5 -1 18T%+973 +5T*

643al 5 -1 T?+21T*

709al 11 =2 27T2%+114T3 +3T* + 1475 + 36T ° + 15T7 + 4278 + 44T° + 91T 10
718b1 5 -19 37242073+ 12T*

794al 7 -3 4TT?+23T3 +8T* +24T° +7T°

997b1 11 =2 71T2+41T3 +83T* + 1975 + 114T% + 111T7 + 10178 + 46T° + 1027 1©
997c1 11 =2 S4T2+38T3 +36T*+81T° +82T° + 1877 + 72T 8 + 95T + 4110
1034al 5 —19 22T%+4713 +6T*

1171al 5 -1 6T2+6T3+20T*

1483al 13 —1 12872+ 14873 + 127T* + 16273 + 30T ° + 14977 + 14178 + 97T° + 49T "0 + 1371 + 29712
1531al 5 -1 16T?+773 +21T*

1613al 17 =2 12872 + 16573 +224T* +287T> + 140T° + 21177 + 14778 + 160T° + 597 10 + 1227 "' + 1957 1% +
43T 13 4207714 +214T 15 + 2851 1¢

1627a1 13 —1  101T2+ 15173 + 58T * + 10475 + 370 + 16577 + 12878 + 63T° + 17710 + 55T 1 + 1667 12
1907al 13 —1  72T2 + 13173 +327% + 14277 + 84T ® + 10477 + 9078 + 1057 ° + 38T 10 + 92711 + 116T 12
1913al 7 -3 41T?+ 1673 +28T* + 23T + 14T°

2027al 13 -1  54T2 + 12873 +65T* + 93T + 83T + 16177 + 11378 + 1337° + 49710 4+ 1517 ' + 1372
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Table 2. Examples with ordr (® ¢ k) = 2 determined mod (p*,TP).

E p -d ©pmod (p3,TP)

571bl 5 -1 10072 +10073 + 1574
1621al 11 -2 108972 + 807T* + 98675 + 5867 % + 109877 + 77278 +228T° + 1296T '©
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