ON THE DISTRIBUTION OF THE TIME TO FIRST
EMPTINESS OF A STORE WITH STOCHASTIC INPUT

A. M. HASOFER
(received 15 April 1964)

1. Introduction

Kendall [4] has given for the distribution of the time to first emptiness
in a store with an input process which is homogeneous and has non-negative
independent increments and an output of one unit per unit time the formula

1 g, z) = ; k(t, t—2z).

In this formula, z is the initial content of the store, g{f, z} is the density
function of the time to first emptiness 7(z), defined by

P{r(z) =t} =Gt 2) = j;g(u, z)du,
and k(¢, ) is the density function of the input process £(¢), defined by
P{E¢) <2} =K(t,2) = jo k(t, y)dy.

Lloyd [5] has given the corresponding formula for the case of a discrete
input in the form

2
qn(z) = Z——E?"(z—l..n)’ n=2012---

where
4ale) = P{z(z) = 20},
palz) = P{E(t) = n}.
However, as pointed out by Lloyd, Kendall did not establish formula (1)

as giving the density function of z(z). Kendall only showed that (1) satisfied
the integral equation

'_
@) gt.z) = [ glt—z y)k(z y)dy.
In fact, it can be easily shown that the integral equation (2) has the general
solution
506
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t—z

(3) glt,z) = jo k(t, t—z—x)dP(x)

where P(z) is an arbitrary function of bounded variation. The particular
solution (1) is obtained by taking P(z) = U(z) —K,4(0, 2), where K{t, x) =
P{(t) < ), Kyo(0, 2) = 0K (¢, z)/0t),9, and

1 for z =0,
Ul) = {0 otherwise.

The last result can be obtained as follows: we must solve the equations

[ ke, t—2—a)aPa) = 2 kit 1),

We know that the Laplace transform of k{¢, ) can be written in the
form

J:o e k(t, x)dx = e~

because of the additivity of the process £(2).
Writing t—z = u, P(z) = U(z)—Q(z), we find that

f:— k(t, u—2z)dQ(z) = ; k(t, u).

Take Laplace transforms. This yields
e [ o= dQ(z) = of (s)ee,

i.e. the Laplace-Stieltjes transform of Q(x) is «’(s).
But

a'(s) = J:o e~ hyolt, )dz |, = J‘:’ e dK (0, x),
so that we can take Q(x) to be K,4(0, ). Our final answer is therefore
P(x) = U(x)—K4(0, z).

In this paper we shall prove the following under very mild general restric-
tions:

(a) If the input process has a density function &(¢, ), then 7(z) has a
density function g{(¢, z), and

z
gl 2) = ; kit t—z) if t=z

0 otherwise,
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(b) If &(t) is a Compound Poisson process, then the distribution
function, G(t, z), of t{(z), is given by

z fz .
0 Gl = 7 K{t, t—z)—J; " [ Kyo(th, u—2)—K(u, u—2)1duif ¢t = z

0 otherwisc,

In particular, formula (4) will hold for discrete inputs, and we shall show that
it reduces to Lloyd’s formula in that case.

2. Definition and measurability of the time of first emptiness

We shall consider a store with an infinite capacity, having an input £(¢)
in the time interval (0, ¢], and a “planned output function” #(¢) during
the same period. By this we mean that if the store did not become empty
at any time during the period (0, ¢], the realised output would be n{f).
Ve shall assume that £(¢) and 5(¢) are arbitrary non-decreasing functions
which are continuous to the right and bounded in any finite interval, and
such that £(0) = #(0) = 0.

We shall set »(f) = &(¢) —»(¢). Then »(¢) will be the “net planned input”
to the store. We shall now further assume that »(f) has no downwards
discontinuities, i.e. that »(t) —»({—) = 0. Let v*(f) = —inf,<,<, v(#). Then
»*(¢) is a non-decreasing function of ¢ with no discontinuities. Let z be the
initial content of the store. Kingman [3] has shown that the content, {(¢),
of the store at time ¢ can be defined by the following formula

£(t) = »(t)+max [z; v*(2)].

Let now 7(z} be the time elapsing until the store becomes empty for the
first time, i.e. the smallest value of ¢ for which {(¢) = 0. We shall first show
that 7(z) is the smallest value of ¢ for which »*(¢) = 2. In fact if 4 is
this smallest value, we have v*(f)) = —w»(¢;) and therefore {(t) = 0. More-
over, as »*(f} is non-decreasing, we have, for all ¢ < ¢,, »*(f) < z. This
implies —p(¢) =< v*(f) < z, and consequently £{¢}) = »(t)+2z > 0.

Suppose now that the net planned input is a stochastic process
»(t, w). As v is a function of bounded variation in ¢, »(¢, @) is separable. We
now show that z(z) is a random variable, i.e. a measurable function of w.

The event {w;7(z) < ¢} is given by

{w;(z) =8} = {w; v*(1) 2 2}

= {w; inf »(u) < —2z}
0sust

= U {o;ru) < —z}.
osust
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It follows that the event {w; 7(z) < ¢} is measurable, and therefore z(z) is a
(possibly defective) random variable. We now make the furiher assumption
that »(#) is a homogeneous stochastic process with independent increments,
i.e. we shall assume that dy = »(¢48t) —»(¢) is a random variable which is
independent of »(t) and whose distribution depends on é¢ only. In this case
it is well known that we can write the Laplace-Stieltjes transform of the
distribution function of »(¢} as

E[G—”“)] — 8"¢(8”.

THEOREM 1. Under the above assumptions, the Laplace-Stieltjes transform
I'(p, 2) = Elexp{—pr(z)}]is given by I'(p, z) = exp{—0z}, where 0 satisfies
the equation

p=—$(0).

ProOF. Because of the assumptions on the nature of the process »(¢),

we obviously have

(3) T(y+2) = 7(y) +7(2)

where 7(y) and t(2) are independent. It follows that the Laplace-Stieltjes
transform of the distribution of =(z), I'(p, z), where

I'(p, 2) = Efer®)],

is of the form exp{—0z}, where 0 is some function of . We also have the
relation

(6) z[n(2)] = z+7(é(2)]

for if the initial content of the store is 7(z), after a period of time of length 2
the initial content has been exhausted, and the new content is the input
in the period [0, z], namely £(z). We now extend the definition of ¢(z) to

negative values of the argument by setting v(—z) = —v(z). Equation (5)
then formally generalises to negative values of ¥ and z. Thus we can rewrite
{6) as t[£(z)—n(2)] = —z or t[v(z)] = —z.

From this we deduce
¢?* = E[exp{—pr[v(2)]}] = E{E[exp{—prr(z)1}I»(z)]}
= E[exp{—0»(2)}]

= exp{—¢(0)z},
so that finally p = —¢(0).

3. The Lagrange expansion of I'(p, z) in the case of an output of one
unit per unit time

Let us now consider the special case where the input £(¢) is a homoge-
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neous process with independent increments and the planned output is
given by #(f) = t.
We shall write

E[e-af(t)] = g~
We shall assume that «(s) can be expressed in the form

as) = [ (e—1)dM (@),

where M (x) is a non-decreasing function such that M (c0) = 0. We shall
further assume that lim,_,,2M (z) = 0. That exp{—«(s)t} then corresponds to
some process £(¢) with independent increments follows from the general
theory of infinitely divisible distributions. See, for instance, Gnedenko and
Kolmogorov [2].

Integrating by parts, we find

a(s) =s J': e~ M (x)dx = sP(s), say.
We shall also assume that «’(0) is finite, and consequently, as

«'(0) =lima(s)|s = lim | e *M(x)dzr,
-0 8-04J0
the last limit will exist.
Finally, we note that in this case, the function which we had previously
denoted by ¢(s) is now equal to a(s)—s, so that equation (7) becomes

(8) p = 0—a(f).
We now introduce the following

THEOREM 2. There exist two real positive numbers p,, o, such that
equation (8) has exactly one root @ satisfying Re(0) > g, for all real values
of p satisfying p > p,. Moreover, if f(z) is a function analytic in Re(z) > o,
f(0) is given by

9 L | dn—l ,
10) = 1)+ 'Zl 2l Ep"—-l [f () (p)}")-

Proor. Let s = 0+4w. Thenlim, . f(6+7w) = 0. Moreover, |f{o+iw)|
< B(o,) for all ¢ = o, and all w. It follows that we can choose g, such that
I8(s)] = p << } for all s such that Re(s) > o,. We then have, in the same
region, |x(s)| = uls|. We now show that, if $ is real and |s—p| > pp/(1—p),

we have [s—p| > |a(s)| for all s such that Re (s} > ¢,. In fact, we then have

)] = plsl = pls—p+p| < uls—pl+pp < ls—pl.

https://doi.org/10.1017/51446788700025337 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700025337

(6]  On the distribution of the time to first emptiness of a store with stochastic input 511

Finally we note that if p satisfies the inequality p > (1—pu)gy/(1—2u),
all points such that [s—p| < up/(1—u) will have an abscissa larger than g,
so that every point in Re(s) > o, can be surrounded by a contour C in the
same region containing the circle |s—p]| = up/(1—u). On this contour, we
shall have |s—#| > |«(s)|, and by applying Rouché’s theorem, we conclude
that the equation s—$ = «(s) has only one root in Re(s) > o,. Moreover,
any function f(z) which is analytic in a region containing the contour C
can be expanded by using Lagrange’s theorem, yielding the expansion given
in the theorem.

COROLLARY.

9) Ip,2) =e¢=e?—z § 1 4

n=1 ;!_ dP"'l

n—1

[e*{=(#)}"]-

Proor. The only point requiring checking is whether the root ¢ in the
expression for I'(p, z) is the same as the one discussed in the theorem. This,
however follows from the formula lim,_ I'(p, z) = P{z(z) = 0} = 0 for
z > 0, which implies lim, ., Re(f) = +-o0.

4. The inversion of I'(p, z) when the input has a density function

THEOREM 3. Let the distribution of £(t) have a density function k(t, x).
Moreover, let the Laplace-Stieltjes transform of &(t) be of the form exp[—u(s)t]
where afs) = s [§e™* M (x)dx and o (0) is finite. Then () has a density
function g(t, x), which is given by

gt z) = —::—k(t, t—z) for almost all ¢,
provided that
J e L pt, t—y)at
v ¢
is of bounded variation in y in some neighbourhood of y = z.
Proor. We have
f:o e~=k(t, 2)dx = e, Re(s) =0,

where Refa(s)] = 0. We deduce that

(% —pt—sx — 1
(10) fo fo e @)l = s, Relp) > 0.

Let us for the moment restrict s and p to real positive values, and change
variables in (10) by replacing = by {—z. We find that
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f f e-trrartbes (2, {—z)dzdt.
:1>+°‘
Write now p for p+s. We obtain

m = f: et ij e k(t, t—z)dz} dat.

Differentiate both sides with respect to s. We have
11— ’ o0 3
(11) ___.“_(S)_é =J e~Pt {f e 2R(2, t—z)dz} dt,
(p—s+als)] 0 —o0

where the double integral still converges absolutely.
Integrate both sides of (11) with respect to p from p to infinity. We

obtain

1—a'(s) f"" { f‘ z }
12 —— == ept e — k(t, t—2z)dz } dt.
( ) ?—S+a($) 0 —o0 ¢ ( )
Let us put

2
—k(, t— f <1,
g*(t,z)z{t (t, t—z) or z <

0 otherwise.
Then we can write (12) as

+00
(13) - f ""f e g*(t, z)dzdt.
—s+a oo

As the double integral converges absolutely, we can use Fubini’s theorem
to interchange the integrals, thus obtaining

_ ﬁ% - f: o { f etg*(t, D)t | dz.

As the integral converges for all positive values of $, and all values of s
such that Re (s) > 0, the last equation holds for all s such that Re(s) > 0.
Now

lim i c+:R [l_a'(s)]e—sz

R~ 271 ¢—tR P—S‘}"“(S)
if oy < ¢ < up/(1—p), where o, and u are as defined in the theorem of
section 3, p > (1—pu)o,/(1—2u), and 6 is the unique root of p—s+a(s) = 0
in Re (s) > ;. This follows immediately from the fact that in Re (s) > o,
[1—a'(s}] < 14+a'(0) and is therefore bounded, and |[p—s+oa(s)} > |s|—p
—uls| > %is|—p, so that the integral along the semi-circle of radius R with

= ¢~ 0%, 2> 0,
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centre at s = ¢ which lies to the right of the line Re(s) = ¢ tends to zero
when R — oo. It now follows from a theorem of Widder [7], p. 241, on the
bilateral Laplace transform, that

j Pt gX(t, 2)dt = e, 2> 0,
0

for all sufficiently large real positive .
Finally, it follows from the uniqueness theorem for Laplace transform
(see Widder [6], p. 63), that

g*(t,z) = g(¢, 2z) for almost all 2
This completes the proof of the theorem.

5. The inversion of I'(p, z) in the case of a compound Poisson input

The Lagrange expansion technique used in this section is similar to
that which is used in the derivation of the Borel-Tanner distribution in
queueing theory, which is a special case.

Let the points of increase of &(¢) follow a Poisson law with parameter 4,
and let the distribution function of the jumps be B(z). Then

Kt z) = ze"“ W)"

nal

B,@), t=z0,

where B, (x) is the n-th convolution of B(z) with itself. Expanding e-*
in powers of ¢ and multiplying out the two series, we find that K (¢, z) admits
the expansion

(14) Kt z) =U(x) |:1+th(0, x) + —;—Kzo((), )+ .- :I

where K (0, z) represents the n-th derivative of K(¢, ) with respect to the
first argument, ¢, for ¢ = 0, and U (z) is the Heaviside unit function, defined
previously. The K, (0, z) are given by

Kal0.) = (-7 3 (=1* (}) Bulo).
It follows that
K@ 2) <2 3 () = @

k=0
so that
N gn N (2a)»
(15) Y S Kuo2)| <3 ( ') e, t20.
nmQ 7 n=0 N!

Thus the partial sums of the expansion (14) are uniformly dominated by
e,
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THEOREM 4. If £(t) is a Compound Poisson Process, the distribution
function, G(¢, z), of t(2) is given by the formula
z tg i i .
Glt,z) = { K(t,t—2)— f, " (uK o, u—2)—K(u, u—2z)]du if ¢t =z,
0 otherwise,

Proor. Taking the Laplace-Stieltjes transform of (14) term by term,
and equating the coefficients of the powers of ¢, we find that

p [y e K0 9)U ) = (—1)"[=(@)]" n=0.1,2,

From this, we deduce, using the usual rules for change of variable in Laplace
transforms,

)] = (—1)"p [ TR al0, 1=V (=2

and, denoting the Laplace-Stieltjes transform of f{¢), (which can be written
in the two equivalent forms [°e~?df(t), pfe~¢f(t)dt,) by ZL[f(t)], we can

write
1 1>
por} dpn_l [e"”{oc(zb)}"] =—— *"‘t"‘lK,,o(O, t—2)U (t—z)dt
0
n—1
+ —;'—f e—pttu—2K”o(O, t_Z)U(t—Z)dt,
¢ (]
(16) = — % e P 1K (0, t—2)U (t—2z)dt
Vo
+ 3;1 g—mdtf “n—sz(O' “—Z)U(u—l)‘u,
n! ) )

n—1
iy [t—”—' K0, t—2)U (t—2)

i

+ 2wk 0, u—z)U(u—z)du] .
nt Jo

We now use the inequalities

N i 1

> o K,0,t—2)| = - eMU(t—z),
¥ u—1pt 1
> —— | #"2K (0, u—2z)du | < — MU (t—2),
n=0 n! ° t

which follow easily from (15). It follows that the sums involved in the inequal-
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ities are uniformly dominated by (1/¢)e?**U(¢—=z), and this function in
turn has a convergent Laplace-Stieltjes transform for all p > 21, z > 0.

Using now Lebesgue’s dominated convergence theorem, (see Loéve [6],
P- 125) we can sum equation (16) from # = 1 to # = 40, and we obtain

o0 n—

—2 ng n' dﬁn—l

L e = 2] 2 e - -1u-2)
—J. —-Kmu uw—2z)U {(u-—2z)du

—}—f — {K (@, u—2)—1}U (u— zdu]

Replacing in (9), and using

e = p f: e U (t—z)dt,
t
J; ;U(u—z)du = (1— -j-) U(t—z),
we finally find

gz =2 B’-K(t, t—2)U (—z)— f: 2 Kool w—2)U (=2
—{—J: ;;K(u,ufz)U(u#z)du].

But as the Lagrange expansion (9) holds for all $ such that Re (p) > 0,
it follows from the uniqueness property of the Laplace-Stieltjes transform
(see Widder [7), p. 63) that if G(¢, 2) is the distribution function of 7(2),
we have

G(t2) = = Kt t~2)U (t—2)— ft 2 Kuoltt, u—2)U (u—2)du

0

¢
+ J- % K(u, w—z)U(—2)du
o W
This can be rewritten more simply

(17) G, 2) {;K(t, t—z)—f: 52 [uK,g(u, v—2)—K(u, u—z)}du if t =z

0 otherwise.

COROLLARY. I}, for fized z, K(t, x) has continuons derivatives itn both t and x
at the point (t,t—2z), and if we write
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0 K(t, z) = k(t, =)
ax ’ - t 2
then at the point (¢, 2), G(t, z) has a continuous partial derivative in ¢, given by
d
Gl 1) = g(t,2) = % R(t, i—2).
Proor. Differentiating both sides of (17), we obtain
2 z z 2
g(t, Z) = 52 G(t, Z) = e —t—z- K(t, t-—-Z)+ 7 Klo(t' t—2)+ 7 k(t, t-—Z)
— 2 Kyolt. t—2)+ = K(t,1—2),

- % k(t, t—2).

This is Kendall's formula.

6. The case of a discrete input

Let us now assume that the input £(¢) takes only integral values. It is
then clear that emptiness can occur only at times z+n, wheren =0,1 2, -,
We shall write

P{E(f) = n} = $.(0),
P{‘L’(Z) = z+"} = ¢a(2),

and we shall assume that the p,,(¢) have continuous derivatives. We then have

(=]
K(t, z) = 2 pe(t),

k=0
[t-2]
Gt 2) = X qi(2).
k=0
Equation (17) now takes the form

z ¢ [u=s) (u=s]

éo 0(z) = —— 3 pplz+n)— f+ z [u PEAGEDY pk(u)]du.

z24-1 5=o u?

Write #—1 for » and subtract. We find

qn(z) = i pn(z+”)+ ﬂil 4 [P,,(Z—i—n) _ ?k(Z—}—'n—-l) ]

z4+n P 2+n 24+n—1
4n g [w—2] , [u—z)

—[7 Z[WE A= 3 ) |an
sn—1 ¥ k=0 k=0
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It is easily checked that the last two terms of the right-hand side of this
equation cancel out, and we are left with

0(2) = s, Paletn),

which is precisely Lloyd’s formula.
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