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SPHERICAL SUBMANIFOLDS WITH
SPECIAL QUADRIC REPRESENTATIONS

JITAN LU

In this paper, we study submanifolds in the unit hypersphere satisfying AT =
BZ + C, where T is the quadric representation of the submanifold, and B and C
are two constant matrices. We prove that the totally geodesic submanifolds are the
only submanifolds in the unit hypersphere whose quadric representations satisfy
AT =Bz +C.

1. INTRODUCTION

Let £ : M™ — E™ be an isometric immersion of an n-dimensional Riemannian
manifold into the m-dimensional Euclidean space, and SM(m) be the space of the
real symmetric matrices of order m. We define on SM(m) the metric g(P,Q) =
(tr(PQ))/2, for arbitrary P,Q in SM(m). Then this space becomes the standard
m(m + 1)/2-dimensional Euclidean

transpose of z. Let Z = zzt. Then we obtain a smooth map T : M™ — SM(m).
Since the coordinates of Z depend on the coordinates of z in a quadric manner, we
call T the quadric representation of M™ [3]. It is well known that for the hypersphere
centred at the origin embedded in the Euclidean space in the standard way, the quadric
representation is just the second standard immersion of the sphere. Then a question
arises naturally: To what extent does the quadric representation of a submanifold in E™
determine the submanifold? This question has been answered partly by many authors
(1, 3, 4, 5, 6]. In [3], I. Dimitric gave some results relative to the condition of z being
of finite type. In [5], the author proved that the only hypersurfaces with constant mean
curvature which satisfy AT = BT+ C are the hyperplane or the hypersphere centred at
the origin. In this paper, we shall study submanifolds in the hypersphere of E™ which
satisfy the condition AZ = BT + C. We prove that the totally geodesic submanifolds
are the only submanifolds in the unit hypersphere whose quadric representations satisfy
AT =BT +C.
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2. PRELIMINARIES

Let us fix the notation first. Let z: M™ — S™~1(1) C E™ be an isometric immer-
sion of an n-dimensional Riemannian manifold into the unit hypersphere S™~1(1) of
the m-dimensional Euclidean space E™. Then the position vector z is a unit normal

vector. We denote by H the mean curvature vector of M™ in S™~!(1). Let ey, - ,en,
€n+l, " €m—1,% be local orthonormal vector fields along M™, such that e, - ,e,
are tangent to M", en41, - ,€m, are normal to M™, and e,; is parallel to H. Then

H = aeny1, where « is the mean curvature of M™ in S™~1(1). Let (,) and V be
the Euclidean metric and the connection of E™, and denote by V, h,D, A,, |A/]|
respectively, the connection of M™, the second fundamental form of M™ in S™~1(1),
the normal connection of M™ in S™~1(1), the Weingarten endomorphism relative to
the normal direction e,, and the lengthof A,, r=n+1,--- ,m—-1.

In this setting, the indices i, j, k always range from 1 to n, r,s,t from n+ 1 to
m—1 and B,y from n+2 to m— 1.

We define a map * from E™ x E™ into SM(m) by VW = VW?! + WV?, for
column vectors V and W in E™. Then VW = W « V. Let V denote the Euclidean
connection of SM(m), then we have

(2.1) ev(Wl * Wz) = (Vle) * Wy + Wy * (—V—vW2),

(22) g(Vl % Vg, W1 * Wg) = (Vv],W1>(V'2, W2> + (V'l, Wz)(‘/z, Wl),
and

(2.3) AV *W) = (AV)« W+ Vx (AW) =2 (Ve,V) » (Ve W),

where V, W, Wy, Wy, V; and V; are all vectors in E™, and A is the Laplacian operator
of M™ [3].

In this paper, we always denote by X, Y and Z tangent vectors of M™, and by
V and W column vectors in E™.

3. MINIMAL SUBMANIFOLDS IN THE SPHERE

In this section, we consider the special case of a minimal submanifold.
Let z: M™ — S™~1(1) C E™ be a minimal submanifold of S™~!(1). We denote
the mean curvature vector of M™ in E™ by H. Then

H=H-z=-z
But using (2.3) and (2.1), by a direct computation, we have
(3.1) AE=—nﬁ*x—Ze;*e;=nz*z—ze,-*e,-.
i i

Now we compute A%Z.
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LEMMA 3.1. Let £ : M™® —» S™ (1) C E™ be a minimal submanifold of
S™=1(1). Then

(32) A =2n(n+Dzxz—2n—-1) e*e

-2 Z (Arei) * (Are;) + 2 E (trA,Aj)e, x es.

i,r r,s

PROOF: Let = be an arbitrary point in M™; we may assume that V.e; = 0 at

z. Then
De; = — Zvej (vejei)
J
=— Zvej (h(esi,e;) — (ei,e5)x)
J
=D An(ere;)&i ~ 2 Deshleie;) — e
7 J
Since
ZAh(eivej)ej - ZAfei,
]' r
and
ZDejh(ei,ej) = ZDeih(ej)ej) =0,
j J
we have

Z (Dex)xei =Y (Are;) * (Are;) - Ze,- xe;.

i,r

On the other hand,

Z (veje,-) * (Veje‘-) = Z h(es,e;) * h(ei,ej) + nz * z.

i,J i

Combining the last two relations with (2.3), we obtain

S Aeire) =23 (Arei) * (Are) ~2 Y es ves
i §,r 3
-2 Z h(ei, e;) * h(ei, e5) — 2nzx * z.

)

Then from (3.1) and the last relation, we obtain (3.2). 1]
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THEOREM 3.2. Let z : M® — S™ (1) ¢ E™ be a minimal submanifold of
S™~1(1). If its quadric representation satisfies AZ = BT + C, M™ must be a totally
geodesic submanifold of the unit hypersphere.

PROOF: Let z: M™ — S™~1(1) C E™ be a minimal submanifold of S™~1(1). If
the quadric representation of M™ satisfies the condition AZ = BZ + C, from (3.1) we
have

’Ze.-*e,-—m:*1:+B§:'+C=0.
3

Differentiating the above relation along X, an arbitrary tangent vector of M™, we have

(3.3) (BX)z' + (Bz)X' - 2(n+1)X xz+2) (A, X) xe, =0.

Finding the e, * z and e, * Y components of (3.2) respectively, we have

(3.4) (BX,e,) =0,
and
(3.5) (Bz,e,) = 0.

From (3.1) we know that

(3.6) B(AF) = 2n(Ba)zt — 2 (Bes)(e:)".

Now using (3.4) and (3.5), we find the e; xe; components of (3.6) and (3.2) respec-

tively. These are
(B(AZ),ep % e;) =0,

and

(A% ep v e,) = 4| A%

Since AT = BZ + C, we know that A2Z = T = B(AZ). Combining this relation
with the above equations, we obtain |At|2 =0,fort=n+1,..., m—1. This means
that M™ is a totally geodesic submanifold of the unit hypersphere. 0

4. SUBMANIFOLDS IN THE UNIT HYPERSPHERE

In this section, we shall prove the following main result:

THEOREM 4.1. Let z: M™ — S™ (1) C E™ be a submanifold of S™(1).
If its quadric representation satisfies AT = BT + C, M™ must be a totally geodesic
submanifold of the unit hypersphere.

The proof is lengthy; we divide it into a few lemmas.
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LEMMA 4.2. Let z: M™ — S™"1(1) C E™ be a submanifold of S™~'(1). If
its quadric representation satisfies AT = BT + C, there exists a function A(x) such
that (BX,Y) = A(z)(X,Y) forany X,Y € T;(M™), the tangent space at an arbitrary
point = of M™.

ProoF: First, using (2.1) and (2.3), we compute the Laplace of Z, that is

41 AT =nT*T - nae 41 *T — e; * €.
+
i

Since AT = Bx + C, we have

noey, 41 *x—nz*z+Ze;*eg+B5+C=0.

1

Differentiating this relation along any tangent vector X of M™, we obtain

(42) 0=BX)z'+2(n+ )X xz+ (Br)X +2) (A X)xe, + nX(a)ens1 * T
r
+ naeps1 ¥ X —na(Ap1X) *z + na(Dxenyr) * 2.

Finding the en,41 * Y component of (4.2), we have

(4.3) (Bz,en+1){X,Y) + 2ne(X,Y) + 4(A, 11 X, Y) = 0.
Then

(4.4) (Ant1X,Y) = (X, Y),

and

(4.5) (Bz,en41) + 2(n+ 2)a =0.

But finding the Y x 2 component of (4.2), we obtain
(4.6) (BX,Y) + (Bz,z){X,Y) — 2na(A,11 X,Y) +4(n+ 1)(X,Y) = 0.
Combining (4.4) and (4.6), we have
(BX,Y) = A@)(X,Y),

where A(z) = 2na? — (Bz,z) — 4(n + 1). 0

https://doi.org/10.1017/5S0004972700031671 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700031671

300 J. Lu [6]

LEMMA 4.3. Let z: M™ — S™"!(1) C E™ be a full submanifold of S™~(1).
Then there does not exist a vector Vo € E™, which is normal to the tangent space
T.(M") of M™, for any x € M".

We note that M™ is a full submanifold of S™~1(1) means that (any piece of ) M™

can not be contained in a lower dimensional linear subspace of E™.

PROOF: Suppose there exists a vector Vp € E™, which is normal to the tangent
space Ty(M™) of M", for any z € M™. Then for any X € T,(M™), and any z € M™,
we have X (Vo,z) = 0. This means (Vp,z) is a constant. Let zo be arbitrary point in
M?™. Then (Vy,z — zo) = 0. This means that M™ is contained in the linear subspace

A ={W € E™;(W, X,) = 0}.

This is a contradiction to the fact that M™ is full in S™~1(1). 0

LEMMA 4.4. Let z: M™ — S™"Y(1) C E™ be a full submanifold of S™1(1).
Then there exist finite points 1, ... ,x, such that Tp,(M™) N Ty, , (M™) # {0}, for

k k
i=1,...,k—1 and E™ = span(U Tz,.(M")>, where span(U th.(M")> is the
i=1 i=1

k
linear space obtained by spanning linearly from all the vectors in |J Ty, (M™).
i=1

PROOF: Let z; be any point in M™. It is impossible that T(M™) = T, (M™)
always holds for any other point z € M?. For if it did, M™ must be a n-dimensional
Euclidean space. On the other hand, if T, (M?) N T, (M?) = {0} always holds for
any other point z (# z,) € M?, we can choose any vector Xo € T}, (M?). Then
Xo is normal to T,(M?), for any other point z. It is obvious that M"™ — {z;}
is also a full submanifold in $™~!(1). From Lemma 4.3 we obtain a contradic-
tion. Thus there exists zz € M?, such that T, (M?) N T,,(M?) # {0} and
Ty, (M™) # T, (M™). It is obvious that the dimension of span (T}, (M™)) is less

than the dimension of span( sz T, (M ")) . Now the first ¢ points z,,...,z;, which
satisfy that T (M™) N Tzi“t(:J\l/.f") # {0}, for i = 1,...,¢t — 1, and the dimension
of span (jLiJl T (M ”)) is less than th(ta dimension of span (;@11 Ty ( M")) , have been
defined. If the dimension of span (L_J T, (M ")) = m, the proof is complete. If
not, we can always choose a point y]_e M™, such that T,(M™) is not contained in
span('Ltj T, (M")). Since T;(M™) changes continuously when z changes, we can
choose]: 1point Ty41 € M™, such that Ty, (M™)NTy, , (M™) # {0}, and the dimension of

t t+1
span( U Tz; (M ")) is less than the dimension of span( U T (M ")) . By induction,
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we can choose finite points z1,...,zk, such that ( U Ty, (M")) NTy,,,(M™) # {0},
=1

k
fori=1,...,k and E”‘:span(U Tz‘.(M")). 0
i=1

LEMMA 4.5. Letz: M™ — S™1(1) C E™ be a full submanifold of S™~*(1). If
there exists.a function A(z), such that (BX,Y) = A(z)(X,Y) for any X,Y € T,(M")
and any x € M™, the function A(z) must be a constant.

PrOOF: From Lemma 4.3, we can choose finite points xj,...,zy, such that

i k
U T (M™) N Ty, (M™) # {0}, for i=1,... ,k—1 and E™ = span(U TI‘.(M")).
Jj=1 1

i=

Since Tz, (M™) N T,,(M"™) # {0}, we can choose an non-zero vector X € T, (M™)n
T.,(M™). It is obvious that A(z;1){X, X) = Mz2)(X,X). Then A(z,) = Mzz). Sim-
ilarly, we obtain A(z1) = ... = A(zx). Let z be an arbitrary point of M™. Since

k k

E™ = span(U Tzi(M")) , we know that T,(M™) ﬁ( U Tzi(M")) # {0}. Then we
i=1 i=1

can obtain A(z) = A(z1) =...= A(zg). That is to say, A(z) is a constant. 0

LEMMA 4.6. Let z: M™ - S™~1(1) C E™ be a full submanifold of S™~!(1).
If its quadric representation satisfies AT = BT + C, M™ must be minimal.

PROOF: From Lemma 4.2, 4.3 and 4.4 we know that A(z) = 2na? — (Bz,z) -
4(n+1) is a constant.
Moreover, finding the e; * e;, component of (4.2), we have

(4.7 (Bz,e;)(X,ex) + (Bz,er)(X,e;) = 0.
In (4.7), letting j = k and summing on &, we obtain
(4.8) (Bz, X) = 0.
On the other hand, we find the = * £ component of (4.2), that is
(4.9) (BX,z) = 0.
Combining (4.9) with (4.8), we know that
X(Bz,z) = 0.

This means that (Bz,z) is a constant. But we know that A(z) = 2na? — (Bz,z) -
4(n + 1) is also a constant. Thus « is a constant.
Then finding the z * e,41 component of (4.2), we have

(410) <BX, Cn+1) =0.
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But from (4.5), we also know that (Bz,ent1) is a constant. Differentiating this
relation and using (4.8) and (4.10), we obtain

(4.11) (Bz,Dxen41) =0.

Now we find the e, * Y component of (4.2), that is
(4.12) (Bz,e. (X, Y)+ (h(X,Y),er) = 0.
Combining (4.11) with (4.12), we obtain
(4.13) (h(X,Y),Dzeny1) = 0.

If there exists a tangent vector field Zg, such that Dz e,y # 0, we can choose
en+2 parallel to Dzyeny1. Then (h(X,Y),en42) =0 and Any2 = 0. This means that
M™ is contained in a totally geodesic submanifold of $™~1(1). This is a contradiction.

Thus for any z € M™and Z € T(M"), Dzen,y1 = 0. Then finding the e, +
component of (4.2}, we know that

(4.14) (BX,e,) =0,

where r=n+1,... ,m—1.
Combining (4.14), (4.9) with (BX,Y) = A(X,Y), we know that BX = AX, for
any X € T;(M") and any z € M"™. By Lemma 4.4, we can find Xy,...,X,, €

(U Tz(M™), which are linearly independent. Thus BX; = AX;, i = 1,...m, and
TEM™
then BV = AV, for any V € E™. Applying this relation in (4.5), we obtain o = 0.

This means that M™ is minimal.

Conclusion. Let z : M™ — S™~1(1) ¢ E™ be a submanifold of $™~1(1) whose
quadric representation satisfies AZ = BZ + C. If it is full in §™~!(1), from Theorem
3.1 and Lemma 4.5, we know that n =m — 1 and M™ is a piece of S™~1(1). If it is
not full in S™~1(1), there must exist a positive integer k < m, such that M™ is full in
Sk-1(1). Then we know that n = k — 1 and M™ is a piece of S™(1). That is to say
M™ is a totally geodesic submanifold of S™~1(1). 1|
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