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A Fritz John type sufficient optimality
theorem in complex space

T.R. Gulati

A Fritz John type sufficient optimality theorem is proved for
nonlinear programming problems in finite dimensional complex
space over polyhedral cones, which may include equality as well

as inequality constraints.

1. Introduction
Consider the pair of problems:

PROBLEM Pl: ‘Minimize Ref(z, z)
subject to g(z, z) €5 ;

PROBLEM P2: Minimize Ref(z, z)
subject to g{z, 3) €S, h(z,z) =0,

where f:C2n->C, g:Czn-*Cm, 71:6‘2n->CZ are analytic functions
and S 1is a polyhedral cone in Cm .

Abrams and Ben-lsrael [2] obtained Kuhn-Tucker type necessary
optimality conditions for Problem Pl and Abrams [1] proved that these
conditions are sufficient under certain convexity assumptions on f and
g . In (5] and [6] Craven and Mond cobtained Fritz John type necessary

optimality conditions for Problems Pl and P2 respectively. Here, under
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certain convexity assumptions, we prove that conditions in [6] are

sufficient for a point =2, to be global optimal of Problem P2.

(0]

2. Preliminaries

Let (" (Rn) denote n-dimensional complex (resl) vector space, Rf
. n Jn
the non-negative orthant of R and the set of m X n complex

X —
matrices. For 4 € (7 , 4, AT , and AH respectively denote conjugate,

transpose, and conjugate transpose of A . We define
¢, =1{z: 3 €C, Re(z) z 0}

and the manifolds

L= {(zl, 32) e 2t . z, = Zfl}

M= {(wl,wz) e 2, w, =z]51} .

H . .
For a non-empty set S , S* = {y e . zes= Re (y .'L') z O} denotes the
polar of § and by S we denote the set {T : = €S} .
Let g : 6’2n + ™ be an analytic function and S and T be closed
convex cones in (" and A" respectively; N be a manifold in CZn .
DEFINITION 1. The function g is said to be strictly convex at =z

0
with respect to S on N if for any =2 # By s

g(za 5) - g(zo’ Eo) - ng(zo9 Eo) (z_zo) - ng(zo’ Eo] (E-Eo) € intS .

DEFINITION 2. The function g is said to have pseudo-convex real

part at 2 with respect to T on N if for eny =z ,

0
Re[ng(zo, 50) (z—zo)+DEg(zo, z,) [E-EO)] € T = Re[g(z, E)-—g(zo, EO)] €T .

For other notations, definitions, and preliminary results we refer to
Ben-Israel [3] and Craven and Mond [5].
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3. Sufficient optimality theorem
We shall make use of the following result of Ben-lsrael [4].
LEMMA. Let A €™, zed", yec ,and scC bea

polyhedral cone with non-empty interior. Then exactly one of the following

two systems has a solution:

(1) -Ay € intS ,

(ii) Az =0, 0#zx €5t .
THEOREM. Let f, g, h , and S be as in Problem P2 and T be a
polyhedral cone in 6‘Z . If
(i) f has pseudo-convex real part with respect to R_ on U,
(i1) g 1is strictly concave with respect to S on N,
(iit) h is strictly convex with respect to T on N,

then a sufficient condition for 3z, to be an optimal point of Problem P2

0

€R,_, u, €S5*,and v

o € T* , not all zero,

18 the existence of an r

0 0

such that
(1) ».V f(z., 2,) + r V-f(z zi+vHDh[z E)+vTD-hiz z) =
0z 0> 70 0z 0”70 0z 0* "0 0z 0’ "0
H - T
uong(zO, zo) + uoDEgizo, ZO’

and
(2) Re (x4, g(z,> z5)) =0 .
Proof. Equation (2) can be written as
H - T—(—""—]' =
uog(zo, zo) + Usg 2q> Byl = 0.
Let there exist a non-zero vector (ro, Uy» vo) R € R,
Uy € S* , vy € T* ,satisfying (1) and (2). Therefore there exists a

solution to the system
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- AHr -
[V, (25 25)+VFTz,5 %] 0 K

Dzh(zo, 50) 0 vy
0,9 (245 7)) 9z B | |

D9z, zo) 92> 2| |%

p L =d

0# (r, Vs Vys Uy, u2) € R x [(T*xT*)nL] x [(S*x5*)r¥] .

By the lemma, there exists no p € c* » q@ € C , such that

'vzf(zo, 50)+V§?T§gj'§;T o |

Dzh (zo, Eo) 0
p
- D-z-hlzo, ZO’ 0 [q]
_ng(zoa zo) g(zoi E0)

~Dzg(ags %] ZONEN

€ -int{C+XC1[(TX§1-)+L*] x C1[(5x5)+M*]}

= intC, X int[(TXT)+L*] x int[ (ST )+M*] .

tl+u
Since any vector in int[(PxT)+L*] is of the form _| » vhere
Z_-n
2
t1s b, € intT and M € C'Z , there exists no solution (p, q) to the
system
rRe[sz(zo, Eo)p+V§fizo, Eoip] <o,
'Dzh(zo’ Eo)p =t +u,
(3) 1 Dhlay, B Jp =%, - 1,
ng(zoa Eo)p - g(zor EO)q = 31 + A s
\ D-g(z,, £,)p - 9(z), 3,)q = 8, - %,
for any t), ¢, € intT ; &, s, € intS ; wect ena A ec".

Consequently there exists no solution to the system
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Re[f(z, 2)-f(z,, Z,)] <0,

(4) glz, 2) €5,
h(z, z) =
For if it did have a solution zl , then by pseudo-convexity of the real
part of f ,
Re[f(zl, z)-f(zy, 25)] <0
implies
(s) Re[V f[zo, z )( )+V-f(z s B ](z -2 )] <0 .

By strict convexity of & ,
h(zl, 51) - h(zo, EO) - Dzh(zo, EO) (zl-zo) - Dk ( , B )( -zo) € intT ,
which with h[zo, Eo) =0 = h(zl, El) gives

-D h(zy, ) (2,-2,) - D:h(z,, zy) (2,-2,) = ¢t € intT .

Now this gives

3 =t
(6) -D h( 2y zo) (zl—zo =zt
and
(7) Dh(z, 2 ) (E,-5) = £ -
2 0*> "0 10 2
l
for some W € C .

Similarly, by strict concavity of g we obtain

- 1 -
(8) ng(zo’ 50) (zl'zo) A g(zo’ zo) = % + A

- 1 - .
(9) D39 (20 2o) (31-3g) *+ 5 9(zps ) =5 - X,

for some & € intS and A € " .

Thus (5) to (9) give a contradiction to the fact that the system (3)
has no solution. Hence the system (U4) has no solution, which implies that

3, is an optimal point ‘of Problem P2.
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REMARK. If the problem is in the form

Minimize Ref(z, z)

subject to g(z, 2) € § , Reh(z, z) =0 ,

then a theorem similar to the above can be proved, requiring the real part
of h to be strictly convex with respect to 7 on N , T Dbeing a
polyhedral cone in RZ and taking 7% , the polar of T in real vector

space.
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