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It may safely said that one of the most important problems in modern

algebraic geometry is to elevate theory of abelian functions to the same level

as theory of elliptic functions beyond the modern formulation of classical

results. Being concerned in such a problem, we feel that one of the serious

points is the lack of knowladge on the explicit expressions of abelian varieties

and their law of compositions by means of their canonical systems of coordi-

nates: Such expressions correspond to the cubic relation T'2 = 4T3 — g2T — £3

of Weierstrass' T-functions and their addition formulae in theory of elliptic

functions.

In Part (I) we have introduced theta functions and abelian functions over

fields of characteristic p with valuations of rank one,υ and have shown that

for each positive symmetric bimultiplicative function q valued in a valuation

field of rank one there exists an abelian variety Aq such that Aq is embedded

in a projective space by means of theta functions of some type with period

(E, q\

In the present part (II) first we shall give the explicit addition formulae

of the following abelian functions of characteristic p(>3)

# , 0Hq\u)/ΰpl09

as an immediate consequence from the fact that {#/>[0/, Ql(q\u)} form a base

of theta functions of type (p, 1) with period (E, q) the explicit addition

formulae are comparatively simple, and they may be considered as the formulae

Received January 10, 1962.
α> We shall freely use the notations and resul t s in P a r t (I) , [2].
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232 HISASI MORIKAWA

given by the reduction mod p of the explicit addition formulae of abelian

functions of characteristic zero with a general module in some sense. As

corollaries of the explicit addition formulae we have a system of equations

satisfied by {^(l)^"1, ΦQO{U)}', these equations are considered as a part of

equations defining the locus of (#/>[Q;, Ql(q\u), . . . , ϋpίQpr, Ol(q\u)) over the

field of coefficients, where r is the dimension of AQ. We, however, are not

able to decide now whether the system generates all the relations of

{Φ^(IΫ'\ ΦQj{u)} or not.

In the next section we shall give the explicit expressions of invariant

differentials and invariant derivations of the abelian variety Aq of characteristic.

p(>0) by mean of abelian functions {ΦQXU)} these expressions are quite

simple as we shall see in Theorem 3, 4 and 5.

In §3, following Bolza,2' we shall introduce T-functions by means of the

canonical base {Dh . . . , Dr) of invariant derivations in §2 as follows:

is<p; s>2) .

We shall first show the following simple formula on a derivation D of a field

of characteristic p:

Putting y = ϋΐ.QtO]ι(q\u) and D-D\, (l<i<r), in the above formula, we

shall see that

DHΰlO, OlHq\u) \p DUϋtO. Ol)(q\u)

- 7 ) ~ : m $ ΰ ~

and {Di($Z0, Ol)(q\u)/ΰίθ, Ql(q\ u)\l < i<r) form a system of canonical

Kummer-generators of separable unramified (p> . . . , ̂ -covering of the abelian

variety Aq with period (E, q). From this expression of

follows

2> See [1], p. 327.
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Tp-Hi.-.p-iCiiq] u) = T/>-ieί.../>-ιCi, (1 < i < r ' , v = 1, 2, . . . ).

p-t-v v f 1

This shows that there exist only finite number of T-functions of characteristic

i>(>0).

It seems to the author that the addition formulae in § 1 will be a starting

point of the study of moduli of abelian varieties of characteristic /K>3) and

the study of details of T-functions of characteristic p(>0) in §3 will also

make rich the theory of abstract abelian varieties.

§ 1. The explicit addition formulae of abelian

functions of characteristic P > 3

1.1. In the present section we assume that the characteristic p of the

universal domain is not less than three. We shall now repeat some notations

in (I):

Tig: a vector space of dimension r over the field Q of rational numbers

W: the module of all the vectors in ΉQ with integral coordinates

Ω: an algebraically closed field complete with respect to a valuation v of

rank one (valued in the additive group of real numbers). We assume that a

mapping (£, tn/n)-*ξmln of ΩxxQ onto J2X is given as follows: i) If m is an

integer, ξm is the ordinary m-th power, ii) (f™/«)™'/«'= £*™'/^ m ) ^mm

= ξm/n

v

mln

t iv) 1^ = 1, v) if (Λ, p) = 1, l1/n is a primitive w-th root of unity.

q: a function on yjlQx%RQ valued in Ωx such that i) q(m, n) = #(n, ni), ii)

^(m + in', π)=<7(m) n)q(n\f, n), iii) #(#(m, m))>0 for every m=^0 in yθlQ;

q(n), (πe?D?Q): the function on WlQ defined by q(n)(m) =q(n, m)2;

u: a variable function on ΊRQ such that »(iTH-n) = «(m)«(n), i.e., for a

base ίπii, . . . , mr) of 5J?ρ w(nii),. . . , u(mr) are analytically independent

variables

Kq: the field of abelian functions with period (E, q) and with coefficients

in Ω.

1.2. We choose a complete system {flj = (0), fls, . . . , Qpr) of representatives

of p'^H/W and denote by 9^2 the element in {Si, . . . , Qpr} such that 2$2

-9, e9R. Since ^^F2, there always exists such a vector fl/^2.

We put

(1) #[9
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Then ?K$i> Ol(q\u) il<i<pr) are converging series on u. It is obvious that

ΰlgi, O~J{q\u) does not depend of the choice of the representative Q; of p^Ώl/Ώt,

and #[fl, , Ol(q\u)p is nothing but the theta series #/>[&> Ol{q\u) = Σ <?(m + β;,

fli))iί(ί(m + β, )) introduced in §2 (I). By virtue of Theorem 1 in §2 (I)

i, Ol(q\u)\l<i<pr} form a base of theta functions of type (p, 1). Since

1 is the only one p-th root of unity we may put

(2) #0J,

We denote briefly

(3) 0 f c ( » * <?

We shall show some properties of #[Q, ,

LEMMA 1.

(4) tfCft , o](αlw"1) = ^C

(5) ΰίti, Ol(q\Q(n)u)=q(τι, n)""1

(neffi; \<i<pr).

Proof. From (1) it follows

;, m + β, ) ι#( - m - α, )

= Σ
$0i

= Σ (f( ~

and for any π in SDΐ

)w)= Σ

^1 Σ

LEMMA 2.

(6) ??[9/,

Proof. From (1) it follows

tneg
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LEMMA 3.

0, 0liq\l)*0.

Proof. Since v(q(m, tn))>0 for m^O and #[0, 0](tf|l) = Σ tf(m, m), we

have z/(#[0, 0l(q\D) = i (l) =0, and thus ΰίQ, 0l(q\l) *0.

LEMMA 4. The (py p)-matrix (#[8, + β/, 0l(q\l)) of which (ί, j)-elernent is

i + fly, 0](#|1) *s non-singular.

Proof. Since ι;(g(m-*-β|, m-f-G*)>0 for every m + fl/^0, it follows that

if and only if fl/ + fl/e=3K. Hence det (t?O,-f9y, 0l(q\D)

= ±??C0, 0l(q\l)p + c with an element c such that z;(^)>0. This shows that

f>(det(τ?[α, + fl, , 0](^ID) =0, and thus det (tfB/ + 0y, 0](i&|l))*0.

LEMMA 5. F(«, » ) = C 0 , 0](^|l)2??Cfli, 0](^lw)^[0, 0] (ζ? I w" 1 ) #[9, / 2, 0]

(ί l-n)*" 2 ^^ 2 , Oj^lt;)^2 is a theta function of type (A 1) as a function of

both u and v.

Proof. Since β, + (/> - 2)9^2 = ̂ g//2 + (0/ - 2 9^2 e 33?, the function F(«, ») in

Lemma 5 is expressed as follows:

Σ cm,nw(m)ί;(n). On the other hand, if for any n in 2R we put q(n)u

instead of u in F(w, v), by virture of Lemma 1 we have

F(q{n)u, v) = q{n, nrιu{tιrιυ{nyιΰl0, 0](^|l)2z?[8/, Ol(q\uv)

Since #[0, 0](# |w" 1 ) =?>[0, Oliqlvu"1), we have F(w, v)=F(v, u), and thus

F(w, f̂(n)z ) =F(q{n)v, u) = ̂ (n, n)""/)v(n)"/>F(w, v). This completes the proof

of Lemma 5.

1.3. We shall first show the addition formulae of #[&, Q}(q\u).

THEOREM 1. If p>3, we have the following formulae:

(7) 0[O, OJ(<zll)2#[α/, 0l(q\up)ϋί0, Oliqluv'1)-

= Σ ^-g^m-s^CQy, 0l(q\u)p7K^ 0l(q\v)p, ( l <

where {c^^} are the unique solutions of the following linear equations in
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(8) fcΣ

= #[o, 0](<zli)2#[gy-ι-9/, o](<z|i)#|j/-g/, 0](<ziΌ

Moreover {cg^gj satisfy

. We put briefly

«, v) = ^ [

rf2 /2 (1 < i< pr).

It is sufficient to prove Theorem 1 for independent varible u and v. Since

{#&;, 0 ] ( t f | w ) | l < ί < ί r } and {#[gf , 0](^U) |1 <i<pr) form bases of theta

functions of type (pf 1) of w and #, respectively, by virtue of Lemma 5, we

have

Putting ^(9A) « and q{§k)v instead of u and v, by virtue of Lemma 2 we have

and

Σl CtetiWΆj, Ol(q\q(Qh)u)pmι, Ol(q\qiSk)v)p

Σ CQ^foiKQj + Qh, Ol(q\u)piKQι-\-Qky 02(q\v)p.

Hence
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#0), 0l(q\l)2ΰί<ί,, + βk, U](q\uv)KΆh -ik, Oliqluv'1)

2/2

Putting Qh = Qk = 0ι , we have

F9ίU> f)= Σ ^ f β l*[βy + βί/2

a ^Σ^^^.βϊ-gi^Cβ/ 0](έ7l»)*i>Cfl/, Ol(g\v)p.

Putting u = ̂  = 1, we have

This is nothing but the system of equations (8). Since by virtue of Lemma 4

the {pr, pr)-matrix (̂ Cβy + fly, 0](^ID) is non-singular, the (p2r, p2r)-matrix of

which ((ί, », (λ,Ά))-element is ?>[9i + 9̂ , 0](^|l) ??C8y + ̂ , 0](ρ|l) is also non-

singular, because the (p2r, p2r) -matrix is the tensor product

This shows that {cgifg,} are the unique solutions ef (8). Since Fgt(w, v)

= Fgt(z;, «), we get the formula (9).

As Corollaries of Theorem 1 we shall show some theta relations.

Putting v-1 in (7), we get

COROLLARY 1.

#[0, l'

= Σ *fo.8

Putting e; = w"1 in (7), we have
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COROLLARY 2.

(12) ΰίO. 01 (qIl)2<?[β, , 0](g\ l ) K O , 0](q\ «2)

= ξ i cto-β?.βi-

Making the product (12) for β, and (12) for 8j, we have

COROLLARY 3.

(13) Ufa, 0](<?|l)t?[β, / 2

( 0 ] ( β l «

Σ t eaj-fl?. βι-β? *D»y, o : (<71 u)p #Z - βί( 0 ] (<? I «)*,

1.4. Let us now translate (7) (13) in the relations of the abelian

functions

THEOREM 2. If p>3, we have the following addition formulae :

(14) ^ ' ^

(

(15) Φqλu'1) = Φ-fl,(«),

where the coefficient {cg^g,} ere ίAβ unique solution of the system of linear

equations:

(16) Σ A I /

Proo/. Since #[0, 0 ] ( g | l ) ^ 0 and ϋlQ, 0](^ |w)^0, we may divive (7) for

Qi by (7) for fli. Making the >̂-th powers of both sides of the quotient of (7)

for β, by (7) for 8i, we have (14). Dividing (8) by #[0, 0](<?|l)2/>, we get (16).

(15) is a consequence from (4).

The formulae (14) and (16) are a system of explicit expression of the

normal law of composition on the locus of (#/>[8i, 0D(<?|u), . . . , ϋp{$pr, 0](</l u))
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over Ω.

Putting v-u"1 in (14), we get

COROLLARY 1.

(17)

Putting v = l in (31), we have

COROLLARY 2.

(is)

(17) is the system of relations of {%•(#), <%(!)} which is the explicit

expression of the axiom : x+ ( — x) = 0, and (18) is the system of relations of

{%•(#), ΦQJ(1)} which is the explicite expression of the axiom: x-f-0 = 0.

We shall now seek relations of {%(«), <%(!)} other than (17) and (18).

COROLLARY 3.

P/oo/. Putting « = g(Qj) in (7), we have

/ Pr

= ( Σ ^ - . 9 Λ ~ 9 ^ 9 ^
Λ , Λ = 1

On the other hand, by virtue of (22) in Lemma 2, we have

= ΦQi+Qj(u)!ΦQj(u). Hence it follows

) 0 9 H « ) * - 2 0 g ^
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This proves Corollary 3.

§ 2. Invariant derivations and invariant differentials

2.1. We shall denote by Ci, . . . , cr the unit vectors and denote by
r

the ί-th coordinate madulo p of m in WQ, i.e. m = Σtf/(πi)e, mod p.Z) Let us

denote by D\ the iMinear mapping of the field Ω(u) = Ω({u(m)\m e3Jl}) into

itself such that

(20) Di(u(m)) = *ι(m) u(m), (m e 3R),

(21) DKί)=0, (feί).

LEMMA 1. D'lt . . . , D'r are derivations of Ω(u)/Ω.

Proof. From the definition of Di, it follows for any m, ne5Dί

Di(u(m)u(ή)) = A'(«(m + n)) = jc, (m + n)«(m + n) = Ui(m) + Xi(n))u(m)u(n)

+ u(m)Di(u(n)).

This proves Lemma 1.

The derivations Dl, . . . , D'r are naturally extended to the derivations of

the field Ω(u)(&[βu 0}(q\u), . . . , ^ [ ^ , 0](^|w)) such that D| (^Dly, 0D)(^U)

= Xi(jtij)&ptίij9 0l(q\u), {l<i<r; l<j<pr). We denote by the same notation

the extended derivation.

LEMMA 2. («(β/)"Vw(^))(D; ) = Λ, , (1 < i, i < r ) .

Proof. From the definition of the differential dw(e, ) follows

Let us operate D\ on the theta's

LEMMA 3. Dίί^Cfl

Proof. Since ^[βy, 0](^!w)= Σ^(i>(m + 9y), m + fy)u(pm + pfy) and

m) =0 for m in W, it follows

Qj, 0l(q\u) =

3> We consider ^ ( π t ) (ι = l, 2 , . . . , r) as elements of the Galois Feld GF(p).
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LEMMA 4. £>ί(%(«)) = Xi(&j) Φ^Ku), (l<i<r\l<j<pr).

Proof. From Lemma 3 follows

Qj, 0Hq\u)#pZ0, 0l(q\u)

We shall now express u(ti)~ιdu(u) by means of ΦQj.

LEMMA 5.

(22)

(23) ^-ic<(w)

Proof. By virtue of Lemma 2 and 4 it follows

Since (A', , £>r) is the J2(w)-base of all the derivations of Ω(u)/Ω, we have

COROLLARY.

2.2. By virtue the first part of the proof of Theorem 3 in §3(1) the field

Kq of abelian functions is separably algebraic over Ω(Φp-^tχy • . . , Φ/>-ier), and

thus any derivation of Ω(Φp-icιt . . . , Φp-ιcr) is uniquely extended to a deriva-

tion of KQ.

By virtue of Lemma 4 Dl, . • , D'r map ΩiΦp-π,, . . . , Φp-nr) into itself,

and thus the restrictions Λ*, . . . , D? of Dί, . . . , Dί on Ω(Φ)p-icιt . . . ,

Φ/,-uv) are derivations of J2(0/>-iCl, . . . , Φp-iQr). We denote by Di, . . . , Dr

the extensions of A*, . . . , D? to KQi respectively. Since Di(Φp-iCi)

= δijφjr-icj(u), (l<i<r), {Du . . . , Dr) is a i^-base of derivations of KQ/Ω.

For any multiplicative function 7 on 93V* we denote by T x the mapping

4) We mean by a multiplicative function * on yj(g a function on MQ valued in the
multiplicatnie group Ω«=Q-{0} of Q such that X(nι+n) =X(m)X(n), (m, n
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of Kq defined by

Γx is extended to KQ(u) such that T%u(m) =

If a derivation D of KqjΩ satisfies

(25) Γχ-i o D o Tx = £> (for every 30,

we call D an invariant derivation of KqlΩ. If a differential ω = ^Σifάu)dgi{u)
1 = 1

of iίy/β satisfies

(250 ΣΛ(*)*,-(») = ΈfiiuΓ^dgiiuX'1) (for every 7),
i-l 1=1

we call ω an invariant differential (of degree one).

THEOREM 3. {A, . . . , Dr) is a base of invariant derivations of Kq/Ω such

that

(26) DiiΦp-ieJ = δijΦp-iep (1 < h j< r).

Proof. The last assertion is nothing but Lemma 4. We shall show that

Di is invariant. For any X it follows

= Xi(m) u(m) = Di

Hence we have (Tχ-i °D; ° W ( / ) = A(/) for every f^KQt and thus D, is an
r

invariant derivation of ϋΓ̂ /j?. Conversely assume D= *Σln(u)Di is an invariant
t = l

derivation of ϋΓ̂ /i?. Then it follows

Since {Dίy . . . , Dr) is a ϋΓ̂ -base of all the derivations of KQ/Ω, we have

hiiuX) =hi(u) (l<i<>r) for any X. This shows that {hi(u)} are constants

{a} in i2, and thus we conclude that {A, . . . , I>r} is a base of invariant

derivations of KQIΩ.

Let us now translate Theorem 3 in the language of invariant differentials.

THEOREM 4. {Φp-i^dΦp-iϊ^ . . . , Φp-^rdΦp^tτ) is a base of invariant differ-
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entials of Kq/Ω.

As a consequence of Theorem 3 we can characterize invariant derivations

as follows:

THEOREM 5. A derivation D of KQ/Ω is an invariant derivation if and only

if DiΦp-iQi) =^ciΦp-icu ( l < * < r ) , with constants {a} in Ω.

Proof, Assume D(0p-iej) =CiΦp-Hi with c, ε f t (l<i<r). Then

\D— 'ΣciDi)(Φp-^j) = 0, {l<j<r). Since KQ/Ω(Φp-iex, . . . , Φp-i*r) is sepa-
X . t = l '

r

rably algebraic, we have D= ΣcZ)/. Conversely if D is an invariant deriva-
1 1
1 = 1

r

tion of KqlΩ. Then by virtue of Theorm 3 we have D = Σ c / Λ with a in Ω,
1 = 1

and thus D{Φp-iet) = rr, , (1 < i < r).

§ 3. T-f unctions of characteristic P > 0 and p-Kummer generators

3.1. Let {Di, . . . , Dr) be the canonical base of invariant derivation of

KjΩ in §2 such that DiiΦp-ie^qlu)) - <5,yΦ/>-ic,(#l u)f ( l < ί , j<r), where we

indicate q in Φp-iZi(q\u) explicitely instead of Φp-icf(u) in §2. We shall denote

by DQt the invariant derivation defined by

(27) D& = Σ x / W D / , (1 < 1 < pr).

Let Du . . . , Dr be the derivations in §2 such that D/(«(m)) = ̂ (uOwCm) for

nieSJϊ, and D'5ι be the derivation ΣΛr,(ίfl/)D! . We shall denote by cf the

positive symmetric bimultiplicative function on 2JΪ« denned by ^^(m, n)

= g(pm, n), (m, ne3JίQ). We shall denote by Dgί^O), 0l){g\u) the ^-deriva-

tive of #[0, 0](g|«). Following Bolza," we shall define ?-functions as follows:

We shall first show that Tg^g^tfiw) is an abelian function in Kq.

LEMMA 1. DBί(??[0, 01)(q\u)D'Sl{ΰl0, 0])(«|«)

O. 0l)(q\u
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are theta functions of type (2, 1).

Proof. We denote briefly by i<pQitQj(u)} the quantities in Lemma 1. Since

Φ$i,Qj is bilinear in fl; and fi; , it is sufficient to prove that φp-^hp-^jt (1 < i, j<r),

are theta functions of type (2,1). Since Di(u(w)) =* Xi(m)u{m), (meϋJΪ), for

every n e 9ft we have

« ) = Σ *,-(m) 0(111, m) q(n, m)2u(m)
mega

^ M Σ
Σ

and

D'tDj{&l0, Ol)(q\q{n)u) = Σ χ (m)^y(m)^(m, m)^(n, m)2f#(m)

Σ
-Λft(n) Σ

-Λ> (Π) Σ *;(m

+ Λp, (n)Λy(n) Σ

= <7(n, ^"^(^"MD/ΰy^CO, Ol){q\u)-Xi(xi)D}(&lO9 0Ί){q\u)

-XjMDiWIO, Ol)(q\u)+Xi(n)xj(n)#lO, 0](^|ι#».

This shows that for every n e %R

φp-icitp-icj(q\q(n)u) = q(n, n)~2u(n)~2φp-ιci,p-icj(q\u), (1</, j<r).

Hence we have proved Lemma 1.

Dividing Φ§i,§j(q\u) by #[0> 0](<y|w)2, we have

PROPOSITION 1. T&,gA<7l#), (l<i> j<βr), are abelian functions in Kη such

that #[0, 0](q\u)2 Tg<f9;(ζf|w) are theta functions of type (2,1).

We denote by Ύoyi...%ίSq\u) the higher derivatives D& DQ^STQ^,^),

( l < t i , . . . , is<pr). Since D^ί/) = £>&(/) for every / i n ΩiΦp-i?^ . . . , 0/,-ier),

Tg/j. .g^ίί I w) is independent of the order of the indecis ιΊ, . . . , is.

COROLLARY. Tgίl...g.ίβ(<zl W), (1</V, . . . , is<pr' I 5 > 2 ) , <̂ r̂  abelian functions

in Kη such that ?>Cθ, 0]((?|w)s f^v.^1a{q\u) are theta functions of type (s, 1).

Proof. Since ΊPg/^g^ is an abelian function in Kq such that ψQ/8^ί8(<u)

= #Z0, OliqluYΎQi^qt^qlu) is a theta function of type (2,1), we see that
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^βίi....,0<a i s a n abelian function in Kq and #[0, Ol(q\u)HTQh...Qis(q\u) =

OD(α 1 w) s(Dβ/1 J0fl<a Dg/β_2)(#C0, O](0|w)-*#0 ί β_ l f l,βU)) is expressed as a series

Σ <?m»(m). Hence #[0, (y\(q\u)sΎQil...Qϊλq\u) is a theta function of type
megβ
(5, 1). This complete the proof of Corollary.

3.2. We shall now prove the following simple formula on a derivation of

a field of characteristic p, and shall apply it to the invariant derivations of KQ

and the theta function τ?[0, GKq\u).

LEMMA 2. If D is a derivation of a field of characteristic p, we have

(29) O'

for every non-zero y.

Proof. It is sufficient to prove for y such that y, D(y), . . . ,,DP(y) are

independent over the prime field. Since yp(Dp~Hy~1 D(y)) is a polynomial in

. y, D(y)y . . . , Dp(y), we may put

p

where the summation Σ runs over {iu . . ., ί/»|0<iχ< ' - <ip, Σ * / = ί }

Since D^ is also a derivation, operating D on DP~ι{y~ιD(y)) and y~1Dp(y)9

we have

and

This shows that

Let us introduce the lexical order in the set {{iu . . . , ip) 10 <i k < " <ip<p\
P

Σ*/ -P)> Let DJl(y) DJp(y) be the first term in the lexical order such that

Ch * ' yP^0. Then DyH^) * - DJt"1(y)DJp+1(y) is the first term to appear in

£>(. JΣ^. Ci^DHy) - - ZWv)). Since D( Σ ch..AvDHy) - />(v)) =0,
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the multiplicity of DJp(y) in Dh{y) Dh{y) must be divided hyp. On the

othe hand Σ.7/=i>, hence Dh{y) * Djp{y) = D(y)p. Since D(y)p is the first

term in Σ Ci^.i^iy) DίpO0, other terms β1"1^) jDf>(^) satisfy

l < / i < <ip. From Σ * / = ί it follows Σ Cilm..ipD
iι(y) " Efv(y)

= cDp(y) with a constant c. By the simple culculation we see c = ( —l)^"Hί

- 1)!. Since (./> - 1 ) ! s . - 1 mod py we have c = - 1. This shows

\ ^ Dp(y)yp'1 ~

y

LEMMA 3. Ij D? = D, ẑ

<»> -T-i ψ-hy y , y

This is an immediate consequence from Lemma 2.

3.3. Let us now apply the formula (29) to #[0, 0](q\u) and Dg,, (1< /</") .

LEMMA 4. Z>g, = J9&, JDg? = D^, (1 < l<pr).

Proof. Since Di(Φp-ιtjiqlu)) = 5#fl^-ie/ζ?I w), we have Df(Φp-iCj(q\u))

= 5,yΦ/>-ieJ(̂ |w) == AX^-iejίίlw)), ( l < ι , j<pr). This shows that the deriva-

tions Df — Di vanish on ΩiΦp-ic^ . . . , Φ/>-ier), and thus they vanish on ifg,

Hence i)f = D/, (1 < i < r). Therefore Df, = (Σ*ί(#h)f t) = Σ**(/«/)* 1^

= S^(i9/)A = Dgz. Since D, can be considered the extension of Di to the

derivation of KQ(u) such that D'i(u(n\)) =χ, (m)«(m) for me?ϊR, by the same

reason as A* we have D\p =• Du (l<i<r), and thus Z>ĝ  = Dgz.

Let us now culculate Dgf(τ?ll0, 0])(<?l«).

LEMMA 5.

(31) D

(32) D j ^ - 'ίtfCO, 03) (q I ii) = £>^(t?[0, 03) ( β I«),

; v = 0, 1, 2 , . . . ) .

Proof. (32) is an immediate consequence from (31). Since A
r

;=#, (m)μ(m) for m e S ! and D'gι= Σ^/(ί9/)I>ί. it follows
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'ύiΰlO, 0Mq\u)

Σ Σ

LEMMA 6. {D v (#[0, 0]) (<? I u) 11 < i < r 0<v<p~l} form a base of theta

functions of type (p, 1) with period qp.

Proof. By virtue of Lemma 5 we see

, 0l)(q\u) = JlxiilfikWpΐSh, 0l(qp\u).
Λ l

Since the (pr, pr)-matrix (x^p^hY) of which ((i, v), /j)-element is xάpuY is

non-singular, we see that {jDίv(#[O, 0])(#|«)} form a base of theta function of

type (p, 1) with period q**.

Since t?[0, 0](α I«) = Σ ^ C O A , 0 ] ( ^ I«), putting D = DgΛ andjy = ̂ [0,0](ζf I u)

in (30), we have

THEOREM 6.

(33) Ta j^ta I«). = Xg,(^ I »)* - XQMP \ u),

where

Σ (Σ (Σ*•(#/) *<(ίβ*) )*#B*. 0](β* I u)
j(/1 u) = ̂ ί ^ 1 - ~ Γ '-(34)

COROLLARY 1.

(35) rβι-Qι(q\u) = τSι:j}{g\u), (l<l<pr; v = 1, 2, . . . ) .

Proof. It is sufficient to prove

(36) Tg,...9,(β I») = Tg

Since Tqι...Qι(q\u) = D$ι(tQι...Qι(q\u)), by virtue of Theorem 6, we have
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> 03)(gl«) ( D'βiiΰZO, 03)(gl»)\*( βi g

V #[0, 03(g|«)

n )> 03)(g|«)

COROLLARY 2.

VB»-fli(gl«) = Σ^.(/'8;)?j,-ief...»-.

Proof. By virtue of Theorem 6, we have

0, 03)(gin)
0[θ.O3(g|ι») V

Σ * (ίfli)Z)ϊ(0[O, 03)(gI«) Y Σ*(#fl/)D'άΰlo, 03)(gI«)

,03(g|«) / " 0Cό, 03(g|«)

Since Xi(pQι), ( l < / < r ) , belong to the prime-field GF(p),, we get (37).

We shall explain the meaning of the formula (33) in theory of separable

unramified covering of the abelian variety AQ with period (E, q).

THEOREM 7.

(38) τ = XQι(qp\u)~ *Σxi(pQι)Xi(pQh), (1 < 1, h<pr).

Proof. From (34) it follows

Σ
_^i_*^i mεi

ΊlΈxi(pQι)Xi(pQk)q(pQh, p%h)~1u(p§h)~ιϋp[$kJr§h, 0l(qp\u)
i = 1 fc = 1

, oj(αl») '
Σ Σ*i(ίβ,) *ί(W* - >̂9A) M«*. 0]

___________

r p'

Σ ΣΛΓ/ίίO/)*«(ίto) ^ B A , 0l(qp 1«)
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Σ Ol(qp\u)

We denote by Kqp the field of abelian functions with coeίHcients in Ω and

with period qp, and denote by Aqp the abelian variety with period qp. Then

from Theorem 6 and 7 it follows
Γ

THEOREM 8. KQp/Kg is a separable abelian extension of type (p, . . . , / > )

generated by the quantities Xp-ie^Qplu), . . . , Xp-κ>r (qp\u) satisfying

Proof. Let {Xp-iCi(qp\u)} be the quantities in Theorem 6. It is sufficient

to prove KgP^KcίXp-ieM^lu)* - > Xp^cr(qp\u)). Since Xp^

0, 0]) (q 1 w)#[0, 0](^ I uY\ we. have

This shows that D/2(z?[0, 0])(<2!«)#[(), ODί^lw)"1, ( l < ί < r ) , belong to

KQ(Xp-iet{<2P\u), . . . , ^ - i ^ ί ^ l w ) ) . Hence by virtue of Lemma 6 it follows

that

f 0](qp\u),

belong to Kq(Xp-itMP\u), . . . , Xp-i^lu)). By virtue of Theorem 3 in

§3 (I) KQv is separable over Ω(Φp-ι<>i(qp\u)i . . . , tf^-i Γ (^l«)) . Hence

KQp/KQ(Xp-ι Sqp\u)y . . . , X^-i Mp\u)) is separable, and thus Kqv\KQ is

seperable. On the other hand the natural homomorphism λ of i4β*> onto ^4α

induced by the identity map X-*l of multiplicative functions on 3RQ has the

kernel 7"Hθ) with ίr-elements corresponding to the multiplicative functions

</(βi), , qp(Qpr)- This means that the separable degree of Kqv over Kq is
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pr, and thus lKar: KQ1 = pr. By virtue of Theorem 7 it follows lKQ{Xp-i X(QP I u),

. . . , Xp-i r)qp\u)): KQ~\>pr. Hence we conclude Kqv = Kq{Xp-ι MP\u), . . . ,
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