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1. Introduction. The relation between the notions of measurability and 
continuity of a function has received a great deal of attention. The best-known 
result in this connection is the Vitali-Lusin theorem. Various versions of it 
can be found in (2; 3; 5; 8; 9). We prove one in this paper (Theorem 3.5) under 
very weak assumptions and state the classical one in Corollary 3.6. Functions 
satisfying the property stated in the theorem are frequently called quasi-
continuous. 

Here we are interested in the notion of approximate continuity, which we 
call /x-continuity for short and which is closely connected to differentiation. 
It was first introduced by Lebesgue (4) and it has so far required knowledge 
of density theorems in order to prove its relation to measurability. In this 
paper, making use of a certain type of Vitali property, we prove first the rela
tion between /x-measurable functions and those /x-continuous almost every
where (Theorems 3.8 and 3.9). Then, in §4, with Theorem 3.8 as the main 
tool, we derive several theorems about density and differentiation which 
extend results found in (1; 3; 7; 8). 

The spaces that we consider are very general topological spaces. The con
ditions are on the relation between the measure and the topology through 
families of neighbourhoods of points. Our measures are Caratheodory (outer) 
measures and we refer to standard texts such as (3; 8) for the parts of the gen
eral theory used in this paper. 

2. Notation and terminology. Throughout this paper we shall use the 
following notation and terminology. 

2.1 co denotes the set of all natural numbers. 

2.2 A ~ B = {x: x £ A and x i B]. 

2.3 a F = \JatFa. 

2Af~W= {x:f(x) e V}. 

2.5 fj, is an (outer) measure on X iff \x is a function on the family of all subsets 
of X such that 
(i) MO = 0, 

(ii) 0 < \xA < I | w e w fxBn whenever A C Wn6„ Bn C X. 
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2.6 For M a measure on X, a set A is /x-measurable iff 
A Q X and for every B Q X we have 
ixB = M ( J 3 r U ) + / i ( ] 3 ~ i 4 ) . 

2.7 For /x a measure on X, a function / on X to a topological space Y is /*-
measurable iff, for every open V in F, / _ 1 F is a /z-measurable set. 

2.8 For /x almost all x, P(x) is true iff 
ju{x: P(x) is not true} = 0. 

2.9 A is a Gs iff there is a sequence 5 such that A = f\6W 5W and 23w is open 
for every n Ç co. 

2.10 There are arbitrarily small neighbourhoods W7 of x for which P(W) is 
true iff for every neighbourhood U of x there is a neighbourhood IF of x 
with IF C f/for which P(W) is true. 

3. Approximate continuity. 

3.1. GENERAL HYPOTHESIS. 

Throughout this section we assume that X and Y are topological spaces; 
/ is a function on X to F; for every x f I , iV(#) is a family of open sets 
containing x and forming a basis for the neighbourhoods of x; and /x is a 
measure on X satisfying the following conditions: 

(i) IXX < oo , 

(ii) For every A (Z X and e > 0 there exists an open set U such that A C U 
and fill < fxA -\- e. 

Condition (i) above can easily be replaced by the following without affecting 
the validity of the results : 

(ia) There exists a sequence A such that 

X =UAn. 
new 

An is /x-measurable and \xAn < œ for every n ^ co. 

3.2. DEFINITIONS. 

JU - l im/(0 = y 
t->x 

iff for every e > 0 and neighbourhood V of y there exists a neighbourhood 
U of x such that for every W Ç iV (#) with IF C U we have 

f is /z-continuous at x iff 

M - l i m / ( / ) = / ( * ) . 

3.3. LEMMA. If {x} is \i-measurable and n{x} > 0 then f is ^continuous at x. 
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Proof. Given e > 0, choose open U with x Ç U and 

nU< (l + e)M{*}. 

Then, for any neighbourhood V of f(x), if x € W C U we have 

n(W~f-iV) < v(W~{x\) = pW - /*{*} < M J7 . - AX\ < «•/*{*} < €-/*ï7. 

3.4. THEOREM. If, /or ez;er̂  x £ X, N(x) is the family of all open neigh
bourhoods of x then 

{x: n - lim/(/) exists} = A \J B 

where A is a Gs and B C. {x: IJL{X} > 0}. 

Proof. For each » G co, let 

4̂W = -\x: for every y Ç F there is a neighbourhood F of y for which there 

exist arbitrarily small W Ç iV(x) with 

£ = {x:/x — lim/(£) exists}. 

Then 

X~E= UAn. 

Let Âw denote the closure of An and P = {x: fx{x} > 0}. We first show that 

(i) 4 D i - P. 

Let x G Ân ~ P . Given 3/ 6 F and £7 Ç #(*) , first choose z € U C\ An then 
a neighbourhood F of y, W G Ar(s) with W C. U, and e > Oso that 

Next, since x $ P, we have jujxj = 0 and hence there is an open W with 
x 6 W' C U and 

1 
B + 1 - M ^ < - ^ . 

Then * 6 W U W' C U and 

> - i ^ G*ÏF + M^') > — T T M ( ^ U W) 
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so that x £ A„. This completes the proof of (i). Now, let 

A = D ( X ~ i , ) 
new 

B = P HE. 

Then A is a Gs and 

w eco M«« w eco n eco 

Thus, 

£ = ,4 U £ . 

3.5. THEOREM. Suppose f is a ix-measurable junction, e > 0, and Y has a 
countable base. Then there exists a set C C X such that n(X ~ C) < e and f is 
continuous on C. 

Proof. Let us denote the elements of the countable base of Y by Vu i £ w. 
Then, t h e / _ 1 F i being /^-measurable, we can choose open Ui so t h a t / _ 1 F i 
C Ui and 

n(Ut ~r*vt) = ^ - MCT1^) < ^e+î • 

Let 

A = u (z^-r1^) 
t€C0 

Then jû 4 < e and / is continuous on C since for every i G co 

cn/ - 1 ^ = cnut, 
that is, f~1Vi is open in C and hence for any open W in Y, f~xW is open in C. 

3.6. COROLLARY. Suppose f is a fx-mea sur able function, e > 0, Y has a 
countable base and, in addition to the general hypothesis 3.1, M is such that open 
sets are jx-mea sur able. Then there exists a closed set C C X such that /JL (X ~ C) 
< e and f is continuous on C. 

Note. We cannot replace condition (i) by (ia) in hypothesis 3.1 without 
affecting the validity of 3.6. 

In order to prove the next theorems we need stronger conditions on /*. We 
state them in the following definition suggested by the Vitali covering theorem. 

3.7. DEFINITION, JJL has property (V) on S iff S C X, hypothesis 3.1 is 
satisfied, and there exists X < co such that, given any A (Z S and family F of 
open sets containing, for every x £ A, arbitrarily small elements of N(x), there 
exists a countable Ff C F with the following properties: 
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(i) M (A ~<rF) = 0, 
(ii) for every B C <rF', 

E ix(BnW)<\-»B. 
WtFf 

3.8. THEOREM. Suppose /x has property (V) on S, Y has a countable base, 
and f is a fj,-measurable function. Then, for ^-almost all x € S, f is \x-continuous 
at x. 

Proof. For each n Ç co, let An = <x: x Ç S and there exists a neighbourhood 

F of f(x) for which there are arbitrarily small W Ç i\f(x) with 

Then 

jx:x f 5 and / i s not ^-continuous atx} = U An 
new 

and hence it is enough to show that ixAn = 0 for n £ co. To this end, let e > 0 
and, by 3.5 above, let C C X, n(X ~ C) < e and / be continuous on C. 
Let A' — An C\ C and, for each x £ A', let Vx be a neighbourhood of f(x) 
for which there are arbitrarily small W £ N(x) with 

fx(W^f-1Vx)>'-jrr^W. 

n -r i 

Let £/* G iV f̂f) and such that 

en t/, ctlvx. 
Let 

7?= W : for some x G A\W £ N(x), WC Uxand »(W ^f^V*) 

>—^»w\. 
w + 1 ; 

Then, since ju has property (F) on 5, there is a X < » and a countable Ff C F 
such that M (-4' ~ *Ff) = 0 and for every B C c-F' 

Let 
B = aF' ~ C. 

Then nB < e and for every PF € 7?' there is an # G A' with # Ç TF C Ux and 

so that 
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Therefore 

wtFr n + l WtF' n + 1 n + 1 

Hence 

M w < /x(i4n H C) + M(4„ ~ C) < X(n + l)e + e. 

Letting e —» 0 we conclude [iAn = 0. 

3.9. THEOREM. Suppose \x has property (V) on X, open sets and singletons in 
X are n-measurable, and, for ^-almost all x, f is /x-continuous at x. Then f is a 
\x-measurable junction. 

Proof. Let V be an open set in Y. To see t h a t / - 1 V is /i-measurable, let 

C = {x : / i s ju-continuous at x and n{x\ = 0}, 

Since {x: n{x\ > 0} is countable, we see that X ~ C, and h e n c e / - 1 V ^ C, 
is the union of a countable set and a set of measure zero. Thus X ~ C and 
f-iy ~ C are /x-measurable. Hence, we only have to show that A is ju-mea-
surable. Let e > 0 and 

F = {W: for some x G A, W Ç Ar(x), and p(W ~f-xV) < e-fiW}. 

Since \i has property (F), there exist X < œ and countable F! Q. F such that 
n(A ~ aF') = 0 and 

E # < X.AI(CTF'). 
IPeF' 

Let 

5 = (e rF '~ i4 ) Pi C. 

Then for any W £ F' 

Br\w = ( i f - i ) n c c PF—/-IF 
so that 

/ i ( B n i f ) < e-/xIF. 

Therefore 

WtF' WtF' 

Since e is arbitrary and C, <rF' and (4 ~ o-F') are ju-nieasurable, we conclude 
that for every n £ ce there exists a ju-measurable Z)w such that A C Dn and 

n + 1 ' 
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Let 

E = fi Du-
new 

Then E is ju-measurable, A Ç_ E, and n{E ~ A) = 0. Hence A is /x-measurable. 

3.10. COROLLARY. Suppose Y has a countable base, n has property (V) on X, 
open sets and singletons in X are ji-measurable. Then $ is a ^-measurable function 
iff, for fi-almost all x, f is n-continuous at x. 

4. Differentiation. In this section we consider some applications of 
Theorem 3.8 to problems of density and differentiation. We first prove the 
following theorem which generalizes the classical result for Lebesgue measures 
in Euclidean w-space as well as results of Besicovitch (1) and Morse and 
Randolph (7). 

4.1. REMARK. Note that, for every x G X, N(x) is directed by C and we can 
therefore take limits with respect to it. 

4.2. THEOREM. Let n have property (V) on S and A be a ^-measurable set. 
Then, for ^-almost all x G S ~ A, 

l i m MM-OE) = o. 
WeN(x) VW 

Proof. L e t / be the characteristic function of A. Then, by 3.8, for /z-almost 
all x G S, f is /x-continuous at x. Let B = {x: x G S ~ A and fis /^-continuous 
at x}, e > 0, and V a neighbourhood of 0 that excludes 1. Then for every 
x G B there exists £7 G N(x) such that for every W G N(x) with W C U we 
have 

n(WC\A) = ixiW^f-W) < e-fiW. 

Now, since /x has property ( V) on S, we conclude 

»{x: x G S and ixW = 0 for some W G N(x)} = 0. 

Hence, for ju-almost all x G B and therefore for /x-almost all x G 5 ~ A, 

»(WDA) 

The above theorem can be extended provided property (V) is replaced by 
the following. 

4.3. DEFINITION, JU has property (V) on S iff hypothesis 3.1 is satisfied; 
open sets are \i-measurable; for any i C 5 and family F containing, for every 
x G A, arbitrarily small W G N(x) there is a countable, disjoint Fr C F with 
fx(A ~<rF') = 0. 

4.4. THEOREM. Let /JL and v have property ( V) on S, and A be a \x-measurable 
set. Then, for ^-almost all x G S ~ A, 
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lim HâJlWl _ „. 
WeN{x) V>VV 

Proof. Let <£ be the restriction of v to 4 , that is, for every T C X 

<t>T = K ^ H i l ) . 

Then .4 is ^-measurable and </> has property (V) on 5. We shall show that 
/x + <t> has property (F) on 5. Let B (Z S and F be a family of open sets 
containing, for every x Ç 5 , arbitrarily small W Ç A^x). Choose countable, 
disjoint subfamilies F' and F " so that n(B ~ aF') = 0 = <f>(B ~ <rF"). Let 
G = F' U F". Then G is countable, (/* + </>) (5 ~ cG) = 0 and for any 
C O G 

£ (M + *)(cn wo < £ H^)(cni^) + Z o* + *)(cnV) < 
WeG WeF' WtF" 

2 (/i + *)C. 

Therefore, by 4.2, for y. + <£ almost all x (E 5 ~ 4̂ 

Mm lB+*)Unm = o. 
TF€iV(x) {ll + <j>)W 

But for ^-almost all x G 5 ^ 4̂ 

hm -—r~Zvvr? ^ l i m ~TTT = "• 
WeN(x) (M "T <t>)VV WtN(x) V>W 

Hence, for /x-almost all x Ç 5 ^ A, 

lim ^ n w) _ Q 
WeN(z) {V + <t>)W 

But 4>(A C\ W) = 0W. Therefore, for /z-almost all x Ç 5 ~ 4 

hm —=; = 0. 
WeN(x) VW 

4.5. COROLLARY. Suppose /JL has property (V) on S; v satisfies hypothesis 3.1, 
is absolutely continuous with respect to AI, and open sets are v-measurable; A is a 
fjL-measurable set. Then, for \x-almost all x £ S ~ A, 

lim liAiim = o. 
WtN{x) VW 

Proof. Note that if /xJ5 = 0 then there is a G5 set B! such that B C Bf and 
ALB' = 0. But B' is z>-measurable and, since v is absolutely continuous with 
respect to \x, vB! = 0. Hence vB = 0. Thus *> has property {V) on 5 also 
and 4.4 applies. 

4.6. THEOREM. Let n have property {V) on S, v satisfy hypothesis 3.1, and 
open sets be v-measurable; /JLA = 0 and v(X ~ A) = 0. Then, for \x-almost all 
x € S~A, 
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V vW n 
lim —— = 0. 

WeN(x) M W 
Proof. Let 0 < K < <x> and 

B = \x:x Ç S~Aznd ïïm "%> K.\ . 
V TFeiV(z) M ̂  / 

Given e > 0, since vB = 0, let £ ' be open, B <Z B' and *>£' < e. Let 

F = {W: for some * Ç B, W G #(*) , 17 C B'% and *>W > KfxW}. 

Then there is a countable disjoint F' C F with /*(£ ~ aF') = 0. 
Since crF' C -S' we have 

€ > y(erF') = E ^ > X E M ^ = Kp(<rF') > KpB. 
WeF' WeF' 

Since e is arbitrary we must have fxB = 0. 

4.7. THEOREM. LeJ /z have property (V) on S; v satisfy hypothesis 3.1 and open 
sets be v-measurable; A be a [i-measurable set. Then, for \x-almost all x Ç S ~ A, 

Iim >JAiim = 0 
weN(z) M W 

Proof. Let v = vi + v2 where v\ is absolutely continuous and vi is singular 
with respect to \x. Then apply 4.5 and 4.6. 
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