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1. The application of Borel summability to Fourier series has 

been discussed by Takahashi and Wang [8] and Sahney [5]. Sahney [6] 

and Sinvhal [7] obtained sufficient conditions for the Borel summability 

of the derived Fourier series and its conjugate series, respectively. 

Kathal [3] obtained different conditions in the case of the conjugate 

series. In this paper we give a new criterion for Borel summability of 

Fourier series. 

The authors are thankful to Dr. P.L. Sharma for his helpful cri

ticisms and suggestions during the preparation of this paper. The au

thors are also thankful to the referee for many suggestions which 

improved the paper to the present form. 

2. A sequence (Sm) is said to be summable by Borel means [2] 

or summable (B) if 

00 p S 1 • "P v m lim e r ) — ; — L m p-x» m= 0 

exists. 

Let 

00 

a /2 + V U cos mx + b sin mx) 
o ^ m m J 

m=l 
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be the Fourier series of the function f(x) which is integrable in the 

sense of Lebesque in the interval (-TT,TT) and is periodic with period 

2TT outside this range. Also let 

<Kt) 
f(x+t) + f(x-t) - 2s 

2 

where s is a constant, and let 

then 

$(t) = [ 14) (u) | du. 
J n 

3. We shall require the following lemmas in the sequel. 

LEMMA 1. If_ 3 <_ a < 1 and $ (t) = 0(t) • as t -> 0 + 

lim 
p-*» J (TT/P) 

^/v>} <f)(t) [sin(p sin t) - sin pt] 
t exp{p(l - cos t)} 

dt = 0. 

Proof. Considering the last integral, we have 

Or/pr 

TT/P 

) ( t ) [ s in (p s in t ) - s in p t ] 
t exp{p(l - cos t ) } dt 

o/Pr 
TT/P 

4>(t) [sin(p sin t) - sin pt] 

1 2 
exp{2p sin t/2}-

d t 

= 0 
i r (TT/p) 

_exp{2p s m -j-} 

Ht) 

TT/P 

- p — [ s i n ( p s i n t ) - s i n p t ] d t 
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• r 
(TT/P) L 

TT/P 

U(t) Y 1 0(p1: ) d t 

l-2ou Or/p) l - 3 a , 
0 (p ) |<J>(t)|dt = 0(p^ " ) = 0 ( 1 ) , as p -> 

' i r / p 

This completes the proof. 

LEMMA 2. If 0 < a < 1 and $(t) = 0(t) as t -> 0 + then 

p->oo J -jy/p [ e x p { p ( l - cos t ) } e x p { p ( l - c o s [ t + - ] ) } 
s i n p t d t 

P roof . Now 

0/P) c 

TT/P 

)(t+Tr/p) 
t 

|_exp{p(l - cos t ) } e x p { p ( l - c o s ( t + - ) ) } 
s i n p t d t 

(TT/P) 

TT/P 

l<J>(t+7r/p) 

exp(2p s m ^) . 
d t 

= 0 
exp(2p s i n jr) 

(TT/pf 

TT/P 

) ( t + T T / P ) | d t 

0[ (TT/ P ) a + p 

- 0 (1 ) a s p -> 
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Thus the proof is complete. 

4, THEOREM If $(t) = 0(t) as t -> 0 + and 

(1) lim 

TT/P 

|(j)(t) - (j)(t+ïï/p) I r ri _ . ,+ 
1 r ^ ~ '-JLL1 exp{-p(l - cos t)} dt = 0 

where n is constant, then the Fourier series is summable (B) to s 

at the point x. 

Proof. Following Zygmund [1], the mth partial sum of the Fou

rier series is given by 

S - s = - \ ^ ^ sin mt dt + 0(1). 
m TT J Q t 

The Borel transform a , of S , is given by p m ' *> J 

a - S + 
P 

- p rTT 

0(1) = 2e_. ll|i Y P s t n 2Î dt 
TT „ t L

n m ! 0 m=0 

(f> (t) sin (p sin t) 
t exp{p(l - cos t)} dt 

r ï ï / p a rTT 

_ 0 TT/P (TT/P)" ] 

(i) ( t ) s in (p s in t ) 
t exp{p(l - cos t ) } dt 

- [ p x + p 2 + p 3 ] , say 
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where = < a < -

Considering first of these integrals, we get 

" /p *rt (t) sin(p sin t) 
t exp{p(l - cos t)} 

dt 

• " lixiai „ ( p t ) d t . 0(1) as p 

Next 

= i71" ^ ^ sin(p sin t) d t 

3 | ( , . a t e x p { p ( l - cos t ) } 

<j)(t) s i n ( p s i n t ) d t 

(TT/P) exp{2p s i n - } 

= 0 

exp{2p s i n } 
2 p a -

Cir/pr 
>( t ) | at 

r l-2ou exp (p ) 
0 (1) as p -> °°, s i n c e a 

By Lemma 1, we g e t 
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2 [ U / P ) till s i n ( P s i n t ) 

Mir/p) t e x P { P ( 1 " c o s t ) } 

2 [(1,/P) t i t ) ___ s inpt + 0 ( 1 ) 

(1T/P) 
t e x p { p ( l - cos t ) } 

( ï ï / p ) a Ut) s i n P t 

O / p ) 
t e x p ( p ( l - cos t ) ) 

d t 

(TT/P) -TT/P 

0 

<l>(t + TT/P) s i n p t 
( t+r r /p) e x p { p ( l - cos ( t+TT/p) )} Q L U U j 

( ^ / P ) a (D(t) - (0(t + TT 

TT/P 

( t ) - H t + TT/P) s i n p t d t 

t e x p { p ( l - cos t ) } 

(ir/P> Ht + WP) 
ir/p 

1 1 
e x p { p ( l - cos t ) } e x p { p ( l - c o s ( t + T T / P ) ) ) } 

x s i n p t d t 

r(Tr/p)L 

'TT/P 

) ( t + TT/P) 

e x p { p ( l - c o s ( t + T T / P ) ) } 
1 1 
t t + TT/P 

s i n p t d t + 0 (1 ) 
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Therefore, by Lemma 2 and (1) and on integration by parts, we get 

», • •<>» * »<j) f:"' 4 g v # « 

= 0 ( 1 ) + o 

LP J 

0(1 ) a s p -+ oo. 

Hence 

a = 0 (1) a s p ^ oo. 

This completes the proof of the theorem. 

The proof by Sahney [4] is valid only in the case A = 1. 
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