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Abstract

Let G be a finite p-solvable group and let G∗ be the set of elements of primary and biprimary orders
of G. Suppose that the conjugacy class sizes of G∗ are {1, pa, n, pan}, where the prime p divides the
positive integer n and pa does not divide n. Then G is, up to central factors, a {p, q}-group with p and q
two distinct primes. In particular, G is solvable.
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1. Introduction

Throughout the following, G always denotes a finite group and p a prime. For an
element x of a group G, the conjugacy class of x is the set xG = {xg | g ∈G} and the
size of this class is called the index of x in G [2]. We say that a group element has
primary, biprimary or triprimary order if its order is divisible by at most one, two or
three primes, respectively. The rest of our notation and terminology are standard.

A classic problem in finite group theory is to study the influence of the conjugacy
class sizes on the structure of a group. For example, groups with two class sizes are
nilpotent [6] and groups with three class sizes are solvable [7]. But in general, groups
with four class sizes need not be solvable and can even be simple. In 1970, Itô in [8]
showed that the groups SL(2, 2m) for m ≥ 2 are the only simple groups with four class
sizes. On the other hand, Beltrán and Felipe prove in [3] that when the conjugacy class
sizes of G are precisely {1, pa, n, pan} with (p, n) = 1 and a ≥ 0, then G is solvable.
Furthermore in the same paper, they prove that when the conjugacy class sizes of
G are precisely {1, m, n, mn} with (m, n) = 1, then G is also solvable. In [9, 10] the
first author extends the former result by replacing conditions for all conjugacy classes
by conditions referring to only some conjugacy classes. For instance, the conjugacy
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classes of elements of primary, biprimary and triprimary orders of G. The main results
are the following theorems.

T A [9, Theorem A]. Let G be a group and let G∗ be the set of elements of
primary, biprimary and triprimary orders of G. Suppose that the conjugacy class sizes
of G∗ are precisely {1, pa, n, pan} with (p, n) = 1 and a ≥ 0. Then G is solvable.

T B [10, Theorem A]. Let G be a group and let G∗ be the set of elements of
primary, biprimary and triprimary orders of G. Suppose that the conjugacy class sizes
of elements of G∗ are precisely {1, pa, n, pan} with (p, n) = 1 and a ≥ 0. Then G is
nilpotent and n = qb for some prime q.

An obvious question about solvability arises when we eliminate the coprime
hypothesis, and we are interested in studying which arithmetical conditions on groups
with four class sizes of elements of primary, biprimary and triprimary orders of G
yield their solvability. In this paper, we eliminate the coprime hypothesis (p, n) = 1
and class sizes of elements of triprimary orders of G. Our main result is the following
theorem.

T C. Let G be a p-solvable group and let G∗ be the set of elements of primary
and biprimary orders of G. Suppose that the conjugacy class sizes of G∗ are
{1, pa, n, pan}, where p divides the positive integer n and pa does not divide n. Then G
is, up to central factors, a {p, q}-group with p and q two distinct primes. In particular,
G is solvable.

We believe that the result is true for arbitrary integers p and n, but we have not been
able to prove it with the techniques we employ here.

2. Basic definitions and preliminary results

In this section, we state the necessary results for the proof of our main theorem.
The following result determines some properties of the structure of groups

having precisely two conjugacy class sizes of p′-elements of primary orders for some
prime p.

L 2.1 [1, Theorem A]. Suppose that G is a finite p-solvable group and that 1 and
m are the conjugacy class sizes of p′-elements of prime power order. Then m = paqb,
with q a prime distinct from p, and a, b ≥ 0. If b = 0, then G has abelian p-complement.
If b , 0, then G = PQ × A, with P and Q a Sylow p-subgroup and a Sylow q-subgroup
of G, respectively, and A ≤ Z(G). Furthermore, if a = 0, then G = P × Q × A.

L 2.2 [11, Lemma 2.4]. Let G be a group. A prime p does not divide any
conjugacy class length of any element of prime power order of G if and only if G
has a central Sylow p-subgroup.

L 2.3 [5, Lemma 1]. Let K EG, where G is an arbitrary finite group and K is
abelian. Let x be a noncentral element of G, and let y = [t, x] for some element t ∈ K.
Then |CG(y)| > |CG(x)|, and so the G-class of y is smaller than that of x.
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L 2.4 [4, Lemma 5]. Let x and y be a p-element and a p′-element, respectively,
of a group G, such that [x, y] = 1 and CG(x) ⊆CG(y). Then Op(G) ⊆CG(y).

3. Proof of Theorem C

By the condition of Theorem C, we assume that p divides the positive integer n, but
that pa does not divide n. We need to distinguish two cases to complete the proof of
the main theorem.

Case 1. First we assume that there are no p-elements of index pa. Notice that the
centraliser of any element of index pa is a maximal subgroup among all centralisers,
so by considering the primary decomposition we can assume without loss of generality
that x is a q-element for some prime q , p such that |xG | = pa. Let y be a q′-element of
primary order of CG(x). Then

CG(xy) =CG(x) ∩CG(y) ⊆CG(x)

and, since pa does not divide n, the index of y in CG(x) must be 1 or n. If there
exists any q′-element of primary order of CG(x) of index n, then n is the product of at
most two prime powers by Lemma 2.1, say n = qbrc. In this case, necessarily r = p,
and then G is a {p, q}-group, up to central factors, by Lemma 2.2 and the proof is
complete. If there is no q′-element of primary order in CG(x) of index n, then we can
write CG(x) = Qx × Hx, with Hx an abelian q′-complement of CG(x). As p divides n, it
follows that pa < panp ≤ |G : Z(G)|p and this yields the fact that p divides |CG(x)/Z(G)|.
Hence, there exists a p-element in CG(x), say t, such that CG(x) =CG(t), so t is a p-
element of index pa, which is impossible.

Case 2. Now suppose that there is a p-element z such that |zG | = pa. Then, if y is a
p′-element of primary order of CG(z), we get

CG(zy) =CG(z) ∩CG(y) ⊆CG(z).

As in the previous paragraph, y has index 1 or n in CG(z), and if there are p′-
elements of primary orders of both indexes 1 and n in CG(z), it follows that n = paqb

by Lemma 2.1. By Lemma 2.2, we conclude that G is a {p, q}-group (or a p-
group if b = 0), up to central factors. Suppose now that every p′-element of primary
order of CG(z) has index 1. Accordingly, we can write CG(z) = Pz × Hz, where Hz

is an abelian p-complement. As CG(z) has index pa in G, we deduce that G has
abelian p-complements, so in particular G is solvable as it is the product of two
nilpotent subgroups. Now let us consider Op′(G). Since Op′(G) is an abelian normal
subgroup of G, by applying Lemma 2.3 we can obtain |CG([w, t])| > |CG(w)| for every
t ∈G and for every w ∈ Op′(G) that is noncentral in G. Then the hypotheses of
the theorem imply that [Op′(G),G] ⊆ Z(G). Moreover, by coprime action, Op′(G) =
COp′ (G)(P) × [Op′(G), P] for any Sylow p-subgroup P of G. Thus, [Op′(G), P] = 1 and,
as the p-complements of G are abelian, we deduce that necessarily Op′(G) ⊆ Z(G),
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so F(G) = Op(G) × Z(G)p′ . Now, if y is a p′-element of primary order of CG(z)
which is noncentral in G, then CG(z) =CG(y). By applying Lemma 2.4, we obtain
y ∈CG(Op(G)) =CG(F(G)) ⊆ F(G), so y ∈ Z(G). Consequently, the p-complements
of G lie in Z(G), which is a contradiction. The theorem is proved.
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