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The determination of
Fibonacci groups

A.M. Brunner

Fibonacel groups are the groups

F(2ar)=gp(alaa 7:=1, vees I3

P ’ s a. =Qaq., . a.;
2 4 ar+2 a$+2 1+l 1’

Gy = A5 Gpyp = )

where r is a natural number. The groups F(2, 8) and F(2, 10)
are shown to be infinite, thus leaving F(2, 9) as the only
Fibonacci group whose finiteness or infiniteness has not been

determined.

1. Introduction

Fibonacci groups are the groups

(1) F(2, r) = gp(al, ys e Gpp P Gryy = ai+lai;" =

where r is a natural number.

According to [1] the finite groups F(2, r) are known, except when
r=8,9 and 10 . This note will establish that F(2, 8) and F(2, 10)

are infinite.

The results now known are as follows: F(2, 0) is the free group of
rank 2 ; F(2, 1) and F(2, 2) are the trivial group; F(2, 3) is the
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quaternion group of order 8 ; F(2, L) is cyclic of order 5 ; F(2, 5)
is cyclic of order 11 ; F(2, 6) is the infinite metabelian group

gp(a, b; > %%p = a-z, a % = b-2) s F(2, 7) is cyclic of order 29

(established using an electronic computer by John Cannon (1971) and
confirmed by Jane Watson); F(2, 8) and F(2, 10) are infinite; and,

when n = 11 the groups F(2, n) are infinite (Lyndon; see [1]).

In [1]) Problem 4 asks whether the factor group of F(2, 10) obtained

by adding the relation a; = a to the relations in (1) is finite. The

1
group turns out to be gp(a, b; at =323 = a_hb_lab = 1) and has order
11+23 . A proof is not given here as it is long, and an easy method for

showing F(2, 10) to be infinite is given below.

2. The group F(2, 8)
THEOREM 2.1. The group F(2, 8) is infinite: an infinite epimorph
is the group gple, d; = = (cd) = [cd2)5 = 1)
The proof of the theorem follows from Lemmas 2.2 and 2.3 below.

2

LEMMA 2.2. The group H = gple, d; ¢ = & = (ed)’ = [cdz]5 =1) is

an epimorph of F(2, 8) .

Proof. Firstly the elements d and cd3c generate H ; for

(ed3c)? = ed3c®dPc = ede es & =d =1, and since (ed)®

1 , the

element ¢ is obtained as ¢ = dedededed = d(cd3c]2d(cd3c)2d .

_ = 73 - -
Now set x, = d , x, = ed’e and Lo = Ty for n=1, 2, ...
An easy calculation using the relations of H shows that zy = cd30d ,
x), = ed3eded3e s &g = ed?ed te » T = edPed’eded3e , Ty = edPed? ,
xg = d “ed’e , g d and %0 ed e .

- The required epimorphism is the one mapping ai to xi for

LEMMA 2.3. The growp # = gp(c, d; c® = d = (ed)? = (ed?)’ = 1) is

https://doi.org/10.1017/5S0004972700043574 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700043574

infinite.

Proof.

- . 2 = =
A= gp[co, cl, 02, 03, % e, =¢

is infinite;

an epimorph, as can easily be seen by placing ¢

Fibonacci

The group

groups

00010203 = ¢

2
19555 (coclczc3) =

indeed, the free product of two cyclic groups of order 2

0

Moreover A has an automorphism ¥ of order 5 ,

(¢z=0,1,2
Since

gp(00’ cl, c

of A by me

generators

gp[c, d; P =d = 1, ¢

or,

) and c3x =cec.cce

01 23"

A is infinite, an extension

5 2

50 C3o d:d =c =1; ¢

]

7

c

d
3

ans of ¥ 1is infinite also.

e=eg, d this becomes

d

& =

(e, d; &

which is H .

L

=cce ¢C

=c, L
110 ¢

= 0001020

=1 and 02=c3.

with cix = ci+1

=0, 1, 23

35 %%1%%3 = ©1%3%%

Rewritten in terms of its

dd a3

ddad &

=cc GC],

()’ = (ed®) = 1) ,

3. The group

F(2, 10)

THEOREM 3.1. The group F(2, 10) is infini
Proof. Let

1 1 0 0 1

Sl R

be matrices over the integers, and set An+2 = An+

A short calculation shows that All = Al and Al2
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lAn for n=1, 2,

= A2 , so there is an

)

is

.
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epimorphism of F(2, 10) onto the matrix group generated by Al and A2

mapping a, to ‘Ai for £ =1,2, ..., 12 .

Now
-1 -1 -1
-2 -1
A =A."4A A A =1|0 1 1
T 1 212 0 0 -1
so that
1 0 1
A$=01o,
0 0 1

an element which clearly has infinite order. It follows that F(2, 10) is

infinite.
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