
ON EXTREMAL PROPERTIES OF THE DERIVATIVES 
OF POLYNOMIALS AND RATIONAL FUNCTIONS 

M.A. Malik 

(received August 17, 1962) 

Introduction, Let p(z) be a polynomial of degree n, 
n 

v 
i. e. a finite sum of the form S c z where c are any 

^ v v 
v =0 

given numbers and z=x+iy is a complex variable . To answer 
a question ra ised by the chemist Mendelieff, A. Markoff [3] 
proved the following theorem. 

n 
THEOREM A. If p(z) = 2 c zV is a polynomial of 

v =0 
degree n, and |p(x) | ^ 1 in the interval -1 ^ x < 1 then in 
the same interval 

| p r ( x ) | ^ n 2 . 

The resul t is best possible, but for every sub interval of 
[-1, 1] the following result of Bernstein provides a much bet ter 
es t imate . 

THEOREM B. Under the conditions of Theorem A 

|pf (x) | £ n(l - x 2 f 1 / Z (-1 < x < 1) . 

For real-valued polynomials having no roots in the 
inter ior of the unit c i rc le , Erdôs [2] proved the following 
sharper theorem. 
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T H E O R E M C. Let p(z) be a r e a l - v a l u e d p o l y n o m i a l of 
d e g r e e n hav ing no r o o t s in the i n t e r i o r of the unit c i r c l e . 
If | p(x) | ^ 1 in the i n t e r v a l - 1 ^ x ^ 1 and 0 < c < 1, then 
for - l + c < x < l - c 

| p ' ( x ) | < ~ 2 ^ n 
c 

for n > n . 

He a l s o showed tha t in t h e o r e m C, \Tn can not be 
r e p l a c e d by any function tend ing to infinity m o r e s lowly. 

We give an i m p r o v e m e n t on t h e o r e m C, and p r o v e the 
fol lowing. 

T H E O R E M . Let f(z) b e a r a t i o n a l funct ion wh ich i s 
the quot ient of two p o l y n o m i a l s of d e g r e e s m and n r e s p e c t i v e l y . 
If f(z) h a s n e i t h e r z e r o s n o r po l e s i n s ide the unit c i r c l e and 
| f(x) | ^ 1 for - 1 ^ x ^ 1, then for 0 < c < 1 and 
- l H - c < x < l - c 

( 1 , l f ( x ) | < [ 2 ( m + n ) ] 1 / Z 

c 

and 

( 2 ) l f ' (x) |< [ 2 ( m +
2

n )]5 4 , 
c 

for m > rn and n > n . 
0 0 

P r o o f of the T h e o r e m . Le t f(x) be pos i t i ve for 
- 1 < x < 1. Suppose tha t for a c e r t a i n x in ( -1+c , 1-c), 

1/2 
, , . . , [2(m+n)] rr, , i , N/2 c 
f! ( x j > -t-i *— . T a k e x - x^ < , — ; denote the 

1 0 ' c ' 0 1 Vm+n 
r o o t s of p(z) and q(z) by a , a . , . . . , a and p . p_ , . . . , (3 

1 2 m 1 2 n 
r e s p e c t i v e l y . By h y p o t h e s i s \a | > 1 for 1 ^ v ^ m , and 
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|p | ^ 1 for 1 5 v $ n. (We give a proof for f (x ) > 0; 

the proof for f (x ) < 0 is s i m i l a r . ) Hence 

V{xJ m ^ n < x->i A M 1 / 2 

£(xo} i = i V a i i=i V p i = c 

\T2 c 
Divide the i n t e r v a l (x . x^ + , • ) into k equa l p a r t s . Then 

NT2 c \ - l NT2C \ 

we have 

for x^ + ; . —— < x < x^ + , . — , w h e r e 1 < \ < k, 
0 v m + n k 0 \ /m+n k -

( 4 ) 1 1 1 I . ° , ^~2 . X , 
' x - a . x - a | x - a . I | x -or. cs /m+n ' k 

i 0 i ' i ' ' 0 i J 

( 5 ) 1 i -J—I ° ^2 \ 

so tha t 

(6) |?(_«_._i_\+ l (_L_.JL_)classa.1'2 

. , \ *-<*. x - a . / . , \ x -B . x - 6 , / 1 c 
i = l x i 0 i 7 i = l x 0 K i ' I 

and 

f(x) . x - a . . x - p . 
i = l l i = l l 

f , ( I » ,
t - f _ J L . _ L . \ t S / • « 

f(x„) . \ x-a, x - a l . , \ x - 6 . x - 6 . 
^ 0 i = l v i 0 \l i = l v 0 h i F i 

;
 £ , ( X 0 ) [ 2 ( m + n ) ] 1 / 2 _ X . [ 2 ( m + n ) ] 1 / Z

 ( 1 \ } 

f(xQ) 

,. . s ,., x [2(m+n)1 . m X. 
Hence f! (x) > f(x) - ^ ^ (1 - - ) . 

c k 
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T h e r e f o r e f(x) i n c r e a s e s in t h i s i n t e r v a l and f(x) > f(x ). 

1/2 
„, , [2(m+n)l , , , e 

Since V (x ) > - by h y p o t h e s i s , we have for 
0 c 

\T2 c \ - l N/2 c \ 
0 N/m+n k 0 N/m+n k 

- ^>^-^,2-i 
> f l ( x ) . [ 2 ( m + n ) ] 1 / 2 , i 

0 c k 

> [ 2 ( m + n ) ] 1 / 2 _ X. 
c k 

But then , 

1 > f(x + i~2 ° 1 - f (x j 

7o / NT2 c 
f V x) dx y „ = x^ + . 

xo 

V IZ<M \ A ( , ^ 2 C \ - l 
S / f! (x) dx y j = x A + / . —-— ; 

x A
 J \ y l 0 N/rn+n k 

X = l y 
1 

\T2 c \_ 
Y 2 " X0 + Nj^Tn ' k 

> s [ 2 ( m + n ) ] 1 / 2 _ X ^ 2 c ^ j . 

x J c k \ /m+n * k 
\ = 1 

k x 1 
S 2(1 - - ) - - * 1 a s k -~oo . 

X=l k k 

T h i s c o n t r a d i c t i o n p r o v e s (1). 
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If f(z) =—r— is typically rea l and all the conditions of 
q(z) 

our theorem a re satisfied, then for e > 0 the function 

P(z) 
F(z) = 1 + e - f(-z) 

Q(z) 

is the quotient of two polynomials P(z) and Q(z) of degrees 
max ( m , n ) = m (say) and n respectively, P(z) and Q(z) do 
not have zeroes in the unit c i rc le , and |f(x) | £ 1 + e for 
- l ^ x ^ i . If f(x) > 0 for -1 < x < 1, then F(x) > 0 for 
- 1 < X < 1 . Besides , Ff (x) = fr (-x). Hence if 

f ' (x J > v , then Ff ( - x j > . As for (7), it 
0 - c 0 - c 

r * T , r C \ - 1 C \ 

follows that for -x r t + , . —•— < x < -x^ + r . — , 
0 vm+n k 0 Vm+n k 

| F . ( x ) | > i ! j i _ w ^ L ( 1 _ V 
C iC 

i <.. , vi (1+e ) \/m+n tt \x i . e . , | f ( x ) | > - '- ( 1 - - ) 

e c \ c \ - l 
for x^ - r . —• < x < x^ - / • . —— 

0 N/m+n k 0 Vm+n k 

Also (see the proof (7)) |fT (x) [ > ( 1 + £ ) N / m" f n (1 - ^) for 
C Kl 

c X-l c \ t , 
x^ + i . —-— < x < x„ + i . — and then 

0 vm+n k 0 vm+n k 
Y4 

1 > / f ( x ) d x ( y 3 = - 0 - ^ m ^ : y 4 = X 0 + T ï m ^ ) 
y 3 

^ 
- (1+6 ) N/m+n ,, X. c 1 . 

> 2 2 - - (1 - - ) - ; . - - ^ 1 + e a s k - o o . 
c k N/m+n k 

\ = 1 
Thus we get a contradiction. 

Since € is a rb i t ra ry we can state the following corol lary. 

If f(z) is typically rea l and satisfies the conditions of the 
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t h e o r e m , then for - l + c < x < l - c 

| f ' ( x ) | < 
v m + n 

p rov ided m > n. 

Suppose now tha t for a c e r t a i n x in (-1 + c, 1-c) , 

f"(x 0 ) > 
[2(m+n)] 

5/4 
1/4 - 3 / 4 

T a k e | x - x | < 2 c[(m+n)] , and 

le t f(x ) > 0, f (x ) > 0. We give a proof for f"(x ) > 0; the 

proof for f " (x . ) < 0 i s s i m i l a r . Now 

(8) 
f"(x 0 ) f ' ( x 0 ) | 

£(x0) f(xQ) 
_o_ ; f ( x ) l 

dx W ) I 
X = X „ 

l£,_[Vi m 
2 

n 
+ 2 

1 
2 2 

i = l (x - a,) i = l (x - a,) 
0 î 0 î 

= 2 2 + 2 2 
(x - a ) (x_ - a ) (x - 6 ) (x - 6 ) 

+ 2 2 .22-1-2—1 
( X0 * Pi> 

x^ - a. x„ - 6. 
0 i 0 î 

> | 2 ( m + n ) ] 
2 

c 

5/4 

1/4 - 3 / 4 
Divide the i n t e r v a l (x , x + 2 c (m+n) ) into k equa l p a r t s . 

1/4 - 3 / 4 \ - l 1/4 
T h e n for x + 2 c (m+n) " ' * '^-^ < x < x + Z~' ~c (m+n) 

w h e r e 1 ^ \ < k and JJL £ v , we have 

- 3 / 4 \ 
k ' 
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(9) 
'(x-ûr ) (x-ûr ) (xn-<* ) (xn- f f ) 

fl V 0 |JL 0 V 

(X -Û f ) x-ûr x -a 
v 0 v 

( V % ) x-ûr x -û r 
H 0 fi 

< 2 (m+n) c * — 
k 

( 1 0 ) | * / | < z 5 / 4
 ( m , n ) 3 / 4 c 2 • i 

(x'V(X"Pv) ^O-V^O-fV k 

, m 1 n 1 m 1 n 1 
(11) | 2 S — 4 - - S —= S . , x-ûr. . M x - 3 . . , x - û r . . j x - 8 . 

i = l î i = l r i i = l 0 i i = l 0 r i 

m 4 n / 

. , x-ûr. . \ x -6 . x -G 
i = l i i = l \ Ki 0 i 

n m , 

+ s _ L _ s I i * . . x - p . . J l x-ûr. x - û r . 
1=1 0 i 1 = 1 \ i 0 i 

, 1 / 4 , x , - 3 / 4 - 2 \ 
< 2 (m. n + n. m) (m+n) c • — 

le 

(12) | S l -
i = l | ( x - p . ) 2 ( x Q -p . ) 2 

n 
I = 
i = l 

x"pi V p i 
1 1 

+ 
L X 0 ' P i X " P i 

5 / 4 , - 3 / 4 - 2 X 
< 2 n(m+n) c . -- ; 

F r o m (9), (10), (11) and (12) we deduce that 
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2 2 
\ ( X - Û ? )(x-ûf ) (x -a )(x -or ) 

Jlf V \ |UL V 0 fJL 0 V 

+ 2 2 
^ v V < X - V ( X ' P v ) { x O-P^VPv } 

+ 2. 
1 

(x-p.)2 (x.-P.)2 

i 0 i 

2 2 2 + 2 2 
x - 6 . x - a . x - a , x -B 

K i i 0 i 0 î 

5 / 4 
[2(m+n)]3 / X 

2 ' k 
c 

It fol lows tha t 

f"(x) f»(x 0) 

f(x) f ( x j 

f " (x 0 ) 

f(x) f ( x j 
f"(x) 

f"<V 
£ ( x j 

, f"(x) f " ( X 0 ) 

'f(x) f(xQ) 

f"<xn> rw x M 5 / 4 * 0_ [2(m+n)j X. 
f(x ) " 2 k 

0 c 

Hence 

f"(x) > f(x) 
£(x0) 

2 ( m + n ) 5 / 4 X 

F o r 

, 1 / 4 •3 /4 X - l 
k 

, 1 / 4 
x n + 2 c (m+n) " ' —^ < x < x + 2 " ' "c (m+n) 

- 3 / 4 X_ 
k ' 

f(x) i n c r e a s e s and f(x) > f(x ). If f"(x) > 0, t h i s i s obv ious . 

If f"(x) < 0 we can p r o v e t ha t f (x) can n e v e r be nega t ive in 
t h i s i n t e r v a l . To p r o v e t h i s suppose f (x) = 0 for a c e r t a i n 
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x in this interval. Then 

3 > ,£iv iiiiEL 
'f(x0) ' " 'f(x0) f(x) 

m 1 W I ! 1 * . , . x -a . x-a. / . , \x -B, x -B. 
i= l v 0 i i' i= l x Ki • 0 Ki 

[2(m+n)3 
1/4 

so that 

(13) l*'(Vl< 
[2(m+n)] 

1/4 

On differentiating 

f'(x) = f(x) 
m 

. x-or. . x-p. 
i = l l i = l l 

with respect to x and using (13), we have 

i*"(x0)i < i ^ u i / 4 . 

This contradicts the hypothesis that |f ,!(x ) | > — ~-^ 
c 

Therefore we have 

5 / 4 

f n ( x ) > fn ( } . [ 2 ( m + n ) ] 5 / 4
> [ 2 ( m + n ) ] 5 / 4

 ( 1 _ X} 

c c 

But then, 
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[2(m+n)] 1 / 2 „ . 1/4 , - 3 / 4 
e > (X0 + C ( m + n ) ' " ( X 0 ) 

y6 
1/4 , , - 3 / 4 , = / f(x)dx (y5

 = x
0 ;y6

 = x o + 2 Mm+nf ' ) 
y 5 

k y 8 
,1/4 . - 3 / 4 \ - l = S / f"(x) dx (y = x + 2 c (m+n) -r- ; 

\ A 7 0 k 
*•=* y ? 

, 1 / 4 , - 3 / 4 \ . 
y 8 = X { ) + 2 c(m+n) - ) 

> I BE^)f/4
 (1 . 1) 2*/4c (m+n)"

3/4 . 1 
\ = 1 C 

k 2[2(m+n)] 1 / 2 X I 
k k 

J * < W as k ^ oo. 
c 

This contradiction proves (2). 

I thank Dr. Q.I. Rahman for suggesting this problem to 
me and assis t ing me in the preparat ion of this paper . 
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