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Introduction. Let p(z) be a polynomial of degree n,
n
i.e. a finite sum of the form Z <, 2’ where c, areany
v =0
given numbers and z=xtiy is a complex variable. To answer
a question raised by the chemist Mendelieff, A. Markoff [3]
proved the following theorem.

n
THEOREM A. If p(z) = Z cvzv is a polynomial of
v =0
degree n, and ]p(x)[ €1 in the interval -1 < x <1 then in

the same interval

o' (x)] < n°

The result is best possible, but for every subinterval of
[-1,1] the following result of Bernstein provides a much better
estimate.

THEOREM B. Under the conditions of Theorem A

IP'(X)lgn(i-xz)-U2 (-1<x<1).

For real-valued polynomials having no roots in the
interior of the unit circle, Erd&s [2] proved the following
sharper theorem.
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THEOREM C. Let p(z) be a real-valued polynomial of
degree n having no roots in the interior of the unit circle.
If |p(x)| <1 in the interval -1 <x<1 and 0<c<1, then
E_(;r_ -1+ c<x<1-c - T

!p' (x)[ <i£’\/_n
c

for n> no.

He also showed that in theorem C, Nn can not be
replaced by any function tending to infinity more slowly.

We give an improvement on theorem C, and prove the
following.

THEOREM. Let f(z) be a rational function which is
the quotient of two };gl—y-nomials of degrees m and n respectively.
If f(z) has neither zeros nor poles inside the unit circle and
Ti(x)| <1 for -1 <x<1, thenfor 0<c<41 and
-1+ c<x -5_1.—- C T

1/2
(1) lfu (X)l <M
and
5/4
(2) () | < L2mRILT
C

for m>m0 and n>n

Proof of the Theorem. Let f(x) be positive for
-1 <x< 1. Suppose that for a certain Xy in (-1+4c, 1-c),

1/2
2(m+n) N2 c
f! > [ . - .
I (XO)I c Take IX Xol < m ; denote the
t f d s b A | ) 3 A §
roots of p(z) and q(z) by @, a, @ and {31 {32 Bn

respectively. By hypothesis }au [>1 for 1< v <m, and
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B, 121 for 1gv

A

n. (We give a proof for f' (xo) > 0;

the proof for f' (xo) < 0 is similar.) Hence

>

fl
(xg) ~m n 1 [2(min)] /2
() =y ¢ F -z >
0 i=1 %07%  i=1 Y0Py ¢
Divide the interval ( x+\[-2c)'tk | parts. Th
ivide the interval (x,, X, + == into equal parts. en
f +N/—2C -)3;—1< <x+\/—2c A where 1 < A <k
or XO Nm+n Tk x 0 Nm+n I P = =
we have
1 1 LN N2 X
(4) lx—af T x -a = ]x—-oz Hx -a [ cNm+n k
i 0 i i 0 i
5 L |-, | N2
- : A
Xo-ﬁi X—ﬁi IX-Bil ]xo-ﬁi] cNm+n  k
so that
m n 1/2
1 2(m+
! IZ( . fa>+z(xi -xﬁ>l<[(mcn)]
i=1 % %™ i=1 ) %07 i
and
AN G I
A i R e
1
_f("o)Jr (1 1_) ( 1 1)
f(xo) =1 x-a, x -ai 1 xo-ﬁ x-f
f! 1/2 1/2
S (XO) _ [2(m+n)] / A [2(m+n)] / (" - 1\_)
f(x.) c "k k
0
[2(rn+n)|1/2 A
Hence f'(x) > f(x) . (1 - —-];) .
123

https://doi.org/10.4153/CMB-1964-014-4 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1964-014-4

Therefore f(x) increases in this interval and f(x) > f(xo).
1/2
[2(m+n)] /
c
g Nee At o N2e )
*o " Nmin "~k 0 Nmtn k'’

Since f' (xo) > by hypothesis, we have for

1/2

. 0 [2(m+n)] A
(7) f'(x) > f(x) f(xo) - c -
1/2
. [2(m+n)] A
> £ 0) ) c k
1/2
S [2(m+n)] (1 L).
c k
But then,
N2 ¢
1 > f<x0+—'\/?n—_+n_> - f(xo)
Yy
0., _ N2 c
= f'(x) dx <y0—x0+ '__m+n)
x
0
k y
= = fzf'(x)dx <y1=xo+ “Ci:n. %1 ;
A=1 vy
1
_ N2 c L)
Y2 7% "Vmn " X
. 3 L2min)/? oM N2e
x=1 . c ( " K Nmitn  k
k
L |
= Z 21-7)-—1 as k=,
N=1 k' k

This contradiction proves (1).
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If f(z) =—:% is typically real and all the conditions of

our theorem are satisfied, then for ¢ > 0 the function

P(z)
F(z) = 1+¢ - {(-2) = 3(2)
is the quotient of two polynomials P(z) and Q(z) of degrees
max (m,n)=m (say) and n respectively, P(z) and Q(z) do
not have zeroes in the unit circle, and If(x)l <1+¢ for
-1gxg<1. I f(x)>0 for -1 <x<1, then F(x)>0 for

-1 <x< 1. Besides, F'(x)=1f'(-x). Hence if

f'(x.)> w, then F'(-x.)> m+n‘ As for (7), it
0" = c 0" = c
c -1 c A
f - L= - S
ollows that for x0+ — ” <x< xo+ — %
IF,(X)I>(1+S)'\/m+n (1___)2) ,
c k
i.e., If'(x), >L d’n+n(1 __)‘)
c k
f X = l\<x<x < At
°F Xy " Vmin k 0 Nm+n @k
Also (see the proof (7)) |f'(x)| >_(1—_i-s_)_c__rn+_n (1 -%;)~for
X + = -A:-i< <x_ + < 2 and the
0" Wm+n k * 0 "NWmtn k n
g c C
1 = - 4 =
> [ oot (yyexg e vy =g by
Y3
k (1+¢ ) Nm+n A c 1
s AFEiymTn g 2 L= - k> o .
> E T U mm TR

Thus we get a contradiction.
Since € is arbitrary we can state the following corollary.

If f(z) is typically real and satisfies the conditions of the
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theorem, then for -1+ c<x<1-c¢

. m+n
£ (x) | < ———,

provided m 2 n.

Suppose now that for a certain x0 in (-4+4c, 1-c¢),

5/4
- [2(m+n)]
"
£1(x ) 242

c
let f(xo) >0, {' (xO) > 0. We give a proof for f”(xo) > 0; the

1/4

-3/4
Take |x - xol < 2" "c[(m+n)] / , and

proof for f"(xo) < 0 is similar. Now

2
" 1
TR s 1 G PRI
f(x ) ) f(x.) T ldx ) f(x)
0 0 =x
0
f'(x ) 2 m n
0 1
" Vi) z vz 2
0 i= - s = -
11(xO a)) 11(x0 ai)
1 1
=ZZ + Z Z
waw g @) O a ) T e TR ) (e )
r2z—>— ozt 5 1
(x5 = B;) "% %P
5/4
[2(men)]”/
= 2
c
Divide the interval (xo, x0+ 21/4c (m+n)-3/4) into k equal parts.
1 - - -
Then for x0+2 /4c(m+n) 3/4 }—1;—4- <x< X + 21/4c (m+n) 3/4 l\.k ,

where 1 <N <k and p#v, we have
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0 L
< 25/4( + )3/4 IR
k
1 1 5/4
(10) | - | <2 (m+n)
(x-ﬁHNx-Bv) (x0~ﬁp)(x0-ﬁv)
m n m n
1 1 1 1
(11) | Z — Z e = — T 2 B ]
i=1 i=1 i i=1 "0 "ii=1 70 i
m n
- z( L )
=1 X% g \X Py %5By
n m
.z 1 5 ( 1t 1 >]
i=1 %Py g2\ FY %7y
< 21/4(m.n+ n. m) (m+n)-3/4 c"2 . )1\—(,
n
1 1
(12) | = - |

i=t (80" (xyo8)°

n -
=|z{xiﬁ- 1j.[xi +x

i=1 i %o7P; 0 Py b
< 25/4n(m+n)-3/4 c-z. %;

From (9), (10), (11) and (12) we deduce that
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fix) T (Xg)

1 1
,If(x) B f(xo) I = lff"((x—au)(x-av)- (xo-au)(xo-av)>

1 1
+ ZZ - )
<(X-6H)(X-Bv) (x4 )(x,-B )

pEV
1 1
+ 2 > - >
(x- i) (xo- 1)
1 1 1 1
- 2Z b = =
x—ﬁi x—czf1 * xo-a1 xO—Bl '
[2(m+n)]5/4 A
2 Tk
c
It follows that
£1'(x) ) f”(Xo) N £1'(x) i f”(xo) . f”(xo) i lfn(x) i f”(xo) ’
B T Hxy) [ T Ex) | Hx)  H k)
fn(xo) [2(m+n)]5/4 5_
f(x,) B 2 k
Hence
f'(x ) 5/4
1" 0 2(m+n) A
f(x)>f(x)f(x) - 5 C
0 c
For
XO + 21/4c(rx'1\'+n)—3/4 )\_l—-:i <x< x0 + 21/4c (m+n)—3/4 )1\: ,

f(x) increases and f£(x) > f(xo). If f'(x) > 0, this is obvious.

If f'(x) <0 we can prove that f'(x) can never be negative in
this interval. To prove this suppose f'(x) =0 for a certain
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x in this interval. Then

lf' (XO)I i} If'(xo) (=) |
f(xo) f(xo) f(x)
R e a)
j=4 \F™% X oy \X B X5P
< [Z(m+n)]1/4 ,
C
so that
1/4
. [2(m+n)
(13) |£ (xo)] < -
On differentiating
m n
£ (x) =f(x){ s 0 5 4
=1 X% goq XPy

with respect to x and using (13), we have

5/4
lfu(xo)l < L.z(_rrﬁzﬂl_L_
c
5/4
2
This contradicts the hypothesis that [f”(xo)l > [_(L-}»an]_
c
Therefore we have
5/4 5/4
[2(m+n)] [2(m+n)] X
n 1" - o=
£1(x) > £'(x,) : > . (1-3)
c c
But then,
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1/2

1/4 -3/4
)] s v b 2 man) Y e
c 0 0
Y6
= f f'(x) dx (y5 =X, Y, = xo+ 21/4c (m+n)-3/4)
Vs
Yy
k 8
: 1/4 -3/4 \-
= Z f f"'(x) dx (vy,=x_+2 / ¢ (m+n) / —-—1;
- 7 0 k
B 1/4 -3/4 )
y8—x0+2 ¢ (m+n) k)
k 5/4
2 . 1/4 -3/4
> zM_ (1-}-)2/c(m+n) / 1
2 k k
=1 c
k 1/2
= 2[2(m+n)] “ - ")1:() . _}12
=1
’ 1/2
— M as k—+- o0 .
c
This contradiction proves (2).
I thank Dr. Q.I. Rahman for suggesting this problem to
me and avssisting me in the preparation of this paper.
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