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A THEOREM OP ARCHIMEDES ABOUT SPHERES AND
CYLINDERS AND TWO-POINT HOMOGENEOUS SPACES

M. DJORIC AND L. VANHECKE

Starting from the well-known classical theorem of Archimedes about the volumes
of spheres and circumscribing cylinders in three-dimensional Euclidean space, one
considers circumscribing tubes of small geodesic spheres in general Riemannian
manifolds and one derives new characterisations of two-point homogeneous spaces
from it.

1. INTRODUCTION

It is well-known that in accordance with the expressed desire of Archimedes his
tomb was marked by a sphere inscribed in a cylinder. The discovery of the relation
between the area and volume of a sphere and a circumscribing cylinder was regarded by
him as his most valuable achievement. Archimedes discovered that the ratios between •
these volumes are constant in three-dimensional Euclidean space but, of course, this
can be extended to n-dimensional Euclidean spaces although the values of these ratios
depend on the dimension n.

The main purpose of this note is to generalise this situation. We will define cir-
cumscribing tubes for small geodesic spheres in arbitrary n-dimensional Riemannian
spaces and study the ratios between the volumes of the geodesic spheres and balls and
the circumscribing tubes.

A first result is that the theorem of Archimedes, mentioned above, is a very im-
portant one for Euclidean geometry. Indeed, we will show that conversely, if the ratios
of the volumes are constant for all small spheres and all circumscribing tubes, then the
Riemannian manifold is locally flat. Hence, the property of Archimedes is characteristic
for locally Euclidean geometry.

Secondly, we consider similar ratios for the other two-point homogeneous spaces,
except the Cayley plane, and we prove that they may also be characterised locally by
these ratios. Recall that a two-point homogeneous space is a Riemannian manifold such
that its isometry group acts transitively on pairs of equidistant points. This class of
spaces is formed by the Euclidean spaces and the rank one symmetric spaces.
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Finally, we consider several other relations between the different volumes of geodesic
spheres, geodesic balls, circumscribing tubes and geodesic disks and we derive other local
characterisations of two-point homogeneous spaces. Several of these relations are also
direct generalisations of classical results in Euclidean geometry or are related to some
isoperimetric inequalities.

2. PRELIMINARIES

We start with some introductory material that will be needed to prove the theorems.
For more details we refer to [7, 14].

Let (M, g) be an n-dlmensional C°° Riemannian manifold which, in the rest of
the paper, will be supposed to be connected. Denote by V its Levi Civita connection
and by R the associated Riemann curvature tensor defined by

RXY = V(Jfiy] - [Vx, Vy]

for all tangent vector fields X, Y. Further, p denotes the Ricci tensor, r the scalar
curvature and A the Laplacian.

Next, let m G M and let Gm{r) denote the geodesic sphere with centre m and
radius r. We will always suppose that r is sufficiently small in order to have a diffeomor-
phic exponential map expm at m. Further, let 5m(r) denote the (n — l)-dimensional
volume of Gm(r) and Vm(r) the n-dimensional volume of the corresponding geodesic
ball. Then we have

Vm(r)= fSm{t)dt.
Jo

Some of the coefficients in the Taylor expansions for Sm(r) and Vm(r) have been
computed in [2, 3, 14]. More specifically, we have

(1) Sm(r) = w - > {l + *-*> + 3 ^ 2 ) ^ + 0(r«)} (m),

(2) Vm{r) = cnr
n < 1 H— -Ar -{ Br + 0(r ) > (m)

where

(3) A = -T, JB = -3 | | i? | | 2 +8 | |p | | 2 +5r 2 -18AT.

Here cn denotes the volume of a unit ball in Euclidean n-space, that is

(4) Cn = 7HT7 = Wn , ,\ •
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These expressions may be derived by using a normal coordinate system [2, 3] or with

the use of Jacobi vector fields [14].

Now, let a: [a, b] —» (M, g) be a smooth embedded geodesic through m and denote

by 17(7 (r) the tubular neighbourhood of radius r about a, that is

Ua(r) = {p £ M | there exits a geodesic 7 of M through p cutting

a orthogonally and with length £(7) ^ r} .

We always suppose that the radius r is smaller than the distance from a to its nearest
focal point. The n-dimensional volume of Ua[r) will be denoted by Va{r). Sa(r) will
denote the (n — l)-dimensional volume of the tube PT, that is, the set of points of Ua(r)

which are at distance r from a. Then we have again

(5) Va(r) = fS4s)ds.
Jo

Taylor series expansions with remainder term have been computed for these volumes in
[5, 6, 7, 14] by using Fermi coordinates, Fermi vector fields and Jacobi vector fields. Let
a be parametrised by arc length t and denote by u its unit tangent vector field. Further,
let {e<, i = 2, . . . , n} be an arbitrary orthonormal basis of {w}"L(«''(0) CI Ta(t)M at
o-(t). Then we have
(6)

where

(7) Aa = - ( T + Puu),

(8) Ba = - 3 p | | 2 + 8 HHI2 + 5r2 - 18Ar + 33V2
UUT - 9Ap

+ 10TPUU + 2 £ p2
ui + 14 £ PijRuiuj - 6 2 R2

uijk

^ U U - 3P\U - 10

uu

Next, let D^(r) denote the geodesic disk with centre m and radius r which is
perpendicular to x 6 TmM, that is

D'm(r) = {p € M I d(p, m) < r} n expm ({x}^).

Then we have the following Taylor expansion for the (n — l)-dimensional volume V^(r)
ol D-Jr) (•« [8, 9,

(9)
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where

(10) Am{x) = - ( r - 2Pma)(m),

(11) Bm(x)= {-3||iZ||2+8|H|2 + 5r2-18Ar + 24^^ < i f c

+ 20 £ Rli*j ~ 8 Y, f'i + 12P" " 16 E '«*"*»

- 20rPxx + 36 £ V?,p» + 18V;.r} (m)

where {e,-, t = 1, . . . , n} is an arbitrary orthonormaal basis of {x}x C TmM.
Now, we consider the circumscribing tubes and start with the natural definition.

Let m £ M and let (?„,(»•) be the geodesic sphere with centre m and radius r . Next,
let a: [—r, r] —» (Af, 5) be a unit speed geodesic through m = <T(0). Then, the tube PT

about a is by definition the circumscribing tube of the geodesic sphere with a as axial
curve. We denote this by Pma{r) • T^e n-dimensional volume of it will be denoted by
V£(r) and the (n — 1)-dimensional volume by S%(r). Then, from (5) and (6) we get
easily

(12)

VXr) = c ^ r - {2 + 3 j ^ l ) ^ r » + 1 (1Q(n + ̂  + 3 ) ^ +

+ 0(r6)}(m),

(13) SS(r) = c.-.r-* {2(n - 1) + \ A ^ + 1 ( I ^ T y ^ +

+ 0(r6)}(m)

where the prime denotes covariant differentiation along <r.

We also want to have an expression for the (n — l)-dimensional total volume TS^(r)

of the circumscribing tube Pmtrir)- This volume is given by the formula

(14) TS%{T) = S£(r) + F; ( r ) ( r ) + F j ( _ r ) ( r )

where v = o~'(r) and v = <r'(—r). Therefore, we need expressions for the last two terms
in (14). From (9) we obtain

(15)

r'+ 0 ( ' S ) } •
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and

{ +

where a: = <r'(0). Hence, (13), (14), (15) and (16) yield

(IT) TSfr) - ' | 2 +

Later on we shall need more detailed Taylor expansions when dim M — 2. In this
case, let K denote the Gauss curvature. Then we have [4]

(18) Vm(r) = „» { l - i ^ + ^ ^ + ^ 7 ^ + 0(r«) } (m),

(19) S,(r) = 2 . , { l - |«r» + ^ + ^ ^ + 0(r«)} (m)

where

(20) a = K,

(21) 0 = 2K2- 3AK,

(22) 7 = -8A"3 + 30 | |VJq 2 + 42KAK - 15A2K.

Further, using the method developed in [5, 6] one gets after some straightforward
calculation, which we omit:

(23)

( U ) + ( v f ) r
(24)

- - 7Vjm.,A- - V*VVVVK

6 + 0(r8) } (m),

= r {4 - 2tfr2 + i ( -2VL^ - V2
oii: + ir2)r4

- -K"3) »-8 + 0(r8) } (m)
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where (u,v) is an orthonormal basis of TmM with u = ff'(O). Note that in this case

(25) v;{r) = v;{_r) = 2r.

We note that for the two-point homogeneous spaces it is possible to write down the
explicit formulas for all the volumes considered above. This has been done in [2, 3, 6,
7, 11, 13, 14]. Here we do not write down these expressions because we shall not need
them in general. The only result we will use follows directly from these expressions or
may be derived in a more general way from [10]. We formulate it as follows:

LEMMA 1 . Let (M, g) be a two-point homogeneous space. Then all the volumes

of the geodesic spheres and balls, the circumscribing tubes and the geodesic disks are
independent of m — <r(0) and x = ""'(O), that is, they depend only on the radius r.

We finish this section by some integration formulas which we shall need in the proof
of our theorems. They are derived in [1, 3].

LEMMA 2 . We Aave, with n = dimM,

(26) / £ J&mj.(m)*. = ~^cj\\p\\2 + I \\Rf)(m),

(27) / ^Rlijk(m)du = ILZ* ( W - -±- \\p\\2)(m)
Jsn-Hi)^ n + 2 \ n - 1 J

where u is a unit vector of TmM and {e,-, i = 2, . . . , n} is an arbitrary orthonormal

basis of {w}-1- CTmM.

From this we get

COROLLARY 3 . For an n-dimensional two-point homogeneous space we have

(28)

3. ARCHIMEDES-LIKE THEOREMS AND TWO-POINT HOMOGENEOUS SPACES

In this section we shall consider direct analogues of the theorem of Archimedes. As

concerns circumscribing tubes we may consider the volume-ratios

v;/vm, scjsm, Tscjsm.

From the remark made in Section 2 we may conclude that these ratios depend only on
the radius when (M, g) is a two-point homogeneous space. In fact, using the explicit
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expressions for these volumes, one may write down the ratios for each of the two-point
homogeneous spaces. Our main purpose is to determine to what extent these explicit
expressions determine these spaces up to local isometry. We shall show that they do
that completely.

We start with a more general theorem.

THEOREM 4 . Let (M£,go) bean n-dimensional two-point homogeneous space
and (M™, g) an n-dimensional Riemannian manifold such that for all m € M, all
geodesies a through m and all suiSdently small r we have that the ratios

0) V;/Vm,or
(ii) S%/Sm,or

(iii) TS%/Sm

are equal to the corresponding ratios for (MJ*, g0). Then (M, g) is an Einstein space
and moreover,

PROOF: We give a proof for the case (i). The proofs for the other cases are similar.

We use (2), (3), (12), (7) and (8) and start by putting

1 ' Vm[v) l+£(m)r2+77(m)r*+O(r«)'

where a = 2cn_i/cn. For the model space (Mo, go) we put

V£(r) = 1 + V-2 + A*or4+O(rg)
V ' V0(r) l+^or2+^or4+O(r«)-

The equality of the expressions (30) and (31), for all r , yields as first necessary condition

A - £ = Ao - 6

for all m G M. Hence, and since (M0) go) is an Einstein space (that is, po = (To/n)go),
we get

(32) ^TT(T + ̂ ) - ^ T = ^ ) r o -

Since this must be true for any unit vector it, we may put u — e,- where {ej, t =
1, . . . , n} is an arbitrary orthonormal basis of TmM. Then (32) gives, by summing up,

(33) T = T0.
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Substituting this in (32) yields
T

Pun. — —
n

which implies p = {r/n)g, that is, (M, g) is an Einstein space. Note that (33) implies
that r is constant.

Next, we use these results to write down the second necessary condition. This
condition becomes

where

<34>

So, we have

(35) 360(n + l ) (n + 2)(n + 3)(n + 4)(»j - /x) = 3(2n

+ ( n + 2)(n + 4) (6 ] ^ R2
uijk + 10 ̂  R2

uiuj) - ± (20n3 + 112n2 + 186n

Now, we integrate this over the unit sphere in TmM and use (26) and (27) to get

(36) 360(n + l ) (n + 2)(n + 3)(n + 4) / (V -

\\Rf -

r2 .

ncn [3(2» + 5) ||*||2 + 6 ( n-^( n + 4) (

(\\p\\ + I
n \ 2

I \\R\\2
2

2) - ^ ( 2 0 n 3 + 112n2 + 186n + 88)r2]
J n* J

Doing this also for the model space, or using (28) and (29), the second condition leads
at once to

which proves the required result. D

From this theorem we obtain at once the converse of the theorem of Archimedes.

COROLLARY 5 . Let ( M n , g) be a Riemannian manifold such that for all m 6 M,

all geodesies cr through m and all sufficiently small r,

(i) V;/Vm,or
(ii) ScJSm,or

(iii) TS%/Sm
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are constant. Tien (M, g) is locally Sat.

PROOF: The constancy of the expressions is equivalent to the choice of a flat model
space. Then Theorem 4 implies at once R = 0. u

This corollary is a special case of the next one.

COROLLARY 6 . Let (Mn, g) be a Riemannian manifold such that for all m G M,

all geodesies <r theough m and all sufficiently small r,

(i) V;/Vm,or

(ii) S%ISm,or

(iii) TS%/Sm

are l i e same as t ie corresponding ratios tor a manifold of constant sectional curvature
(Mo, go)- Then (M, g) is locally isometric to (Mo, go)-

PROOF: Use Theorem 4 and the fact that a Riemannian manifold ( M n , g) has
constant sectional curvature if and only if

(see [1, 3, 6] for a reference). D

Similarly we have

COROLLARY 7 . Let (M2 n, g, J) be a Kahler manifold with complex dimension

n such that for all m £ M, all geodesies a through m and all sufficiently small r,

(i) V;/Vm,or

(ii) ScJSm,or

(iii) TSHSm

are the same as the corresponding expressions for a Kahler manifold {MQ71, go, Jo)
of constant holomorphic sectional curvature. Then (M, g, J) is locally isometric to
(Mo, go, Jo).

PROOF: This follows again from Theorem 4 and the fact that a Kahler manifold
(M 2 n , g, J) has constant holomorphic sectional curvature if and only if

\\R\\2 =
2

-T
2

n(n

(see [1, 3, 6] for a reference). U

Finally, we have

COROLLARY 8 . Let (M4 n, g) be a Riemannian manifold whose holonomy group
is a subgroup of Sp(n) • 5p(l) and suci tiat for all m G M , all geodesies <r through
m and all sufficiently small r,

(i) Vj/Vm,or
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(ii) Sl/Sm,or
(iii) TS%/Sm

are the same as the corresponding ratios tor a quaternionic space form (Mg n , go) • Then
(M4 n , g) is locally isometric to (MQ™, go) .

PROOF: Use Theorem 4 together with the characterisation property

5n +1 ,
TT2

4n(n + 2)2

for a quaternionic space form (see [1, 3, 6] for a reference). D

4. ANOTHER SERIES OF RESULTS

Two-point homogeneous spaces may be characterised in a similar way by consider-
ing other ratios and by using the formulas given in Section 2. We give some examples
and omit the detailed proofs.

EXAMPLE A. Theorem 4 and its corollaries have analogues when we consider the ratios

which are determined by volumes associated with the circumscribing tubes alone.

EXAMPLE B. A classical theorem for three-dimensional Euclidean spaces states that
the area of a sphere equals four times the area of a disk with the same centre and radius
as the sphere, that is,

Sm(r) = 4nr2.

As a generalisation of this, we may consider the ratio

and prove the analogues of Theorem 4 and its corollaries.

EXAMPLE C. In two-dimensional Euclidean geometry we have

V = - S 2

(see [12] for a relation with an isoperimetric inequality). One obtains a generalisation
with analogue results as above by considering the ratio

on an n-dimensional Riemannian manifold.
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EXAMPLE D. Similar results hold when one considers the ratio

TSc yc

JTn 'm

for an n-dimensional manifold where n > 2. The situation is different for surfaces.
Indeed, it is easy to see, using the explicit expressions, that when the surface is locally
flat or has constant Gauss curvature we always have

sm vm'
Explicitly, in the first case we have

Sm = 2nr, Vm=ivr2, V° = AT2 , TSc
a = 8r

and for a surface of constant curvature K > 0 one obtains

(For K < 0 one has similar expressions using hyperbolic functions instead of trigono-
metric functions.)

Conversely, we have

THEOREM 9 . Let (M, g) be a two-dimensional Riemannian manifold such that
for all m £ M, all geodesies through m and all sufficiently small r,

TS%
Vm

Then (M, g) has constant curvature.

PROOF: The proof uses again the Taylor series expansions but now one has to use
the expansions (18), (19), (23) and (24) because one needs more terms to conclude.
(We delete the straightforward computations.) D

EXAMPLE E. The weakest result we have is the one considering the ratio

Here we can only formulate similar results as in Section 3 if we suppose that (M, g) is
an Einstein space. We are unable to give a proof when one deletes this condition.
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