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Abstract

We prove the Breuil-Mézard conjecture for two-dimensional potentially Barsotti—Tate
representations of the absolute Galois group G, K a finite extension of Q,, for any p > 2
(up to the question of determining precise values for the multiplicities that occur). In the
case that K/Q, is unramified, we also determine most of the multiplicities. We then apply
these results to the weight part of Serre’s conjecture, proving a variety of results including the
Buzzard-Diamond-Jarvis conjecture.

2010 Mathematics Subject Classification: 11F33

Overview

The Breuil-Mézard conjecture [BM02] predicts the Hilbert—Samuel multiplicity of the special
fibre of a deformation ring of a mod p local Galois representation. Its motivation is to give a
local explanation for the multiplicities seen in Hecke algebras and spaces of modular forms; in
that sense it can be viewed as an avatar for the hoped for p-adic local Langlands correspondence.
For GL,(Q,), the conjecture was mostly proved in [Kis09a], using global methods and the p-
adic local Langlands correspondence, and it was used in that paper to deduce modularity lifting
theorems.

The conjecture was originally formulated for two-dimensional representations of Gg, (the
absolute Galois group of Q,) with a restriction on the Hodge—Tate weights of the deformations
under consideration, but the formulation extends immediately to the case of unrestricted regular
Hodge-Tate weights. In fact, there is a natural generalization of the Breuil-Mézard conjecture for
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continuous representations 7 : Gy — GL, (E,) for any finite extension K /Q,; see [Kis10], and
Section 2 below. (In fact, it is possible to formulate a generalization for representations of arbitrary
dimension; see [EG14, Section 4].)

There is currently no known generalization of the p-adic local Langlands correspondence to
GL,(K), K # Q,, and it is accordingly not possible to use the local methods of [Kis09a] to prove
the conjecture in greater generality. The main idea of the present paper is that one can use the
modularity lifting theorems proved in [Kis09b] and [Gee06] (by a completely different method,
unrelated to p-adic local Langlands) to prove the Breuil-Mézard conjecture for all potentially
Barsotti—Tate deformation rings. As a byproduct of these arguments, we are also able to prove the
Buzzard-Diamond-Jarvis conjecture [BDJ10] on the weight part of Serre’s conjecture for Hilbert
modular forms, as well as its generalizations to arbitrary totally real fields conjectured in [Sch08]
and [Geella].

1. Introduction

Fix finite extensions K /Q, and E/Q,, the latter (which will be our coefficient
field) assumed sufficiently large. Let E have ring of integers O, uniformizer
7, and residue field I, let k be the residue field of K, and fix a continuous
representation 7 : Gg — GL,(F). Given a Hodge type A and an inertial type ©
(see Section 2 below for the precise definitions of these notions, and of the other
objects recalled without definition in this introduction), there is a universal lifting
(D-algebra R;D "+ for potentially crystalline lifts of 7 of Hodge type A and Galois
type 7. The Breuil-Mézard conjecture predicts the Hilbert—Samuel multiplicity
e(R;D‘“ /) in terms of the representation theory of GL,(Ox). More precisely,
a result of Henniart attaches to T a smooth, irreducible, finite-dimensional E-
representation o (t) of GL,(Ok) via the local Langlands correspondence, and
there is also an algebraic representation W of GL,(Ox) associated to A. Let
L;.. C W, ® o (1) be a GL,(Ok)-invariant lattice; then the general shape of the
Breuil-Mézard conjecture is that for all A, T we have

e(RFMT/m) =D i (0) o (),

where o runs over the irreducible mod p representations of GL,(k), n;, (o) is
the multiplicity of o as a Jordan—Holder factor of L, /7, and the u, () are
nonnegative integers, depending only on 7 and o (and not on A or 7).

One can view the conjecture as giving infinitely many equations
(corresponding to the different possibilities for A and t) in the finitely many
unknowns u, (7'), and it is easy to see that, if the conjecture is completely proved,
then the u, (7) are completely determined (in fact, they are determined by the
equations for 7 the trivial representation and A ‘small’, and are zero unless o
is a predicted Serre weight for 7 in the sense of [Geella]). Our main theorem
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(see Corollary 4.5.6) is the following result, which establishes the conjecture in
the potentially Barsotti—Tate case (A = 0 in the terminology above).

THEOREM A. Suppose that p > 2. Then there are uniquely determined
nonnegative integers [L,(r) such that, for all inertial types T, we have

e(RFT/7) =Y " no.c(0) ity ().

Furthermore, the |, () enjoy the following properties.
(1) ws(r) # O ifand only if o is a predicted Serre weight for r.

(2) If K/Q, is unramified and o is regular, then p,(r) = e(R;D’U/n), where
R;D 7 is the crystalline lifting ring of Hodge type determined by o. If
furthermore o is Fontaine—Laffaille regular, then u,(r) = 1 if o is a
predicted Serre weight for r, and is zero otherwise.

See the introduction to [GLLS13] for a discussion of the history of the various
definitions of predicted Serre weights for r and of their equivalence, and see
Section 2.2 below for the precise definitions we are using. We are able to apply
this result and the techniques that we use to prove it to the problem of the weight
part of Serre’s conjecture. For any 7 : Gx — GL, () as above, we define WBT(7)
to be the set of weights o such that () > 0. It follows from Theorem A(1) that
WEBT(7) is precisely the set of weights predicted by the Buzzard—Diamond-Jarvis
conjecture and its generalizations [BDJ10, Sch08, Geella]. We then prove the
following result (see Corollary 5.5.4).

THEOREM B. Let p > 2 be prime, let F be a totally real field, and letp : Gp —
GL, (Fp) be a continuous representation. Assume that p is modular, that p|¢ Fep)
is irreducible, and if p =5 assume further that the projective image of plg,,,
is not isomorphic to As.

For each place v | p of F with residue field k,, let o, be a Serre weight of
GL,(k,). Then p is modular of weight ®,,0, if and only if o, € W*'(plg,,) for
all v.

In the case that p is unramified in F, this proves the Buzzard—Diamond—Jarvis
(BDJ) conjecture [BDJ10] for p. More generally, by Theorem A(1) (which
relies on the main result of [GLS13]), it proves the generalizations of the BDJ
conjecture to arbitrary totally real fields conjectured in [Sch08] and [Geel1la]. In
particular, it shows that the set of weights for which p is modular depends only
on the restrictions of p to decomposition groups at places dividing p, which
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was not previously known. We remark that, in the case of indefinite quaternion
algebras, another proof of the BDJ conjecture (which, like the proof given in
this paper, relies on the version of the conjecture for unitary groups proven in
[BLGG13b, GLS14, GLS13]) is given in [New13].

We emphasize that, in the above theorem, the definition of p being modular
of some weight is in terms of quaternion algebras as in the Buzzard—Diamond-
Jarvis conjecture (see [BDJ10, Definition 2.1, Conjecture 3.14] and [Geellb]),
rather than in terms of unitary groups as in [BLGG13b]. The former statement
is more subtle, since the set of local Serre weights in the Buzzard—Diamond—
Jarvis conjecture is attached to 7 by considering crystalline liftings, while, for
a quaternion algebra, one cannot lift every global Serre weight to characteristic
Zero.

We now describe some of the techniques of this paper in more detail. In
Sections 3 and 4, we adapt the patching arguments of [Kis(9a] to the case
of a rank two unitary group over a totally real field F*. In the presence of a
modularity lifting theorem, these yield a relationship between a patched Hecke
module and a tensor product of the local deformation rings which appear in
the Breuil-Mézard conjecture. In particular, the modularity lifting theorems
proved in [Kis09b] and [Gee06] imply that such a relationship holds in the (two-
dimensional) potentially Barsotti—Tate case. More generally, we show that such
a relationship holds for representations which are ‘potential diagonalizable’ in
the sense of [BLGGT14a].

These arguments produce not a solution in nonnegative integers to the systems
of equations that we seek, but rather a solution to a product, over the primes
p|p of FT, of these systems of equations. We deduce that a solution for each
individual system exists by showing that such a solution is unique, and applying
some linear algebra. (It does not seem possible to avoid dealing with a product
of systems of equations by, for example, choosing F* so that p is inert in F*:
our methods require that we realize the local representation r globally. We do
this via the potential automorphy techniques of [BLGGT14a] and [Cal12] (see
Appendix A), and these methods cannot ensure that p is inert in F*. (In the
case that r is irreducible or decomposable, it is presumably possible to avoid
this by making use of CM forms, but they cannot handle the case that 7 is
reducible and indecomposable.)) It follows from the construction that u, () 7# 0
if and only if there are modular forms of weight o for the unitary group used
in the construction. Using this, together with the results on Serre’s conjecture
for unitary groups proved in [BLGG13b, GL.S14, GLS13], we deduce the other
claims in Theorem A.

In order to prove Theorem B and the Buzzard—Diamond-Jarvis conjecture,
we repeat these constructions in Section 4, in the setting of the cohomology of
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Shimura curves associated to division algebras. The uniqueness of the wu, ()
implies that the multiplicities computed globally in this setting agree with those
computed via unitary groups. On the other hand, as for unitary groups, by
construction these multiplicities are nonzero if and only if there are modular
forms of weight o for the quaternion algebra used in the construction. Theorem B
follows from this, and implies the BDJ conjecture and its generalizations when
combined with Theorem A(1).

The argument comparing multiplicities for unitary groups and quaternion
algebras seems to us to be analogous to the use of the trace formula to prove
instances of functoriality for inner forms. We view the left-hand side of the
equality

E(R;D'O’T/T[) = Zno,r(U)Ma (f)

as being the ‘geometric’ side, and the right-hand side as the ‘spectral’ side. Then
the geometric side is manifestly the same in the unitary group or Shimura curve
settings, from which we deduce that the spectral sides are also the same, and thus
transfer the proof of the Buzzard—Diamond-Jarvis conjecture from the unitary
group context to the original setting of [BDJ10]. As mentioned above, the proof
of Theorem A(1) uses the results of [BLGG13b, GLS14, GLS13] which, in
turn, rely crucially on the fact that there is no parity restriction on the weights of
the modular forms on unitary groups. Thus, it does not seem possible to prove
Theorem A(1) and its consequences for the BDJ conjecture by working only
with quaternion algebras.

1.1. Notation. Fix an algebraic closure Q of Q, and an algebraic closure @p
of Q, for each prime p. Fix also an embedding Q— @p foreach p. If M is a
finite extension of Q or Q,, we let G, denote its absolute Galois group. If M
is a finite extension of Q, for some p, we write I, for the inertia subgroup of
Gy . If F is a number field and v is a finite place of F, then we let Frob, denote
a geometric Frobenius element of G, .

If R is a local ring, we write my for the maximal ideal of R. We write all
matrix transposes on the left; so’ A is the transpose of A.

Let e denote the p-adic cyclotomic character, and € = w the mod p cyclotomic
character.

If K is a finite extension of @, for some p, we let rec be the local Langlands
correspondence of [HTO01], so that if 7 is an irreducible @p—representation of
GL,(K), then rec(rr) is a complex Weil-Deligne representation of the Weil
group W. Choose an isomorphism 7 : @P — C, and set ry(m) :=1""orec o
1 ( ®|det|'="/2); this is independent of the choice of 1. We let Artg : K* — Wgb
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be the isomorphism provided by local class field theory, which we normalize
so that uniformizers correspond to geometric Frobenius elements. We will
sometimes identify characters of Ix and of Of via Arty without comment. If
F is a number field, we write Arty for the global Artin map, normalized to be
compatible with the Artp, .

2. Potentially crystalline deformation rings

In this section, we recall the formulation of the Breuil-Mézard conjecture, or
rather its generalization to finite extensions of Q, (see [Kis10]).

We fix a finite extension K /Q, with ring of integers O and residue field .
Let E C @p be a finite extension of Q, with ring of integers O and residue
field . In particular, we may regard [ as a subfield of Fp, the residue field of
@p. We assume throughout the paper that E is sufficiently large; in particular,
we assume that E contains the image of every embedding K — @p, and that
various @p-representations 7, o (1) that we consider are in fact defined over E.

2.1. The Breuil-Mézard conjecture. Let B be a finite local E-algebra, and
let Vi be a finite free B-module, with a continuous potentially semistable action
of Gg. Then

Dgr(Vp) = (Bar ®q, V)x

is a filtered B ®q, K -module which is free of rank rk 3 V, and whose associated
graded is projective over B ®q, K. For an embedding ¢ : K — E, we
denote by HT (V) the multiset in which the integer i appears with multiplicity
tk per’ (Dgr (V) ® Bog, K. B). We call the elements of HT_ (V) the Hodge—Tate
numbers of Vp with respect to ¢. Thus, for example, HT () = {—1}.

Let Zi denote the set of pairs (A, A,) of integers with A; > X,. Fix A €
(22 )Pome, K-E) "and suppose that rk 3V = 2. We say that Vy has Hodge fype
A if, for each ¢ : K — E, the Hodge-Tate weights of Vp with respect to ¢
are A, + 1 and A_,. If Vj is potentially crystalline and has Hodge type zero,
we say that Vy is potentially Barsotti-Tate. (Note that this is a slight abuse of
terminology; however, we will have no reason to deal with representations with
nonregular Hodge—Tate weights, and so we exclude them from consideration.)
(Note that it is more usual in the literature to say that Vj is potentially Barsotti—
Tate if it is potentially crystalline, and V" has Hodge type zero; in particular, all
of our definitions are dual to those of [BIM02], but of course our results can be
translated into their setting by taking duals.)

An inertial type is a representation t : Iy — GL,(E) with open kernel, with
the property that (possibly after replacing E with a finite extension) T may be
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extended to a representation of the Weil group W In particular, it is semisimple
and factors through a finite quotient of /. We say that Vj is of Galois type t if
the traces of elements of Ik acting on D,y (V) and 1 are equal.

Letr : Gx — GL,(FF) be a continuous representation. Let RE be the universal
O-lifting ring of 7, so that RY pro-represents the functor which assigns to a local
Artin O-algebra R with residue field F the set of liftings of 7 to a representation
Gy — GL,(R).

The following is a special case of one of the main results of [Kis08].

PROPOSITION 2.1.1. There is a unique (possibly zero) p-torsion free quotient
RE'“ of R;D such that, for any finite local E-algebra B, and any E-
homomorphism x : R;D — B, the B-representation of Gk induced by x is
potentially crystalline of Galois type Tt and Hodge type X, if and only if x factors
through R2.
Moreover, Spec R
4+[K :Q,l

Ot

7

[1/p] is formally smooth and everywhere of dimension

In the case that 7 is the trivial representation, we will drop it from the notation,
and write R,‘-.j * for RP*7. We will need the following simple lemma later.

LEMMA 2.1.2. Let  : Gx — F* be an unramified character. Then the O-
O,z O,z . .

algebras R; and R_ S oden A€ isomorphic.

Proof. Let Y denote the Teichmiiller lift of 1/; since this character is unramified,

it is crystalline with all Hodge-Tate weights equal to zero. If r* : Gy —

GL,(RZ™7) is the universal lift of 7, then r"™ ® (¥ odet) : Gx — GL,(R™*7)

is the universal lift of 7 ® (Y o det), as required. ]

Lett: Iy — GLZ(@p) be an inertial type, as above. We have the following
theorem of Henniart (see the appendix to [BM02]).

THEOREM 2.1.3. There is a finite-dimensional irreducible @p-representation
o(t) of GL,(Ok) such that, for any two-dimensional Frobenius semisimple
representation T of WDy, (rp_l(f)v)lc,Lz(oK) contains o (t) ifand only if T|;, ~ 7
and N = 0 on T. Furthermore, for all T, we have

dim@p HOHI GLz(OK)(O(T)’ r;l(f)v) < 1

If |k| > 2, then o (7) is uniquely determined.
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2.1.4. For A € (Z2)"" %5 we set
W)\ = ®; ((detkg,z ® Symkm—)»;.z O%{) ®OK,§ O) s

where ¢ runs over the embeddings K < E.

Now assume that E is sufficiently large that o (7) is defined over E. Let 7 be
a uniformizer of . Fix a GL,(Ok)-stable O-lattice L; , C W) Qo o(t).If A
is a Noetherian local ring, we let e(A) denote the Hilbert—Samuel multiplicity
of A.

CONIJECTURE 2.1.5 (Breuil-Mézard). There exist nonnegative integers p, (r)
for each irreducible mod p representation o of GL, (k) such that, for any 7, A as
above, we have

e(RE™T /) =) n(o) o (),
where o runs over isomorphism classes of irreducible mod p representations of
GL,(k), and n(o) = n, (o) is the multiplicity of o as a Jordan—Holder factor
of L; ;. ®o T, so that

(Lk,r ®(9 IF)SJ ;> @Uo_n(rr)‘

REMARK 2.1.6. When |k| = 2, so that the type o () is not necessarily unique,
it follows from [BD13, Proposition 4.2] that the quantities n(o) are independent
of the choice of o (7).

2.2. Local Serre weights. The following definitions will be useful to us later,
in order to give more explicit information about the p, () in some cases.

2.2.1. By a (local) Serre weight we mean an absolutely irreducible
representation of GL,(k) on an F-vector space, up to isomorphism. Let
(Z2)om &5 < (72 )Hom &I be the subset consisting of elements a such that

P — 1 2 ag,l _ag,Z
for each ¢ € Hom (k, ). Then
0, = ®, det’? ® Sym“s' "2 k? @, _ T,

where ¢ runs over the embeddings £ — T, is a Serre weight, and every Serre
weight is of this form. We say thata, a’ € (Z%)o™ 5 are equivalent if 6, = 0.
Ifo, = oy, thenag —acr =a, —a_, forallg.
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2.2.2. We have a natural surjection Hom g, (K, E) — Hom (k, F), which is a
bijection if and only if K /Q, is unramified. Suppose that K /Q, has ramification
degree e. For each ¢ € Hom (k, IF), we choose an element 7. in the preimage
of ¢, and denote the remaining elements of the preimage by 7., ..., 7... Now,
given a € (Z>)"m*D we define A, € (Z2)""e%*®5) as follows. Fori = 1,
2, ko, = Ggi>and A, = 0if j > 1. When K/Q, is unramified, we will
sometimes write a for A,.

By definition, we have W, ®o F = o, and we write RY-¢ for R« Note that
in the case that K/Q, is ramified this definition depends on the choice of the
places 7. ;, as does Definition 2.2.3 below (at least a priori). However, our only
use of this definition in the ramified case will be to prove that in certain cases
RP4 is nonzero (see Lemma 4.3.10 below), and in these cases our argument
will in fact show that this holds for any choice of the t_;.

If a,a’ € (Z%)1m* 9 with 0, = o,, then there is a crystalline character
Yoo of Gk with trivial reduction mod p and Hodge-Tate weights given by
HT. ,(Vau) = a2 —a_,, and HT._, (Y, ») = 0if j > 1. The corresponding
universal deformation to R™*“ is obtained from that to R~ by twisting by ¥, o,
which induces an isomorphism R4 = RE«,

If o is an irreducible F-representation of GL,(k) and ¢ = o,, we will write
RY° for R™“. The following definitions will be needed in order to state our
main results.

DEFINITION 2.2.3. We say that r has a lift of Hodge type o if (with notation as
above) R™7 £ 0.

DEFINITION 2.2.4. Suppose that K/Q, is unramified. We say that a Serre
weight o is regular if o = o, for some a € (Z3)"™*D with p—2 > a1 —a.»
for each ¢ € Hom (k, IF). We say that it is Fontaine—Laffaille regular if for each
¢ € Hom (k, F) we have p —3 > a.; — a. . The remarks above show that these
conditions depend only on ¢ and not on the choice of a.

2.2.5. We remark that this is a significantly less restrictive definition than the
definition of regular weights in [Geellb].

In order to make use of the results of [GLS12, GLS14, GLS13] we need
to recall the notion of a predicted Serre weight. Beginning with the seminal
work of [BDJ10], various definitions have been formulated of conjectural
sets of Serre weights for two-dimensional global mod p representations (see
[Sch08, Geella]). These sets are defined purely locally, and the relationship
between the different local definitions is important in proving the weight part
of Serre’s conjecture; see [BLGG13b, Section 4] for a thorough discussion. In
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particular, given a continuous representation 7 : Gx — GL,([F), sets of weights
Wexplicit(7) and Weis () are defined in [BLGG13b]. The set WePicit(7) is defined
by an explicit recipe that generalizes those of [BDJ10, Sch08] and [Geella],
whereas the set W*(7) is the set of weights o for which 7 has a crystalline lift
of Hodge type o. It is shown in [BLGG13b] that WePlcit(7) ¢ Weis(7), and
conjectured that equality holds; this has now been proved [GLS13]. We make
the following definition.

DEFINITION 2.2.6. If 7 : Gy — GL,(IF) is a continuous representation, we say
that o is a predicted Serre weight for r if o € WPl (7), where WPl () is the
set of Serre weights defined in [BLGG13b, Section 4].

3. Algebraic automorphic forms and Galois representations

3.1. Unitary groups and algebraic automorphic forms. Let p > 2 be a
prime, and let F be an imaginary CM field with maximal totally real field
subfield F*. We assume throughout this paper that the following hold.

e F/F™ is unramified at all finite places.
e Every place v | p of F* splitsin F.

By class field theory, the set of places v of F* such that —1 is not in the image
of the local norm map (F ®+ F,/)* — F,”* has even cardinality. Since we are
assuming that F/F™ is unramified at all finite places, this implies that [Ft : Q]
is even.

3.1.1. We now define the unitary groups with which we shall work. It will be
convenient to define these as groups over Op+.

Let ¢ € Gal (F/F™*) be the complex conjugation. The map g — (‘g)~!is an
involution of GL,,, which covers the action of ¢ on Op. Since O is unramified
over O+, it follows by étale descent that there is a reductive group G over O+
such that, for any Or+-algebra R, one has

G(R) = {g (S GLz(OF ®OF+ R) . tgcg = 1}

Thus G is a unitary group which is definite at infinite places, and which is
quasisplit at finite places, because —1 is in the image of the local norm map
at finite places. (G is automatically quasisplit if » is odd, and if n is even this is
equivalent to the standard Hermitian form being a sum of hyperbolic planes,
by (for example) the discussion of groups of type *A, on [Tit66, p. 55]. If
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N(a) = —1, then the equation z;z{ + z,z5 = 0 has solution vectors of the form
(z,az) and (z, a‘z), so the condition is satisfied for n even.)

By construction, G is equipped with an isomorphism ¢ : G0, — GL,,0,
such that to c o t™!(g) = ("g°)~!. If v is a place of FT which splits as ww* over
F, then ¢ induces isomorphisms

Ly 1 G(Op+) —> GLy(OF,), tye : G(Op+) —> GLy(OF,.)

which satisfy ¢, o L;l (g) = (‘g)~'. These extend to isomorphisms i, :
G(F}) —5 GL,(F,) and G(F) —> GL,(F,) with the same properties.

3.1.2. Continue to let E/Q, be a sufficiently large extension with ring of
integers O and residue field F. Let S, denote the set of places of F* lying over
p, and for each v € S, fix a place ¥ of F lying over v. Let S’ denote the set of
places v forv € S,,. erte F) FT=F"®yQ,,and O r; for the p-adic completion
of OF+

Let W be an O-module with an action of G(O ) and let U C G(A%,) bea
compact open subgroup with the property that, for each u € U, if u, denotes the
projection of u to G(F ), thenu,, € G(OFF)'

Let S(U, W) denote the space of algebraic modular forms on G of level U and
weight W, that is, the space of functions

[ GFO\GAT) > W

with f(gu) =u,' f(g) forallu € U.
For any compact open subgroup U of G(A%,) as above, we may write
G(A%,) = [, G(F")t U for some finite set {#;}. Then there is an isomorphism

S(U. W) —> @ wln e

given by f — (f(t));. We say that U is sufficiently small if for some finite
place v of F* the projection of U to G(F,) contains no element of finite order
other than the identity. Suppose that U is sufficiently small. Then for each i as
above we have U N #;'G(F7)t; = {1}, so we see that, for any O-algebra A and
O-module W, we have

S(U, W®0A)=SU,W) Qo A.

3.1.3. Let I, p denote the set of embeddings F <— E giving rise to a place in S
For any v € §,,, let I5 denote the set of elements of I lying over v. Note that
|I;| =[F}:Q,]=[Fs: Q] Let Zi be as in Section 2. For any A € (Z+)’“, let
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W, be the E-vector space with an action of GL,(OF,) given by
W, := @ cf, det’™? @ Sym*s' ™2 FZ @p, . E.

We give this an action of G(Op+) via 15.

For any J € (Zi)’Nﬁ andv € S,, let 1, € (Zi)’NF denote the tuple of pairs in A
indexed by Iy, and let W, be the E-vector space with an action of G(Op+) given
by

W, = ®veS,, WAU-

For each v € §,,, let 7, be an inertial type for G -+, so that (since E is assumed
sufficiently large) there is an absolutely irreducible E-representation o (t,) of
GL,(OF,) associated to 7, by Theorem 2.1.3. Write o (7) for the tensor product
of the o (t,), regarded as a representation of G (O F) by letting G (O ;) acton
o(t,) via 13. Fix a G(OF;)-stable O-lattice L, , C W, ®p o (1), and, for any
O-module A, write

SA.,r(U7 A) = S(Ua L)\,r ®O A)

3.2. Hecke algebras and Galois representations

DEFINITION 3.2.1. We say that a compact open subgroup of G(A%,) is good if
U =], U, with U, a compact open subgroup of G (F,") such that the following
hold.

e U, C G(Op+) for all v which splitin F.

o U,=G(Op+)ifv | porvisinertin F.

3.2.2. Let U be a good compact open subgroup of G(A%,). Let T be a finite
set of finite places of F* which split in F, containing S, and all the places v
which split in F for which U, # G(O+). We let T be the commutative
O-polynomial algebra generated by formal variables 7Y’ for j = 1,2, and w
a place of F lying over a place v of F* which splits in F and is not contained
in T. For any A € (Z3)", the algebra T"""" acts on S, . (U, O) via the Hecke
operators

TO = [GLZ(OF,,) (wglf Y ) GLZ(OF,‘,)]

J

forw ¢ T and @, a uniformizer in OF, .
We denote by T} (U, O) the image of """ in End o (S;.- (U, O)).
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3.2.3. Let m be a maximal ideal of T7""" with residue field F. We say that
m is automorphic if S, (U, O)y, # 0 for some (A, 7) as above. If 7 : G —
GL,(IF) is an absolutely irreducible continuous representation, we say that r is
automorphic if there are U, T as above and an automorphic maximal ideal m of
T7-uiv such that, for all places v ¢ T of F* which splitas v = ww® in F, 7 |GFW
is unramified, and 7 (Frob,,) has characteristic polynomial equal to the image of
X*—T"X + (Nw)T? in F[X]. Note that, if 7 is automorphic, it is necessarily
the case that 7 = 7" ', because we have 7’ = (T®)~'T% in T7 (U, O).

Let G, be the group scheme over Z defined to be the semidirect product of
GL, x GL, by the group {1, j}, which acts on GL, x GL, by

1

g wit =g w.

We have a homomorphism v : G, — GL,, sending (g, 1) to u and j to —1.

Assume that 7 is absolutely irreducible and automorphic with corresponding
maximal ideal m. By [CHT08, Lemma 2.1.4] and the main result of [BC11], we
can and do extend 7 to a representation p : Gp+ — G,(F) withvop =&"!
and plg, = (7, '). By [CHT08, Lemma 2.1.4], the F*-conjugacy classes of
such extensions are a torsor under F* /(IF*)2. In particular, any two extensions o
become conjugate if we replace F by a quadratic extension. We fix a choice of p
from now on.

In the rest of the paper, we will make a number of arguments that will
be vacuous unless S, (U, O), # 0 for the specific (A, ) at hand, but for
technical reasons we do not assume this. Let G+ 7 := Gal (F(T)/F"), Gpr :=
Gal (F(T)/F), where F(T) is the maximal extension of F unramified outside
of places lying over T'.

THEOREM 3.2.4. For any (A, T) there is a unique continuous lift
Pm: Gpe 1 — QZ(T)T‘I(U, O)w)

of p, which satisfies the following.

(1) ' ((GLy x GL)(T] (U, O)w)) = Gr.1-

1

2) vopn,=¢"".

(3) pw is unramified outside T. If v ¢ T splits as ww® in F, then py, (Frob,)
has characteristic polynomial

X =TVX + Nw)T?.

(4) For each place v € S, and each homomorphism x : Tf’t(U s D — @p,
X 0 pulg,. is potentially crystalline of Hodge type A, and Galois type T,.
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Proof. This may be proved in the same way as [CHTO08, Proposition 3.4.4],
making use of [Labll, Corollaire 5.3], [BLGGT14b, Theorem 1.1], and
Theorem 2.1.3 above. (More specifically, [Lab11, Corollaire 5.3] is used in order
to transfer our automorphic forms to GL,, in place of the arguments made in
[CHTO08, Proof of Proposition 3.3.2]. The argument of [CHTO0S8, Proposition
3.4.4] then goes through unchanged, except that we have to check property (4)
above; but, by Theorem 2.1.3, this is a consequence of local-global compatibility
at places dividing p, which is a special case of [ BLGGT14b, Theorem 1.1].) [

3.3. Global Serre weights. A global Serre weight (for G) is an absolutely
irreducible mod p representation of G(OF;) considered up to equivalence.
For v € §,, denote by k, the residue field of v. Let a = (a,),es,, Where
a, € (Z2)Em*-0_ We set
04 = ®H“O-avv

where, for v € §,, g, is the representation of GL;(k,) = GL,(ky) defined in
Section 2. We let G(Op;) act on o,, by the composite of (5, and reduction
modulo p. This makes o, an irreducible F-representation of G (O F}), and any
irreducible F-representation of G (O F;) 1s equivalent to o, for some a.

We say that two such tuples a = (a,)ves,, @' = (a,)ves,, are equivalent if
0, = o,; this implies that a, .1 — @y c» = a;&] — a;&,z for each v € §,, and
¢ € Hom (k,, IF;).

For v € §,, Iy naturally surjects onto Hom (k,, IF). Fixing once and for all a
splitting of each of these surjections, we obtain, as in Section 2, a Hodge type
Aa, € (Z2)", and hence an element 1, € (Z3)".

4. The patching argument

4.1. Hecke algebras. In this section, we employ the Taylor—Wiles—Kisin
patching method, following the approaches of [Kis09a] and [BLGG11] (which
in turn follows [CHTO8]). In particular, in the actual implementation of the
patching method we follow [BLGG11] very closely.

4.1.1. Continue to assume that F is an imaginary CM field with maximal totally
real field subfield F* such that the following hold.

e F/F* isunramified at all finite places.
e Every place v | p of F* splitsin F.
o [FT :Q]iseven.

Let G0, be the algebraic group defined in Section 3.
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Fix an absolutely irreducible representation 7 : G — GL,(IF). Assume that
the following hold.

e 7 is automorphic in the sense of Section 3.2 (so that, in particular, 7 = 7V ).
e i is unramified at all primes v t p.

& F.

7|6y, is absolutely irreducible.

The projective image of r is not isomorphic to A,.

Let U be a good compact open subgroup of G(A%,) (see Definition 3.2.1)
such that, if U, C G(Op,) is not maximal for some v t p, then the following
hold.

e U, is the preimage of the upper triangular unipotent matrices under
G(Opz) = G(k,) = GLa(ky),

where w is a place of F over v.
e v does not split completely in F(¢,); thatis, (Nv) # 1 (mod p).
e The ratio of the eigenvalues of p(Frob,) is not equal to (Nv)*!.

Finally, we assume that U,, is not maximal for some place v, { p of F* such
that the following holds.

e For any nontrivial root of unity ¢ in a quadratic extension of F, v; does not
divide ¢ +¢7 ' —2.

Note that, under these assumptions, U is sufficiently small. Note also that, by
[DDT97, Lemma 4.11], it is always possible to choose a place v; which satisfies
these hypotheses.

4.1.2. Continue to let E be a sufficiently large finite extension of @, with ring
of integers O and residue field I, and assume in particular that E is large enough
that 7 is defined over F. As in Section 3, we have a fixed set of places §p of F
dividing p, and we let I~p denote the set of embeddings F' < E giving rise to an
element of S"p, Let R denote the set of places v of F* for which U, # G(Og+),
write 7 = S, [ [ R, and define the Hecke O-algebra T7 v as above.

Fix a weight A € (Zi)"’, and, for each place v € §,, fix an inertial type T,
of Ip;.
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We note that our assumptions on 7 and on U, at the places v at which U, is not
maximal imply that S, . (U, O)y, ®z, Q, is either O or is locally free over 'H‘;r (U,
O)wl[1/p] of rank 2!%! (see [Tay06, Lemma 1.6(2)]; the requisite multiplicity one
result is given by [Lab11, Theorems 5.4 and 5.9]).

4.2. Deformations to G,. Let G, be as in Section 3.2.3, and extend 7 to a
representation p : Gp+ — G,(F), withvop = g ! and Ple, = (r, g1, asin
Section 3.2.3.

4.2.1. Let Cp denote the category of complete local Noetherian (D-algebras with
residue field isomorphic to IF via the structure map. Let S be a set of places of F+
which split in F, containing all places dividing p. Regard p as a representation
of G+ g. As in [CHTO08, Definition 1.2.1], we define the following.

e A lifting of p to an object A of Cp is a continuous homomorphism p :

Gr+s — Go(A) lifting p and with v o p = & .

e Two liftings p, p’ of p to A are equivalent if they are conjugate by an element
of ker(GL,(A) — GL,(IF)).

e A deformation of p to an object A of Cp is an equivalence class of liftings.
Similarly, if T C S, we define the following.

e A T-framed lifting of p to A is a tuple (p, {ot,},er), Where p is a lifting of p
and o, € ker(GL,(A) — GL,(F)) forv e T.

e Two T-framed liftings (p, {cty}ver), (0, {@) }yer) are equivalent if there is an
element B € ker(GL,(A) — GLy(F)) with p' = BpB~! and o, = Ba, for
veTl.

o A T-framed deformation of p is an equivalence class of T-framed liftings.

4.2.2. For each place v € T, we choose a place v of F above v, extending the
choices made for v € S,. Let T denote the set of places v, v € T. Foreachv € T,
we let RY denote the universal O-lifting ring of 7|g »- For each v € §,, write

0.7y [
Ry "™ for RHGF; "

We now recall from [CHT08, Sections 2.2 and 2.3] the notion of a deformation
problem

S = (L/L*, T, T, 0,7, x, {Rs s}ver)-

This data consists of
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e an imaginary CM field L with maximal totally real subfield L™;
e a finite set of finite places 7’ of L*, each of which splits in L;

e a finite set of finite places T of L, consisting of exactly one place lying over
each place in 77

e the ring of integers O of a finite extension E of @, (assumed sufficiently
large);

o 7 : G+ — Gy(F) a continuous homomorphism such that 7~!(GL,(F) x
GL,(F)) = G, 1, and f|GL,T’ is irreducible;

e x : Gr+p — O acontinuous character lifting v o 7;

e for each place v € T', a quotient Rg/ 7 of R? by an 1 4+ M,(m,p)-invariant
ideal. '

For any deformation problem &’ as above, there is a universal deformation O-
algebra RW"™ and a universal deformation r%" : G+ — G,(RS™) of F, which
is universal for deformations r of 7 with v o r = x which satisfy the additional
property that, for each v € 7', the point of Spec RY corresponding to rlgy, 18
a point of Spec Rs 3. The 1 + M,(m,0)-invariance of Rs y implies that this
condition does not depend on the choice of r in its equivalence class. For any
T C T', we also consider the universal T-framed lifting ring RE,T, which is
universal for liftings of type &’ together with choices of basis at the places in T
(see [CHTO08, Definitions 2.2.1 and 2.2.7]).

Returning to our specific situation, consider the deformation problem
S:=(F/F*T.T,0,5,6" (R huer U (RZ" " ics,)-

(The quotients R?"\“’f" satisfy the condition above by [GG12, Lemma 3.2.3].)
There is a corresponding universal deformation pgmv :Gp+p — gz(Rg“iV) of p.

The lifting of Theorem 3.2.4 and the universal property of p2™" gives an O-
homomorphism

Rg'niv - T{,T(Ua O)mv
which is surjective by Theorem 3.2.4(3).

4.3. Patching

4.3.1. In order to apply the Taylor—Wiles—Kisin method, and in particular to
choose the auxiliary primes used in the patching argument, it is necessary to
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make an assumption on the image of the global mod p representation r. In our
setting, it will be convenient for us to use the notion of an adequate subgroup
of GL, (F,,), which is defined in [Tho12]. We will not need to make use of the
actual definition; instead, we recall the following classification.

PROPOSITION 4.3.2. Suppose that p > 2 is a prime, and that G C GLZ(FP) isa

—2
finite subgroup which acts irreducibly on ¥ ,. Then precisely one of the following
is true.

o We have p = 3, and the image of G in PGL, (Fs) is conjugate to PSL,(IF3).
e We have p =5, and the image of G in PGL, (Fs) is conjugate to PSL,(IFs).

e G is adequate.
Proof. This is [BLGG13b, Proposition A.2.1]. L]

4.3.3. Assume from now on that the following holds.
o (G, is adequate.

We wish to consider auxiliary sets of primes in order to apply the Taylor—
Wiles—Kisin patching method. Let (Q, O, {¥/3}veo) be a triple where the
following hold.

e Q is a finite set of finite places of F* which is disjoint from T and consists of
places which splitin F.

e O consists of a single place v of F above each place v of F™.
e Foreachv € Q,7|g, = Vs ® W%, where V5 # W%, and Nv = 1 (mod p).

For each v € Q, let RU% denote the quotient of RY corresponding to lifts 7 :
G, — GL,(A) which are ker(GL,(A) — GL,(F))-conjugate to a lift of the
form ¥ @ V', where ¥ is a lift of Y5 and ¥ is an unramified lift of E% We let
Sy denote the deformation problem

So=(F/F*,TUQ,TUQ,0,5,e " {R}er UIRF™ " }res, U LR }1c0).

We let R:‘g’g" denote the corresponding universal deformation ring, and we let

REQT denote the corresponding universal T-framed deformation ring.
We define
Rlo¢ .— <®ues,7 ?,M,n) ® (@ueRRE) ,

where all completed tensor products are taken over O.
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REMARK 4.3.4. Let v € R. Since we have assumed that the ratio of the
eigenvalues of p(Frob,) is not equal to (Nv)*!, and (Nv) # 1 (mod p), RE

is formally smooth of relative dimension four over O (this may be checked
by computing the dimension of the reduced tangent space by the usual Galois
cohomology calculation; see [CHTO08, Lemma 2.4.9]), and in particular all
deformations of 7|, are unramified. Applying Proposition 2.1.1 above and
[BLGHT11, Lemma 3.3], we see that R'° is equidimensional of dimension
1 +4|T|+ [F*:Q], and R™[1/p] is formally smooth.

Flap~

4.3.5. For each finite place w of F, let Uy(w) be the subgroup of GL,(OF )
consisting of matrices congruent to (§ ;) modulo w, and let U;(w) be the
subgroup of GL,(Or,,) consisting of matrices congruent to (§}) modulo w.
Fori =0, 1,let U;(Q) =[], U:(Q), be the compact open subgroups of G (A%,)
defined by U;(Q), = U, if v ¢ Q, and U;(Q), = LglU,»(B) if v € Q. We have
natural maps

T} 2(U,(Q), 0) — T, 72 (Us(Q), 0) - T} 2(U, O) = T} (U, O).

Note that ’IFQ;Q(U, O)m =T (U, O)n by [CHT08, Proof of Corollary 3.4.5].
By taking its image, m determines maximal ideals of the first three algebras in
this sequence which we denote by m, for the first two and m for the third.

4.3.6. Let pny, : Grrrug — GLz(’]I‘TUQ(U](Q) O)mQ) be the representation
defined in Theorem 3.2.4. For each v € Q, choose an element ¢y € Gp,
lifting the geometric Frobenius element of Gr, /I, and let wy € OF; be the
uniformizer with At @y = @5 pw. Let Py(X) € TTUQ(Ul(Q) O)m,[X] denote
the characteristic polynomial of py,, (¢5). Since 1,// (py) # 1// (¢v), by Hensel’s
lemma we can factor P;(X) = (X — Ay)(X — By), where Ay, By € ’]I‘TUQ(UI(Q)

()M o lift E;(gﬂg) and J%((pg), respectively.
Fori =0, 1 and @ € F5* of nonnegative valuation, consider the Hecke operator

e (o (2)o)

on ;. (U:(Q), O). Denote by T; 7°(U;(Q), O)' C End o(S,..- (U;(Q), 0)) the
O-subalgebra generated by ’]I‘TUQ(U (Q), O) and the V,, for v € Q. We denote
by mQ the maximal ideal of TTUQ(U (Q), O) generated by my and the V,,, — As.
Write T; ¢ := T} 22 (U:(Q), O).,

Let A, denote the maximal p- power order quotient of Uy(Q)/U,(Q). Let ay

denote the kernel of the augmentation map O[Ay] — O. Exactly as in the proof
of the sublemma [BLGG11, Theorem 3.6.1], we have the following.
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(1) The natural map

[[(Ver = B) : S (U, Oy > 8,.:(Un(Q), O)w,
veQ

is an isomorphism.

2) S, (U (Q), O)mrg is free over O[A,] with

$1.:(U1(Q), O)my, /a0 —> S 2 (Uo(Q), Oy —> 8. (U, O

(3) For each v € Q, there is a character with open kernel Vy : Fy* — T 0 SO
that the following hold.

(a) For each element o € F;* of nonnegative valuation, V, = Vy(«) on

$1.+(U1(Q), O,

®) (Pmg ®y190 (), Ormg Tio)lw,, = ¥ & (Vi o Arty)) with ¢’ an
unramified lift of 1// and (Vy o Arty, ) lifting glf~

4.3.7. The above shows, in particular, that the lift p, ® Ty ¢ of p is of type So
and gives rise to a surjection RleV — T} o. We think of S, . (U;(Q). O)mg as an
Rg’gv -module via this map.

Thinking of Ay as the image of the product of the inertia subgroups in the
maximal abelian p-power order quotient of ]—[ G F;, the determinant of any

choice of universal deformation runlv gives rise to a homomorphism A, —
(R”“L;V)X We thus have homomorph1sms

O[Ag] —> REM — Rg!

and natural isomorphisms Rgrg" Jag = R¥™ and REQT Jag = RET. (This follows
from (3)(b) above, which shows that, for each place v € Q, the ramification of
“"“’ at v is given by the character (Vy o Art, ) )

4.3.8. We have assumed that 7(Gr(,) is adequate, or equivalently (because
we are considering two-dimensional representations) big in the terminology of
[CHTO08]. By [CHTO08, Proposition 2.5.9], this implies that we can (and do)
choose an integer g > [F* : Q] and foreach N > 1 atuple (Qy, QN, {W;}UGQN)
as above such that the following hold.
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e #Oy =g forall N.
e Nv = I(mod p") forv € Qy.

e The ring REQTN can be topologically generated over R' by ¢ — [F* : Q]
elements.

We will apply the above constructions to each of these tuples (Qy, QN,

{Vshocon)-
Choose a lift rgni" :Gp+ s — QZ(R:’S““) representing the universal deformation.
Let

T: 0[[Xv,/ NS T, i, ] = 1, 2]]

univ

The tuple (rg"™, (12 + X, j)ver) (Where 1, + X, ; ; is a 2 x 2 matrix) gives

rise to an isomorphism RET — RYW®yT. (Note that the action of j in
the group G, implies that this tuple has no nontrivial scalar endomorphisms.)
For each N, choose a lift r“é‘;‘; :Gp+r — QQ(R};“;A’]) representing the universal

univ

deformation, with r mod ap, = r&. This gives rise to an isomorphism

Soy
RE{;’N — R};“;N ®0oT which reduces modulo ay, to the isomorphism RET —
Rg‘mv®o7"
We let

M = Sk,r(Ua O)m

My = $,.:(U1(Qx). O, g RS .

Then My is a finite free T[Ap,]-module with My/ap, = M ® guniv RE",
compatibly with the isomorphism RE;N [agy = RET.
Fix a filtration by [F-subspaces

0=LyCcLiC---CL;=L,,®0F

such that each L; is G(OF;)—stable, and, foreachi =0,1,...,5s — 1, 0; :=
L;y1/L; is an absolutely irreducible representation of G((’)F;). This in turn
induces a filtration on S (U, O), ®o I (respectively S; . (U1 (Qn), C’))mQN Ko
) whose graded pieces are the finite-dimensional F-vector spaces S(U, 0;)n
(respectively the finite free F[A g, ]-modules S(U;(Qw), ai)mQN ). By extension
of scalars, we obtain a filtration on M, ®o . We denote these filtrations by

0=M'cM'c.-.cM=MQ@oF
and

0=My CMyC--CMy=M,Q0F.
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Letg=qg — [F*:Q], let

Aw =173,
Roo — Rloc[[xl’ o xg]]’

R, = (®,erRY) [[x1, -, x,11,
Soec = TIA]L,

and let a denote the kernel of the O-algebra homomorphism S., — O which
sends each X, ; ; to 0 and each element of A, to 1. Note that S is formally
smooth over O of relative dimension ¢ + 4|7T'|, and that R, is a quotient of R/_.
For each N, choose a surjection A, — Ag,, and let ¢y denote the kernel of
the corresponding homomorphism Sy, — 7 [Ap,]. For each N > 1, choose a
surjection of R'*°-algebras
Re — Rg! .
N
We regard each RE(;N as an Sy-algebra via S, — T[Ag,] — REQTN. In
particular, REQTN Ja = R,
Now a patching argument as in [Kis09a, 2.2.9] shows that there exist the
following:

e an O-module homomorphism S,, — R, and an R,,-module M., which is
finite free as an S,,-module;

e a filtration by R,.-modules
0=M_cM. Cc---CM,=M_®F
whose graded pieces are finite free S, /7 Soo-modules;

e asurjection of R'**-algebras R.,/aR., — RY¥™; and

e an isomorphism of R,-modules M,,/aM, = M which identifies M’ with

M. JaM .
‘We claim that we can make the above construction so that, fori = 1,2, ..., s,
the (R, Ss)-bimodule M’ /M " and the isomorphism M /(aM! +M') —

M'/M'~" depend only on (U, m and) the isomorphism class of L;/L;_; as a
GO F;)—representation, but not on (A, t). For any finite collection of pairs (A,
7), this follows by the same finiteness argument used during patching. Since the
set of (X, 7) is countable, the claim follows from a diagonalization argument.
For o a global Serre weight, we denote by M7 the R. /7 R.-module

constructed above when L;/L;_, > o, and we set

o (r) = 2_‘R‘€Rw/n(Mgo)'
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LEMMA 4.3.9. For each o, u,(r) is a nonnegative integer. Moreover, the
following conditions are equivalent.
(1) The support of M meets every irreducible component of Spec R"[1/ p].
(2) M ®z,Q, is a faithfully flat Ry[1/ pl-module which is locally free of rank

211,
3) Rg“iv is a finite O-algebra and M ®z, Q, is a faithful Rg"iv[l / pl-module.

(4)
e(Roo/TRy) =Y 27 Wleg 1n(MZ) =) ), (7).
i=1 i=1

where o; is a global Serre weight with L;/L;_, S o

Proof. We argue in a similar fashion to the proof of Lemma 2.2.11 of [Kis(09a].
By Remark 4.3.4, R, [1/p] is formally smooth of dimension g + 4|T| =
dim S..[1/p]. Since M, is free over S, the module M., ®z, Q, has depth
q + 4|T| at every maximal ideal of R,[1/p] in its support. By the Auslander—
Buchsbaum formula, M, ®z,Q, has projective dimension zero, and as it is finite
over S,[1/p] it is also finite and therefore finite flat over R ,[1/p].

If Z C Spec R [1/p] is an irreducible component in the support of M, then
Z is finite over Spec S.[1/p] and of the same dimension. Hence the map Z —
Spec Swo[1/p] is surjective. As (M /aMy)[1/p] = M[1/p] has rank 2% over
any point of R&"[1/p] in its support, M, ®z, Q, has rank 2/% over Z. This
shows that (1) and (2) are equivalent.

Let Spec A C Spec R,, denote the closure of the support of M., on
Spec R.[1/p]. By what we have just seen, there exists a map A S M,
which is an isomorphism at the generic points of Spec A. Using [Kis09a,
Proposition 1.3.4], we see that

2 Wleg jn(Mao /Tt M) = 27Rley 7 (Mo /T Moo) = e(A/70)

is an integer. If 0 = o, is a global Serre weight, as in Section 3.3, then applying
the above with (A, ) = (,, 1) shows that u/ (¥) is an integer.
We also have

e(Roo/TRso) = 27 Wleg jn (Moo /e M) = Y "2 Wl 1 (MZ)

i=1

with equality if and only if M, is a faithful R,,-module or, equivalently, if and
only if the support of M meets every irreducible component of R,,[1/p]. So (1)
and (4) are equivalent.
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Finally, if M, is a faithful R,,-module, then R, is finite over S, and so Rg"”,

which is a quotient of R.,/a, is a finite O-module. This shows that (2) implies

(3). The converse is a consequence of the Khare—Wintenberger argument; see

[KW09, Theorem 3.3]. To be precise, assuming R&" is a finite O-algebra, we
see that the image of

univ

Spec RY™ — Spec R

meets every component of Spec R'[1/p], because it follows from
[BLGGT14a, Proposition 1.5.1(2)] that the quotient R¥™ corresponding to
any particular component of Spec R'°[1/p] is a finite O-algebra of dimension
at least one, and therefore has @p—points. Hence, if M ®z, Q, is a faithful
R¥™-module, then the support of M meets every component of Spec R'°[1/p],
which is (1). O

Leto = ®,es,0, be a global Serre weight. The following lemma will be useful
in order to determine the p/ () more precisely in some situations.

LEMMA 4.3.10. The multiplicity p (r) is nonzero if and only if S(U, 0) # 0.
If this holds, then, for each place v | p of F, r|g,, has a crystalline lift of Hodge
type o, in the sense of Section 2.2.3.

Proof. By definition, u, () # 0 if and only if M7, # 0. Moreover, M2, # 0
if and only if MJ /aMZ # 0, and M /aMJ = S(U, o) by definition, so we
indeed have u, (7) # 0 if and only if S(U, o) # 0.

For the second part, let a = (a,)ves, With a, € (Z3)%"* " and 0, = o,
Note that, since U is sufficiently small, we have S(U, ), # 0 if and only if
Si.1(U, O) # 0, where A, is defined in Section 3.3, and 1 denotes the trivial
type. The result then follows at once from Theorem 3.2.4(4). O

4.4. Potential diagonalizability. We now use the methods of [BLGGT14a]
to show that the equivalent conditions of Lemma 4.3.9 are frequently achieved.
We begin by recalling the definition of potential diagonalizability, a notion
defined in [BLGGT14a]. We will use this definition here for convenience, as
it allows us to make use of certain results from [BLGG13b], and to easily argue
simultaneously in the potentially Barsotti—Tate and Fontaine—Laffaille cases.

Suppose that K/Q, is a finite extension with residue field k, that E/Q, is
a finite extension with ring of integers O and residue field I, and that p;, p, :
Gx — GL,(0O) are two continuous representations. We say that p, connects to
p, if all of the following hold.
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e p; and p, are both crystalline of the same Hodge type A.

® D =Dy
e p; and p, define points on the same irreducible component of REDI’A Ko @p.

We say that p : Gy — GL,(O) is diagonal if it is a direct sum of crystalline
characters, and we say that p is diagonalizable if it connects to some diagonal
representation. Finally, we say that p is potentially diagonalizable if there
is a finite extension L/K such that p|s, is diagonalizable. We say that a
representation Gy — GL,(E) is potentially diagonalizable if the representation
on some G g-invariant lattice is potentially diagonalizable; this is independent of
the choice of lattice by [BLGGT14a, Lemma 1.4.1].

The following two lemmas, which rely on our earlier papers, are the key to
our applications of Lemma 4.3.9 to the Breuil-Mézard conjecture for potentially
Barsotti—Tate representations.

LEMMA 4.4.1. If p : Gx — GL,(FE) is potentially Barsotti-Tate, then it is
potentially diagonalizable.

Proof. Choose a finite extension L/K such that L contains a primitive pth root
of unity, and p|g, is trivial. Then p|s, has a decomposable ordinary crystalline
lift of Hodge type zero, namely p; := 1 @ ¢~!. Extending L if necessary, we
may also assume that p|;, has a decomposable nonordinary crystalline lift of
Hodge type zero, say p, (this is simply a direct sum of Lubin—Tate characters).
By [Gee06, Proposition 2.3] and [Kis09b, Corollary 2.5.16] we see that p|g,
connects to one of p;, py, and in either case p is potentially diagonalizable by
definition. O

LEMMA 4.4.2. Let a € (Z2)H™®&H and o = o, the corresponding Serre
weight.

(1) If o is not a predicted Serre weight for r, then R;D‘” = 0. In particular, it is
vacuously the case that every crystalline representation p : Gy — GL,(E)
of Hodge type a which lifts p is potentially diagonalizable.

(2) If K/Q, is unramified and o is regular in the sense of Definition 2.2.4, then
every crystalline representation p : Gy — GL,(E) of Hodge type a which
lifts p is potentially diagonalizable.

Proof. In the case that o is not a predicted Serre weight for p, the main result of

[GLS13] shows that there are no crystalline lifts of p of Hodge type a, and the
result follows.
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If K/Q, is unramified and o is regular, then the result follows immediately
from the main theorem of [GL12]. I

We will apply these results by using the following corollary of the methods
of [BLGGT14a]. In Corollary 4.4.3 below, we maintain the notation and
assumptions made throughout this section.

COROLLARY 4.4.3. Suppose that v : Gp — GL,(F) satisfies the assumptions
of Sections 4.1.1 and 4.3.3, and that, for each place v | p, every lift of Flg,.
of Hodge type A, and Galois type t, is potentially diagonalizable. Then the
equivalent conditions of Lemma 4.3.9 hold.

Proof. We will show that condition (1) of Lemma 4.3.9 holds, that is, that
the support of M meets every irreducible component of Spec R'°[1/p]. By
the correspondence between our algebraic automorphic forms and automorphic
forms on GL, (which is explained in detail in [BLGG13b, Section 2]), this is
equivalent to the statement that, if we make for each place v | p of F* any
choice of component Spec Ry of Spec R;D’A“’f“[l /p], there is a continuous lift
r:Gr — GL, (@,,) of r such that the following hold.

o rf=rVe L,

e r is unramified at all places not dividing p (note that this will be automatic at
the places in R by Lemma 4.3.4).

For each place v | p of F™T, r|GF; corresponds to a point of Rj.
e r is automorphic in the sense of [BLGGT14a].

By [BLGG13b, Lemma 3.1.1], we may choose a solvable extension F;/F of
CM fields such that the following hold.

e F is linearly disjoint from F*"7(¢,) over F.

e There is a continuous lift ' : Gp — GLz(@p) of Flgy, such that r’
is automorphic, and, for each place w|p of Fi, r'lg, is (potentially)
diagonalizable. '

The existence of r now follows by applying [BLGG13b, Theorem A.4.1]
(which is another variant of the Khare—Wintenberger argument; again, see
[KW09, Theorem 3.3]) with the representation r;, (') in the statement of
[KW09, Theorem 3.3] equal to r’. It is here that we use the assumption
that every lift of r|g, of Hodge type A, and Galois type 7, is potentially
diagonalizable, as we need to know that the points of Spec Ry correspond to
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potentially diagonalizable lifts in order to satisfy the hypotheses of [KW(09,
Theorem A.4.1] (note that, since r|g 5 is automorphic and the extension F;/F is
solvable, r is automorphic, by [BLGHT11, Lemma 1.4]). |

4.5. Local results. We will now combine Corollary 4.4.3 with the local-to-
global results of Appendix A to prove our main local results. We begin with
a lemma from linear algebra, for which we need to establish some notation.
Given a vector space V over Q with a choice of basis, we let V5, denote the
cone spanned by nonnegative linear combinations of the basis elements. If V,
W are vector spaces over Q with choices of bases, then we will choose the
corresponding tensor basis for V ® W, and define (V ® W), accordingly. For
any set I, we set ZL, = 7' N QL. In particular, (Z")%j = (Z")®" N (Q")Z;.

LEMMA 4.5.1. Let k be a field.

(1) Iffori = 1,...,n we have injective linear maps «; : V; < W, between
k-vector spaces, theno; @ -+ - Qa, : Vi ®---QV, > W ---Q W, is
also injective.

) If fori = 1,...,n we have linear maps «; : V; — W, between k-vector
spaces and nonzero elements w; € W; such that

W - Quw,elm(; Q- Ray,),
then, for each i, w; € Im («;).

(3) Let I be a (possibly infinite) set, and let o : Z%, — Z;O be a map that
extends to an injective linear map o : Q" — Q'. Suppose that v € Q",
with a(v) € Z;O, and that, for some n > 1, v satisfies v®" € (Z’")g’('). Then
v e Z%,.

Proof. (1) By induction, it suffices to treat the case n = 2. Then we can factor
o) ® a, as the composite

V1®V2—>W1®V2—>W1®W2

of two maps which are each injective.

(2) For each j # i, choose ¢; € W7 with ¢;(w;) = 1. Identifying V; and W;
withk® - QkQV;® - Qkandk® - - Qk® W, ® - -- ® k, respectively,
we see that, if

W R @w, = (0 ® - Q) (D),
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then
w, = (1o @ Qi 10 1 @1 ® ¢ 11®iy1 ® -+ ® ,,)(V)),

as required.

(3) By explicitly examining the entries of v®" in the standard basis, one sees
easily that v®" e (Z")% implies that either v or —v is in ZZ,. If —v € Z2, then
a(v), —a(v) € Z;O, which implies that «(v) = 0, and v = 0 as « is injective. [

In order to apply this result, we will make use of the following lemma. The
last assertion (allowing the determinant of 7 to run over tame characters) will be
used in Section 5.

LEMMA 4.5.2. Let p be aprime, let K /Q,, be a finite extension with residue field
k, and letr : Gy — GL,(IF) be a continuous representation. Then the system of
equations

e(RET /) =" no.c (0) 1o (7),

in the unknowns |, (r) has at most one solution. Equivalently, the linear map
which sends ((o), t0 (D, 1o (0) )0, is injective. In fact, this is true even if
we restrict consideration to the set of types T for which det t is tame.

Proof. 1f L is a topological field, and G is a topological group, let R; (G) denote
the Grothendieck group of continuous L-representations of G.

The composite of reduction mod p and semisimplification yields a
homomorphism 7 : Rg(GL,(Ok)) — Rp(GL,(k)). Since by definition this
homomorphism takes o (7) = Wy ® o(t) to Y_ng.(0)o, it is enough to check
that the (o (7)) span Rp(GL,(k)). The surjection GL,(Ok) — GL,(k) gives
an injection Ry(GL,(k)) — Rg(GL,(Ok)), and, by [Ser77, Theorem 33 of
Ch. 16], the homomorphism Rg(GL,(k)) — Rp(GL,(k)) is surjective; so 7 is
certainly surjective.

We recall the explicit classification of irreducible E-representations of
GL,(k); see [Dia07, Section 1]. There are the one-dimensional representations
x o det, the twists St, of the Steinberg representation, the principal series
representations / (), x2), and the cuspidal representations @ (£). By the explicit
construction in Henniart’s appendix to [BMO02], all but the representations St,
occur as a o (t) for some tame type t (the principal series representations occur
for tamely ramified types of niveau one, and the cuspidal types for tamely
ramified types of niveau two), so, in order to complete the proof, it is enough
to check that the 7 (St,) are in the span of the 7 (o (7)), where t runs over the
representations with tame determinant.
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To see this, note that the reduction mod p of St, is just the irreducible
representation y o det®o,_; _,—1 of GL,(k). Let ¥ : Og — E* be
a nonquadratic ramified character with trivial reduction, let @ denote the
Teichmiiller lift of w, and consider the element

oy =0(XY BV ) —o(xyodxy o) +o(xdD xd ) —o(x ® x)

of Rp(GL,(Ok)). By [BD13, Proposition 4.2], w(o,-1) = X o det®o,_1__ 1,
as required. 0

COROLLARY 4.5.3. Suppose a solution to the equations in Lemma 4.5.2 exists.
o Ifo|x # (detr)! o Artg, then ju,(r) = 0.

o The u, () for which o |« = (g det7)~' o Artg are determined by the equations
corresponding to the types t with determinant € detr.

Proof. By Lemma 4.5.2, we certainly need only consider the equations with
tame determinant. Now, if det T does not lift € det 7, then certainly R;D’O’r = 0.
It is also easy to check that nj (o) = O unless the central character of o is
(detT)~'oArtg, so that, if we set 1, (7) = 0 when the central character of o is not
equal to (£ det7)~! o Artg, then all the equations for types T with detT # z det 7

will automatically be satisfied.

—~—

Furthermore, none of the equations with dett = g detr involve any of these
values of i, (7), so, since the equations have a unique solution by Lemma 4.5.2,
it follows that we must have u, (r) = 0 if the central character of ¢ is not equal
to (Edet7)! o Artg, and that the remaining values of i, (7) are determined by

the T with det T = € detr. Note that, if p > 2, then it follows from twisting that,

if the equations hold for all T with dett = E/(_i\_/etf, then in fact they hold for all ¢
with detT = gdetr. O

REMARK 4.5.4. A referee has pointed out that in fact the obvious variant of
Lemma 4.5.2 where the types and weights have fixed central character may be
proved via [BD13, Propositions 4.2 and 4.3] (or, in the case when p > 2, it can
be deduced directly from the previous remark by twisting).

We may now combine Corollary 4.4.3 with Lemmas 4.5.1 and 4.5.2 and

Corollary A.5 to prove our main local result for potentially diagonalizable
representations.
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THEOREM 4.5.5. Let p > 2 be prime, let K/Q, be a finite extension with
residue field k, and let v : Gg — GL,(F) be a continuous representation. Then
there are uniquely determined nonnegative integers |1, (r), o running over local
Serre weights, with the following property: for any pair (A, T) with the property
that every potentially crystalline lift of r of Hodge type ) and Galois type T is
potentially diagonalizable,

e(RIMTIm) =Y 1y (0) o (F).

Proof. By Corollaries A.5 and 4.4.3, we see that all of the equivalent conditions
of Lemma 4.3.9 hold in a case where each Fy = K for each prime v | p of F, and
each 7|g, 1is an unramified twist of a representation isomorphic to our local 7. In
particular, condition (4) of Lemma 4.3.9 holds. In this case, by Lemma 2.1.2 we
see that

e(Roo/TRy) = [ [eR7 7 /) = > (]_[ nkv,f,,(av))u;gl(f),

v|p {Uv}ulp vlp

where in the final expression the sum runs over tuples {o,},, of equivalence
classes of Serre weights, and oy = ®,,0,.

Choose an ordering of the set of equivalence classes of (local) Serre weights,
and denote its cardinality by m. Let I be the set of pairs (A, 7) in the statement
of the theorem. We will apply Lemma 4.5.1 to the map a : Q" — Q! which
sends (iy)o t0 (3, 15 :(0)ihy); .. Note that all the pairs (0, v) are in I, by
Lemma 4.4.1, so that « is an injective map by Lemma 4.5.2, and induces a map
75, — Z;O since the n; (o) are nonnegative integers.

Let w = (e(R;D‘A‘T/n))A,T € Zlgo’ and take n to be the number of primes of
F™* lying over p. By what we saw above, there exists v, € (Z’”)g’é such that
a®(v,) = w®". Hence w = a(v) for some v € Q™, by Lemma 4.5.1(2). As
a®" is injective, Lemma 4.5.1(1) implies that we must have v, = v®", so that
Ve Z’;O, by Lemma 4.5.1(3). Defining the () by v = (i, (7)), , the theorem
follows. O

COROLLARY 4.5.6 (Theorem A). Let p > 2 be prime, let K/Q, be a finite
extension with residue field k, and let v : Gg — GL,(F) be a continuous

representation. Then there are uniquely determined nonnegative integers |1, (r)
such that, for all inertial types t, we have

e(RFT /) =) " no(0) ity (7).
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Furthermore, the |, () enjoy the following properties.

(1) e (r) £ 0ifand only if o is a predicted Serre weight for r.

(2) If K/Q, is unramified and o is regular, then |1,(r) = e(R;D'“/rr), where
R;D’” is the crystalline lifting ring of Hodge type determined by o. If
furthermore o is Fontaine—Laffaille regular, then u,(r) = 1 if o is a
predicted Serre weight for r, and is zero otherwise.

Proof. The initial part is an immediate consequence of Theorem 4.5.5 and
Lemma 4.4.1. The numbered properties also follow easily from the results above,
as we now show. Recall that, in the proof of Theorem 4.5.5, we worked with
a global representation 7 with the property that, for each v | p, Flg, was an
unramified twist of our local 7. We will continue to use this global representation
r.Let o be an equivalence class of local Serre weights, and let a be a global Serre
weight such that 6, = 0 ® - - - ® . By the proof of Theorem 4.5.5, we see that
. (r) = u,(7)", where there are n places of F* lying over p. In particular, we
have p () # 0 if and only if u, () # 0.

(1) Lemma 4.3.10 shows that u,(r) # O if and only if (the global
representation) 7 is modular of weight ¢ ® --- ® o. The main result of
[BLGG13b] shows that, whenever ¢ is a predicted Serre weight for 7, then 7
is modular of weight 0 ® --- ® o. The converse holds by the main result of
[GLS13].

(2) That u,(r) = e(R;D"’ /m) whenever o is regular is an immediate
consequence of Theorem 4.5.5 and Lemma 4.4.2(2). Now suppose that o
is Fontaine—Laffaille regular. By Fontaine-Laffaille theory (or as a special
case of the main result of [GLS14]), R;D“’ # 0 if and only if o is a predicted
Serre weight for 7, so to complete the proof it is enough to show that, if o is
Fontaine—Laffaille regular and R;D’” # 0, then e(R;D"”/n) = 1. By [CHTO8,
Lemma 2.4.1] (see also [CHTO08, Definition 2.2.6]) R;D‘” is formally smooth
over O, so the result follows. O

REMARK 4.5.7. If (as seems plausible) it is always the case that any crystalline
lift of 7 of Hodge type determined by o is in fact potentially diagonalizable, then
it would follow that i, (r) = e(R;D"’ /m) (without any assumption on K or o).

In the next section, it will be helpful to have the following definition.

DEFINITION 4.5.8. Let WBT(¥) be the set of Serre weights o for which
Mo (r) > 0.
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Recall from Section 2 that sets of Serre weights WePlicit(7) and W*is(7) are
defined in [BLGG13b], and that W< (7) is simply the set of Serre weights o
for which 7 has a crystalline lift of Hodge type o. (Recall that in the ramified
case this notion depends on the choice of particular embeddings K — E; the
following corollary is true for any such choice.)

COROLLARY 4.5.9. We have equalities WPi'(7) = WBT(7) = Weis(7).

Proof. The equality WoPlici(7) = WBT(7) is an immediate consequence of
Corollary 4.5.6(1) and the definitions of WePlicit(7) and WBT(7). By the main
result of [GLS13], we have Wit (7) = Weris(5) as required. O

5. The Buzzard-Diamond-Jarvis Conjecture

5.1. Types. We now apply the machinery developed above to the weight part
of Serre’s conjecture for inner forms of GL, (as opposed to the outer forms
treated in [BLGG13b, GLS12, GLS14, GLS13)).

We briefly recall some results from Henniart’s appendix to [BM02] which will
be useful to us in what follows. Let [ # p be prime, and let L be a finite extension
of @, with ring of integers O, and residue field k;. Let 7 : I} — GLZ(@p)
be an inertial type. Then Henniart defines an irreducible finite-dimensional
representation o (t) of GL, (O, ) with the following property.

e If m is an infinite-dimensional smooth irreducible @p—representation of
GL,(L), then Hom gy ,0,)(0(t),7"¥) # 0 if and only if r,(7w")|;, = 7, in
which case Hom g1,(0,)(0 (), m") is one dimensional.

(Note that, in contrast to the case / = p covered in Theorem 2.1.3, we make no
prescription on the monodromy. The only difference between the two definitions
is for scalar inertial types, where we replace a twist of the trivial representation
with a twist of the small Steinberg representation.)

For later use, we need to understand the basic properties of the reductions
modulo p of the o (). We would like to thank Guy Henniart for his assistance
with the proof of the following lemma.

]_;EMMA 5.1.1. Let T be an infinite-dimensional, admissible smooth irreducible
I ,-representation of GL,(L). Then there is an inertial type T such that for any
GLy(Oy)-stable Z,-lattice L, C o (t) we have (L. ®3, 77) 0200 £ (),

Proof. By [Xig89b, Corollaire 13], ¥ may be lifted to an admissible smooth,
irreducible Q ,-representation = of GL,(L). Set T = r,(7")|;,. Then we have
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Hom g1,0,)(0 (), ") # 0, and hence
(0 (1) ® 1) = Hom g ,0,,(r¥, 0 (1)) # 0

as the category of finite-dimensional smooth @p—representations of GL,(O,) is
semisimple. The lemma follows. 0

5.1.2. We will also need the analogue of this result for (nonsplit) quaternion
algebras. Let D be the quaternion algebra with centre L, and let 7 be a
smooth irreducible (so finite-dimensional) Q ,-representation of D*. Let Op be
the maximal order in D, so that L*O} has index two in D*. Thus 7|px is
either irreducible or a sum of two distinct irreducible representations which are
conjugate under a uniformizer in D>, and we easily see that if 7’ is another
smooth irreducible representation of D*, then = and 7’ differ by an unramified
twist if and only if 77]x = 7T/|og-

Let T be as above, and assume that t is either irreducible or scalar. Then
there is an irreducible smooth representation 5, of D* such that r,(JL(7;))|;, =
7, where JL denotes the Jacquet—Langlands correspondence, and any two such
representations differ by an unramified twist (see Section A.1.3 of Henniart’s
appendix to [BM02]). Define o (7) to be an irreducible constituent of 7’ |OB;
then, by the above discussion, we have the following property.

e If 7 is a smooth irreducible @p—representation of D*, then Hom o (op(1),
7") is nonzero if and only if r,(JL(7))|;, = 7, in which case Hom o5 (op(1),
) is one dimensional.

We also have the following analogue of Lemma 5.1.1.

LEMMA 5.1.3. Let T be an admissible smooth irreducible Fp—rgpresentation of
D*. Then there an inertial type T such that for any OJ-stable Z,-lattice L, C
op(t) we have (L, ® T)°p # 0.

Proof. By [Vig89a, Théoreme 4], T may be lifted to an admissible smooth
irreducible Q,-representation 7 of D*, and the result follows as in the proof
of Lemma 5.1.1. O

5.2. Deformation rings. Assume from now on that p > 2. We now carry out
our global patching argument. Since the arguments are by now rather standard,
and in any case extremely similar to those of Section 4, we will sketch the
construction, giving the necessary definitions and explaining the differences
from the arguments of Section 4. For a detailed treatment of the Taylor—Wiles—
Kisin method for Shimura curves, the reader could consult [BD13].
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5.2.1. For technical reasons, we will fix the determinants of all the deformations
we will consider, and we now introduce some notation to allow this. We will
also need to consider p-adic representations of the absolute Galois groups of
[-adic fields. Accordingly, let £/Q, be a finite extension with ring of integers
O and residue field T, let [ be a prime (possibly equal to p), let K/Q; be a
finite extension, and let 7 : Gx — GL,(IF) be a continuous representation. We
will always assume that E is sufficiently large that all representations under
consideration are defined over E. Fix a finite order character ¢ : Gy — E*
such that det7 = g 'y. Let t : Iy — GL,(E) be an inertial type such that

dett = ¥|,. Recall that we have the universal O-lifting ring R? of 7, and let

R,—.D ¥ denote the universal O-lifting ring for liftings of determinant yr&~".

Suppose first that [ = p. Let R‘,—j **¥ be the unique quotient of R;D'“ with
the property that the @p-points of R;D 2V are precisely the @p-points of R;D’k’r
whose associated Galois representations have determinant yr&~".

Suppose now that ! # p. Then, by [Geella, Theorem 2.1.6], there is a unique
(possibly zero) p-torsion free reduced quotient R[,-j Y of R whose @p-points
are precisely those points of RY which correspond to liftings of 7 which have
determinant & ~! and Galois type T, in the sense that the restriction to Ix of the

corresponding Weil-Deligne representations are isomorphic to t.

REMARK 5.2.2. By [EG14, Lemma 4.3.1], we have an isomorphism
R = REMTVIIX]),

so that in particular we have e(R;D‘“’W/JT) = e(R;D’“/Jr).

5.2.3. We begin with a generalization of [Geella, Corollary 3.1.7] (see also
[BD13, Théoreme 3.2.2]), which produces modular liftings of mod p Galois
representations with prescribed local properties, and will be used in place of
Corollary 4.4.3 in this setting. The proof is very similar to that of Corollary
4.4.3. We first define some notation.

Let F be a totally real field, and let p : G — GL,(F) be a continuous
representation. We will say that p is modular if it is isomorphic to the reduction
mod p of the Galois representation associated to a Hilbert modular eigenform
of parallel weight two. Fix a totally even, finite order character ¢ : G — E*
with the property that detp = ¥z ~'. Let S be a finite set of finite places of F,
including all places dividing p and all places at which p or v is ramified. For

each place v € §, fix an inertial type 7, of /r, such that dett, = v|;,, . For each
0.0, ¥lGp,
GF

v

o
place v | p, let R, be a quotient of R corresponding to a choice of
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0.0.70.¥lop,
PlGE,
TV,

|
with v t p, let R, be a quotient of R, o

. . DaflzsleFv
irreducible component of Spec Rmﬁ [1/p].

an irreducible component of Spec R [1/p], and, for each place v € §

corresponding to a choice of an

5.2.4. We assume from now on that p satisfies the following conditions.
e p is modular.
° mem is absolutely irreducible.

e If p =5, the projective image of p|g,,, 1s not isomorphic to As.

LEMMA 5.2.5. For p and R, as above, there is a continuous lift p : Gp —
GL,(E) of p such that the following hold.

o detp = e,
e p is unramified outside of S.
e Foreachplace v € S, plg,, arises from a point of R,[1/p].

e p is modular.

Proof. This is essentially an immediate consequence of [Geella, Corollary
3.1.7], given the main result of [BLLGG13a]. Indeed, in the case that for all places
v | p the component R, corresponds to nonordinary representations, the lemma
is a special case of [Geella, Corollary 3.1.7], and the only thing to be checked
in general is that the hypothesis (ord) of [Geella, Proposition 3.1.5] is satisfied.
This hypothesis relates to the existence of ordinary lifts of p, and a general result
on the existence of such lifts is proved in [BLGG13a].

In fact, examining [Geella, Proof of Proposition 3.1.5], we see that it is
enough to check that there is some finite solvable extension L/F of totally real
fields with the property that L is linearly disjoint from fkerp(gp) over F, and
Plc, has a modular lift which is potentially Barsotti—Tate and ordinary at all
places v | p. In order to see that such an L exists, simply choose a solvable
totally real extension L/ F such that L is linearly disjoint from errp(g ») over I
and p|g,, is reducible for each place w|p of L. The existence of the required lift
of p|¢, is then immediate from the main result of [BLGG13a]. I

5.2.6. Now,let X', X’ C S be disjoint subsets, not containing any places dividing

p. Suppose that if v € ¥ then 7, is either irreducible or scalar, and if v € X’
then 7, is scalar.
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o O O,
o V* as follows: Ry L = v
Fy Fy P GRy

unless v € ¥ U X’ and 7, is scalar. If rv is scalar, and v € E (respectively,
v € X’) then we define RD © % as the quotient of Rf v corresponding to the

For each v € S, v { p, we define R

components of RD " w[l /Pl whose Q ,-points are not all potentially unramified
(respectively, are all potentially unramified). Note that at this stage we could

have Rg Gr“ V* — 0. For example, if v € X and 7, is scalar and Rpth‘ V£,

then pl|g,, is necessarily a twist of an extension of the trivial character by the
mod p cyclotomic character.
By [Pil08, Theorems 4.1.1 and 4.1.3], Spec RD o ‘/'[l/p] is the union of

formally smooth irreducible components, and two such components Cy, C, can
have a nontrivial intersection only in the following situation: t, is scalar, and
there is a character y : Gp, — E* such that (up to exchanging C,, C,) the
representations parameterized by x € C,(Q ») are unramified after twisting by
y 1, and the representations parameterized by x € C, @ ») are extensions of y
by (1), which are ramified if x € C;\C,(Q,).

v _ P~ O, , _ 0,07y, ¢ T _
We set Ry = Q®ues, ORmGFU s R; Vo= ®U\P ORP|G ’ RS\I’ -

Ruipoves, ORpch V¥ and RYY RI’;'”@JORE’\‘Z. (Note that Ry v is analogous
to the ring R'* defined in Section 4.3.3)

5.3. Modular forms. We continue to use the notation and assumptions
introduced in the last subsection.

5.3.1. Let D be quaternion algebra with centre F'. We assume that either D is
ramified at all infinite places (the definite case) or that D is split at precisely one
infinite place (the indefinite case), and that the set of finite primes at which D
is ramified is precisely the set X' introduced above. If F = Q, assume further
that D #= M,(Q). (We make this assumption only in order to give a uniform
definition of our spaces of modular forms; with the usual modifications to handle
the noncompactness of modular curves, the case D = M,(Q) could also be
treated by our methods. Since our main results are all well known in this case,
we do not comment further on this assumption below.)

Fix a maximal order O, of D, and an isomorphism (Op), —> My(Op,) at
each finite place v ¢ X. For each finite place v of F, we let 7, € F, denote a
uniformizer.

By a global Serre weight for D* we mean an absolutely irreducible mod

p representation o of ]—[vlp(OD)j considered up to equivalence. Using

the isomorphisms (Op), —> M,(OpF,) for v|p, each such o has the
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form o = ®,,0,, where o, is a local Serre weight for GL,(k,), k, the residue
field of v. For the remainder of this section, when we say ‘global Serre weight’
we mean a global Serre weight for D*.

5.3.2. We now define the spaces of modular forms with which we will work,
following Section 3 of [BD13], to which we refer for a more detailed treatment
of the facts that we need, and for further references to the literature.

By [DDT97, Lemma 4.11] we can and do choose a finite place v; ¢ S of
F such that p is unramified at vy, Nv; # 1 (mod p), and the ratio of the
eigenvalues of p(Frob,, ) is not equal to (Nv;)*'. In particular, we have H*(G , ,
adp(1)) = (0), and it follows that any lifting of p|s - is necessarily unramified.
Furthermore, we can and do assume that the residue characteristic of v; is
sufficiently large that, for any nontrivial root of unity ¢ in a quadratic extension
of F, v; does not divide ¢ + ¢! — 2.

Fix from now on the compact open subgroup U = [[, U, C (D ®q A®)*,
where U, = (Op) for v # vy, and U,, is the subgroup of GL,(Or ,,) consisting
of elements which are upper triangular unipotent modulo v;. As in the case of
unitary groups, the assumption on v is used (implicitly) below to guarantee that
M, is a free S,,-module (see, for example, condition (2.1.2) in [Kis09a]).

For each place v € §, we have an inertial type t,, and thus a finite-dimensional
irreducible E-representation o (t,) of (Op). (When v | p the representation
o (1,) is defined by Theorem 2.1.3, and when v 1 p it is defined in Section 5.1,
where it was denoted op, (7,) in the case that D, is ramified.)

Now define a representation of (Op)* on a finite free O-module L, , as
follows: if v ¢ X', then we choose L., to be a (Op); -stable O-lattice in o (,).
If v € X', then 7, is scalar, by assumption, and we set L, = O, equipped with
an action of (Op)X given by rv‘l o Artg, o det. We write L;» = Qyes,vtp,0Lx,,
L'[p = ®v\p,(9Lrv-

5.3.3. Let 6 denote a finite O-module with a continuous action of HU| » Us, with
the property that the action of [, , Of, C [],,, U, on 0 is given by ¥ o Art.
Then 6 ®o L-» has an action of U via the projection onto [ [, ¢ U,. We extend
this action to an action of U (A¥)* by letting (A%)* act via the composition of
the projection (A¥)* — (A¥)*/F* and ¥ o Artp. (This action is well defined
by our assumptions on ¥ and 6.)

Let V C U be a compact open subgroup, and suppose first that we are in the
indefinite case. Then there is a smooth projective algebraic curve Xy over F
associated to V, and a local system Fyg,, .., on Xy corresponding to 6 ®o L.»,
and we set

124

STI’(Vv 9) = H](XU_@v fQ@oL,p)‘
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If we are in the definite case, then we let S;»(V, 0) be the set of continuous
functions

J i D\(D®r AF)" = 6 Qo Le»

such that we have f(gu) = u~'f(g) forall g € (D ®r Ap)*,u € V(AP)*.

In the special case that & = L. , we write S (V, O) for S,»(V, L.).

For the precise relationship between these spaces and automorphic forms on
D>, see [Kis09b, Section 3.1.14] (in the definite case) and [BD13, Section 3.5]
(in the indefinite case).

5.3.4. We now define the Hecke algebras that we will use. Let T be a finite set
of finite places of F containing S, and such that (Op) C V for v ¢ T. Let
TT-¥ be the commutative O-polynomial algebra generated by formal variables
T,, S, for each finite place v ¢ T U {v,} of F. Then T7"" acts on S, (V, 0) via
the Hecke operators

Tv = |:GL2(OFU) (7-6“ (1)) GLZ(OF,U)] )
S, = [GLZ(OF,U) (76 7? ) GLz(OF,v)] :

We denote the image of T7*"" in End o (S, (V, O)) by TZ(V, O).

Let m be the maximal ideal of TS with residue field F with the property
that, for each finite place v ¢ S U {v;} of F, the characteristic polynomial
of p(Frob,) is equal to the image of X> — T,X + (Nv)S, in F[X]. Note that,
if S;(U,O)nn # 0, then S: (U, O) ®z, Q, is locally free of rank 2™ over
Tf(U, O)mll1/p], where m = 1 in the definite case and m = 2 in the indefinite
case. (This follows from our assumptions on v; and U, and the multiplicity one
property of the o (t,) explained in Theorem 2.1.3 and Section 5.1.)

5.3.5. Let Rz s be the universal deformation ring for deformations of p with
determinant ¥ &~! which are unramified outside S. Then S, (U, O),, is naturally
a R;/é. s-module. In particular, a Hecke eigenform in S, (U, O),, gives rise to a
deformation p : Gr.s — GL,(O) of p, with determinant y&~".

LEMMA 5.3.6. Foreachv € S and v|p (respectively, v 1 p), let R, be a quotient

0,07y, ¢ . . . 0,07y, ¢
of R on corresponding to an irreducible component of Spec R, on [1/p]
O, 7,9, %

PlGr,
components is nonempty for each v € S.) Then there is a continuous lift p :
Gr — GL,(O) of p such that the following hold.

(respectively, Spec R ). (In particular, we are assuming that the set of such
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o detp = s,
e p is unramified outside of S.
e Foreachplace v € S, p|g,, arises from a point of R,[1/p].

e p arises from a Hecke eigenform in S. (U, O).

Proof. By Lemma 5.2.5 (note that we are already assuming that the hypotheses
of that lemma are satisfied), there exists a p with the first three properties,
which is modular in the sense that it arises from a Hilbert modular form 7. The
conditions on p at v | p imply that this form is parallel of weight two.

‘We now check that 7 is discrete series at all v € X, so that & transfers to an
automorphic form ? on D. Suppose that 7, is not discrete series for some v €
X. Since we are assuming that 7, is either scalar or irreducible, 77, must be a twist
of an unramified principal series. By local-global compatibility, this implies
that a twist of p|g,, is unramified and pure (that is, satisfies the Ramanujan
conjecture) by [Bla06, Theorem 1]. But this contradicts the assumption that
plgy, arises from a point of Spec RD T (see the description in 5.2.6).

Finally, local-global compatlblhty for D implies that 72 corresponds to an
eigenform in S, (U, O). O

5.4. Patching

54.1. Let RE’S‘” denote the complete local O-algebra which prorepresents the
functor which assigns to a local Artinian O-algebra A the set of equivalence
classes of tuples (p, {&,}ves), Where p is a lifting of p as a G g-representation
with determinant ve~', o, € ker(GL,(A) — GL,(F)), and two such
tuples (p, {ay}ves) and (o', {a]},es) are equivalent if there is an element
B € ker(GL,(A) — GL,(F)) with p' = Bpp~" and &, = B, for all v € S,
so that RE” is naturally an R} -algebra. We define RD o= RD o ®py RYY.

We also have the corresponding universal deformation ring R:Y r.s» defined as the
image of R}  in RD oV
Choose a lift p“mV i Gps — GLZ(R;’,‘é) representing the universal

deformation. Fix a place w € S, and let
T=0lXyj:veS,ij=1211/Xy11)-

The tuple (,o‘smi", (1o+X,i j)ves) induces an isomorphism RE;"” = R;’,s®o7—-
(Note that 1, + X, ; ; is a 2 x 2 matrix, and the fact that X, ; ; = 0 in 7 implies
that this tuple has no nontrivial scalar endomorphisms.)
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We let M = S, (U, O),,. Fix a filtration by [F-subspaces
0= L() cL Cc---C Ls = (®U|p,OLTv) ®OF

such that each L; is Hv‘p U,-stable, and, foreachi = 0,1,...,5s — 1, 0; :=
L;.|/L; is absolutely irreducible. This in turn induces a filtration

0=M'cM'c---.cM=MQ@yF

on M ®o I, whose graded pieces are the finite-dimensional F-vector spaces
Seo (U, 01)m-
Letg > [F : Q] be aninteger,setg =g — [F : Q]+ |S| — 1,

A =173,

Roo = RG[[x1, ..., x]l,

R, = R{[[x1.....x]l.
and let a denote the kernel of the O-algebra homomorphism S,, — O which
sends each X, ; ; to zero and each element of A to one. Note that S, is formally
smooth over O of relative dimension g + 4|S| — 1 and that R, also has relative
dimension g + 4|S| — 1 over O.

Now, a patching argument as in Section 4.3 shows for some ¢ > [F : Q], there
exist the following:

e an O-module homomorphism S,, — R, and an R,,-module M., which is
finite free as an S,,-module;

e a filtration by R-modules
0=M) CM_,C---CM,=M_QF
whose graded pieces are finite free S, /7 So-modules;

e asurjection of Ry -algebras R,,/aR,, — R}%;and

e an isomorphism of R.,-modules M.,/aM, — M which identifies M’ with

M. JaM.,.

As in Section 4.3, we may and do assume that, for i = 1,2,...,s, the
(R.,, Ss,)-bimodule M’ /M- and the isomorphism M /(aM! + MI;') =
M'/M'~" depends only on (U, m, the types 7, for v { p and) the isomorphism
class of L;/L; | as a Hvl » U,-representation, but not on the choice of types t,
for v | p. We denote this (R, So)-bimodule by M7, where o = L;/L;_.

[eeh)
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5.4.2. Assume that for v € S, v { p, the 7, and the set X’ have been chosen such

—~—

that Rg;}fg‘/”* # 0, and that for v | p we have det 7, = ¢ detp|g,, . We set
- (0) ! (MZ,)
Hs(Pp) = 0,00, 0% €Roo/m oo/*
2m l_[veS,v’(p e(RF\GFu /7'[)

We need the following variant of Lemma 4.3.9.

LEMMA 5.4.3. We have the following.
(1) The support of M meets every irreducible component of Spec Rg’vl[l /pl

(2) My ®2z,Q, is a finite Ry[1/pl-module, which which is locally free of rank
2™ over the formally smooth locus in Spec R[1/p].

3) R;‘é is a finite O-algebra and M ®z, Q,, is a faithful R;”'g—module.
“4)
e(Roo/TRe) = ) 27" ep s (M),

i=1

where o; is a global Serre weight with L;/L;_, > o

Proof. (1) follows from Lemma 5.3.6.

For (2), note that M, is a finite R.,-module, since it is a finite S,,-module,
and the same argument as in Lemma 4.3.9 shows that M, is locally free over
the formally smooth locus of Spec R,,[1/p]. Thus, to show (2), we have to show
that any irreducible component of Z C Spec R [1/p] contains a closed point in
the smooth locus of Spec R,,[1/p] at which M, has rank 2.

By (1), there exists p € Z in the support of M. We claim that the image of p
is in the smooth locus of Spec Rg"/’[l /p]. Assuming this, we see that p is in the
smooth locus of Spec R,,[1/p], and in particular M, is locally free (of positive
rank) at p. Hence the maps

Reo/aRo[1/p] — RES[1/p] — TS(U, O)ull/p]

become isomorphisms after localizing at p. Since M ® Q, has rank 2" over

TS(U, O)ull/pl, it follows that M, has rank 2™ at p.
O, 7y, 9, %
PlGp,

By the description of R given in 5.2.6, to show that the image of p is

in the smooth locus of Spec Rg"/’[l /p], it suffices to show that, if v € S\ X,
vt p, and 7, is scalar, then the image of p lies on exactly one irreducible
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component of Spec Rg‘;:’w[l /pl. Let p, denote the representation of Gr

corresponding to the image of p in Spec R;"g Since p is in the support of M,
it corresponds to an automorphic representation w of D*, and m, is a twist
either of an unramified principal series, or of a Steinberg representation. In the
former case, one sees as in the proof of Lemma 5.3.6 that p,|¢,, is the twist
of an unramified representation which satisfies the Ramanujan conjecture. So p
is contained in a single component of Spec RpD| G“ I /pl, and this component
parameterizes potentially unramified representatlons. When m, is a twist of a
Steinberg representation, then it follows from [Car86, Theorem A] that the
image of pp|;, is infinite, and again p lies on exactly one component of
Spec Ry [1/p].

This proves (2), and also shows that M ® Q, is a finite free R /aR [1/p]-
module of rank 2™. In particular, the map R./aR[1/p] — RF’ [1/p] is an
isomorphism, so M ® Q,, is a finite free R;‘g[l / p]-module, which proves (3).

Finally, by (2), M, is locally free of rank 2" at the generic points of R,. By
[Kis09a, Lemma 1.3.4], this implies that e(R/7) = 27"eg, jx (Moo /T M),
and (4) follows as in the proof of Lemma 4.3.9. O

PROPOSITION 5.4.4. For each global Serre weight o, we have p (p) =
]_[U‘p Mo, (PlGy, ), where o = &,,0,, and the ., (plg,,) are as in Theorem 4.5.5.
In particular, i/ (0) is a nonnegative integer.

Proof. By Lemma 5.4.3, we have

N

e(Roo/TRoo) =27 Y " ey (M),

i=1
where o; is a global Serre weight with L; /L;_, = o;. Since
RecfRo) = (R ) = [T e(RE2 ) T] elRE /),
vlp ves,vip
this yields
0,0,7,, /)
[Te(Rz™"/m) =" ui, @),
vlp i=1

which by Remark 5.2.2 is equivalent to

[Te(®5e™/m) Z 1., (P).

v|p
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Since the o; are precisely the Jordan—Hoélder factors of (®,, 0L-,) ®o F, we see
that this is equivalent to

[Te(®rem/m) =3 (l_[ R, (%))Mﬁ, ().

vlp (Uv}v\p vlp

where the sum runs over tuples {0, },, of equivalence classes of Serre weights,
and o = ®,,0,. By the above construction, these equations hold for all choices

—_—

of types 7, with dett, = e detp|y,, .
In fact, we claim that these equations hold for all choices of types t, with
tame determinant. In order to see this, suppose that, for some v, det t, is tame,

but dett, # edetpl;, , and so detT, # £detp|;, . Then Rg;(:jv“‘ = 0, so it
suffices to prove that u/ (o) = O whenever ng ., (0,) # 0 for all v | p (as
then the equation will collapse to 0 = 0). Equivalently, we must show that
M, = 0if ng.,(0,) # 0; but, as in Corollary 4.5.3, this is an easy consequence
of local-global compatibility and the assumption that det T, # € det p|;, , since
if M7, # 0then M° # 0.

Now, by Lemma 4.5.1(1) and Lemma 4.5.2, we see that the quantities 1 (0)
are uniquely determined by these equations, as the 7, run over all types with
tame determinant. However, by Corollary 4.5.6, we see that setting u, (o) =
]_[v‘ » Mo, (Plgy,) gives a solution to the equations, so we must have u (p) =

[1,, 4o, (Ply, ), as required. O

The following corollary is the main result we need to apply our techniques to
the weight part of Serre’s conjecture.

COROLLARY 5.4.5. With the above notation and assumptions, let 0 = ®,,0,
be a global Serre weight. Then we have S.»(U,0)n # 0 if and only if o, €
W8 (plg,,) for all places v | p.

Proof. By Proposition 5.4.4, we see that o, € W®T(p|g,. ) for all places v |
p if and only if eg_,(MZ2) # 0. Since (by the patching construction) MZ, is
maximal Cohen—Macaulay over R, /m, we see from [Mat89, Theorem 13.4]
that eg ;- (M) # 0if and only if MZ # 0; but MZ # 0 if and only if M® # 0,
and M? = S;»(U, 0),, by definition. L]

5.5. Proof of the BDJ conjecture. We are now ready to prove Theorem B,
which amounts to translating Corollary 5.4.5 into the original formulation of the
BDJ conjecture.

https://doi.org/10.1017/fmp.2014.1 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2014.1

T. Gee and M. Kisin 44

5.5.1. Let D and ¢ be as above and, as usual, denote by X' the set of finite
places where D is ramified. Let V = (]_[U‘ » GL,(Op,))V? with V? a compact
open subgroup of (D ®q A*?)*. We assume that o det |y, is trivial. Let 0 =
®,,0, be a global Serre weight for D. We assume that o is compatible with  as
above, and extend o to a representation of V (A%¥)*. Let 7, denote the trivial O-
representation of V”. We write S(V, o) = S,(f (V, 0), and we remind the reader
that the definition of S(V, o) depends on .

Let T be a finite set of finite places of F, containing the set of places where
D, p, or ¥ are ramified and all the places dividing p, and such that (Op)* C V
for v ¢ T. We again denote by m C T7*" the maximal ideal associated to p,
as above. The Hecke algebra T7*""" acts on S(V, o), and we may consider the
localization S(V, 0).,. Note that S(V, o), does not depend on the choice of the
set T satisfying the above conditions. Thus, we may write S(V, 0),, without
making a choice of T.

DEFINITION 5.5.2. We say that p is modular for D of weight o if, for some V
as above, we have S(V, o), # 0.

DEFINITION 5.5.3. We say that p is compatible with D if, for all v € X, plg,,
is either irreducible, or is a twist of an extension of the trivial character by the
cyclotomic character.

COROLLARY 5.5.4. Let p > 2 be prime, let F be a totally real field, and let
0:Gp —> GLZ(F!,) be a continuous representation. Assume that p is modular,
that PlGr, s irreducible, and if p = 5 assume further that the projective image
0fﬁ|Gmp) is not isomorphic to As.

For each place v | p of F with residue field k,, let o, be a Serre weight of
GL, (k). Then p is modular for D of weight 0 = ®,,0, if and only if p is
compatible with D and o, € W*'(p|g,,) forall v | p.

Proof. Suppose first that p is compatible with D and that o, € W*'(p]g,,) for
all v | p.Let S be a set of primes containing all the primes dividing v | p, and all
primes where 7, ¥, or D ramifies. We take the set X’ C S to be empty. Since p
is compatible with D, for each v € X, 0|¢,, has a lift of discrete series type, as
in [BD13, Proof of Corollaire 3.2.3], and we can choose our types 7, for v € S,
vt p, such that RS™V™* £ 0.

Plep,
Choose a compact open subgroup U C (D ®q A*)*, and the lattices L, C
o(t,) asin 5.3 above. Let V = (]_[U‘p GL,(Op,))V? C U be a normal subgroup
such that V acts trivially on o (z,) forallv € S, v { p, and ¥ o det |y, is trivial.
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Then
Ser(U,0)m = Ser(V,0)ZV = (S(V,0)m ®0 Ln)""". (5.5.5)

Since o, € WP (p]g,,) forallv | p, we have S;» (U, 0)n # 0 by Corollary 5.4.5,
and S(V, o), # 0, as required.

Conversely, suppose that S(V, o), # 0 for some V. Let S be a set of primes
containing the primes v | p, the primes where p, ¥, or D ramify, and the primes
v such that (Op) is not contained in V. Let S = {v € S : v { p}. Write
VS =TT,z Vo» and set

Y =lim S(Ws, V¥, 0)m ® F,,
Wep

where W, runs over compact open subgroups of [ [, s, V. Then Y is naturally
a smooth F,-representation of the group D}, = [],.s, DZ. Note that ¥ # 0
as S(V,0)m # 0. Let 7 C Y be an irreducible subrepresentation. Then 7 =
®uesr Ty, Where each 7, is an irreducible, admissible, smooth representation of
D). Let X' C S’ be the subset where D is unramified at v and 7, is finite
dimensional.

We now define the (Op))-representations L., for v € S”, used in the
definition of our spaces of modular forms. If either 7, is infinite dimensional
or D is ramified at v, then we take 7, and L., to be the type and (Op))-
representation produced by applying Lemmas 5.1.1 and 5.1.3 respectively to the
representation 7,. If D is unramified at v, and 7, is finite dimensional, then, by
[Vig89b, Theorem 1.1], 7, has the form x, o det, where x, : F — IF‘; is a
continuous character. Since x, has finite image, we may lift Xoloy toa character
xv:Ofp — Z;. We take 7, to be the two-dimensional scalar representation given
by x, o Art;vl, and L., = O with (Op)* acting via x, ' odet. Since Y has central
character ¥, so does 7 and each 77, for v € 7. Thus det , reduces to i mod p.
Since p # 2, after replacing each 7, by a twist by a character which has trivial
reduction, we may assume that dett, = ¥[;, for v € §7. We take X’ C S” to
be the set of primes where D is unramified and 7, is finite dimensional.

. O px .
Set Opx, = [1,c5(Op) . By construction, (Y ® L,») ”s» # 0. Hence there is

an open normal subgroup Wy, C (’)szp, such that (S(Ws, V5, 6)m ® L,,,)ODQ» £
0. Let U = [], U, be as in 5.3, so in particular U, C (Op). By what we
just saw, there exists a normal open subgroup W = ([],,, GL2(Of,))W? C U
such that W acts trivially on o(7,) for v € SP\X’, 1, o Arty, is trivial on W
if v € X', and ¥ o det |y, is trivial, and such that (S(W, 0)m ® L.»)Y/V #£ 0.
Then S;»(U, 0)m # 0by (5.5.5), applied with W in place of V. This implies that
o, € WP (plg,,) forall v | p, by Corollary 5.4.5.
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It remains to see that p is compatible with D. Choose a representation of
[1,,,(Op); on a finite free O-module 6 such that o is a Jordan-Holder factor of
0 ®o F. Then S,» (U, ) # 0 implies that S,»(U, ), # 0. This implies that,
forv € X, plg,, has alift of discrete series type, and hence that p is compatible
with D, as in [BD13, Proof of Corollaire 3.2.3]. O

REMARK 5.5.6. The above arguments strongly suggest that there should be
versions of the Breuil-Mézard conjecture for quaternion algebras, and also for
mod / representations of the absolute Galois groups of p-adic fields, with [ # p.
The first problem is considered in [GG13], and the second problem in [Sho13].

Following [BDJ10], we say that p is modular of weight o if there exists a
quaternion algebra D over F' which is indefinite at a single prime vy|oo and
split at all primes dividing p, and such that p is modular for D of weight o. (In
the definition of [BDJ10], the prime v, is fixed. However, it follows from the
Jacquet—Langlands correspondence that the condition does not in fact depend on
the choice of vy.) As a consequence of Corollary 5.5.4 we have the following
result on the BDJ conjecture as formulated in [BDJ10, Conjecture 3.14].

COROLLARY 5.5.7 (Theorem B). Let p, F, p, and o be as in 5.5.4. Then p is
modular of weight o if and only if o, € WP (plg,,) forall v | p.

Proof. The ‘only if’ direction follows immediately from Corollary 5.5.4, which
also implies the converse once we show that there is a D indefinite at a single
prime vp|oo and split at all primes dividing p such that p is compatible with D.
For this, we may take D to be a quaternion algebra ramified at one infinite prime,
and at one finite prime v, such that p(Frob,) = 1 and N(v) = 1 modulo p. [
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Appendix A. Realizing local representations globally

In this appendix, we realize local representations globally, using the potential
automorphy techniques of [BLGGT14a] and [Call2]. We will freely use
the notation and terminology of [BLGGT14a], in particular the notions
of RACSDC, RAESDC, and RAECSDC automorphic representations 7w of
GL,(Ar+) and GL,(Ar), and the associated p-adic Galois representations
7y, (r), which are defined in [BLGGT14a, Section 2.1].

PROPOSITION A.1. Let K /Q), be a finite extension, and letrx : Gx — GLZ(FP)
be a continuous representation. Then there is a totally real field Lt and

a continuous irreducible representation v : G+ — GLZ(F,,) such that the
following hold.

e Foreachplacev | pof L*, L} =K andr| + = ik.
e For each finite place v 1 p of L™, Il is unramified.

e Foreachplacev | oo of LT, det7(c,) = —1, where ¢, is a complex conjugation
atv.

o There is a nontrivial finite extension F /I, such that r (G+) = GL,(IF).

Proof. Choose a nontrivial finite extension IF/F, such that 7x (Gx) C GL,(IF).
We apply [Call2, Proposition 3.2] where, in the notation of that result, the
following hold.

o G =GLy(F).

e We let F' = E be any totally real field with the property that, if v | p is a place
of E,then E, = K.

e Ifv| p,welet D, =rg(Gg).
e If v | 0o, we let ¢, be the nontrivial conjugacy class of order two in GL, (F).

This produces a representation r which satisfies all the required properties,
except possibly for the requirement that 7 be unramified outside p, which may be
arranged by a further (solvable, if one wishes) base change. (Note that, while this
is not stated there, the commutative diagram in of [Call2, Proposition 3.2(4)] is
the obvious one, where the top arrow is the natural inclusion.) O

We remark that the reason that we have assumed that F # F, is that we wish
to apply [BLGG13b, Proposition A.2.1] to conclude that 7(G+) is adequate.
We have the following now standard potential modularity result.
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THEOREM A.2. Let L™ be a totally real field, let M/L" be a finite extension,
and let p > 2 be a prime. Let p : G+ — GLy(F,,) be an irreducible continuous

totally odd representation. Then there exists a finite totally real Galois extension
F* /L™ such that the following hold.

e The primes of Lt above p split completely in F™.
o F* is linearly disjoint from M over L.

e There is a weight zero RAESDC (regular, algebraic, essentially self-dual,
cuspidal) automorphic representation ©w of GL,(Ap+) such that r,,(w) =
PlG,., and  has level potentially prime to p.

Proof. This is a special case of [Sno09, Proposition 8.2.1], once one knows that,
for each place v | p, plg " admits a potentially Barsotti—Tate lift. (Such a lift

will be of type A or B in the terminology of [Sno09].) If p|¢ i+ is irreducible,

this is proved in the course of [Sno09, Proof of Proposition 7. 8. 1], and if it is
reducible then it is an immediate consequence of [BLGG12, Lemma 6.1.6]. [

Combining Proposition A.1 and Theorem A.2, we obtain the following result.

COROLLARY A3. Let p > 2 be prime, let K /Q, be a finite extension, and let

x . Gx — GL, (F,,) be a continuous representation. Then there is a totally real
field F* and an RAESDC automorphic representation w of GL,(Ap+) such that
7p, (1) is absolutely irreducible, and such that the following hold.

e Foreachplacev | pof F*, Ff =K andr,, ()| g+ = rk.
e For each finite place v { p of F*, 7, ()]G, is unramified.
e 1 has level potentially prime to p.

o There is a nontrivial finite extension F/IF ), such that v, , (7w )(G p+) = GL,(F).

Proof. This follows at once by applying Theorem A.2 to the representation r
provided by Proposition A.1, taking the auxiliary field M to be (L)*'", 0

THEOREM A.4. Suppose that p > 2, that K/Q, is a finite extension, and let
rk : Gg — GL, (Fp) be a continuous representation. Then there is an imaginary
CM field F with maximal totally real subfield F* and an RACSDC automorphic
representation w of GL,(Ap) such thatr, () is absolutely irreducible, and such
that the following hold.
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e Each place v | p of F* splits in F.
e Foreachplacev | p of F*, Ff = K.

o For each place v | p of F*, there is a place vV of F lying over v such that
() |G, is isomorphic to an unramified twist of Tx.

o 7, () is unramified outside of the places dividing p.

e, ¢F.
o 7,.(m)(Gr,) is adequate.

e The projective image of r is not isomorphic to A,.

Proof. Let m be the RAESDC automorphic representation of GL,(Ap+)
provided by Corollary A.3. Choose a totally imaginary quadratic extension
F/F* which is linearly disjoint from (F) "7 (¢,) over F and in which all
places of F* lying over p split. For each place v | p of F*, choose a place v of
F lying over v. Choose a finite order character 6 : G — @X such that, for each
place v | p of FT, Olg., = 1, and 9|GM = 8detrp,(n)|c . (The existence of
such a character is guaranteed by [CHT08, Lemma 4.1. 1] ) Let O+ denote 6
composed with the transfer map G;‘? — G®, so that Or+|g, = 06°.

Choose a finite order character ¢ : Gy — @; such that

Yy = e Op+ (detr,, (1) Dlg,

and such that each ¥|g, is unramified. (The existence of such a character
follows by applying [CHT08, Lemma 4.1.5] to ¢~ '(0g,, detr,, (7)) '|g,,
choosing the integers m, of [CHTO08, Lemma 4.1.5] to be zero. Note that,
by virtue of the choice of 6 above, the character ¢! (0« (detr,, (7)) )|s, is
crystalline at all places of F dividing p.)

Then the representation r :=r,,, () lg, @0~ satisfies r* = r¥e~!, so by base
change there is an RACSDC automorphic representation of GL, (A F) satisfying
all the required properties, except possibly the property that 7, , (7r) is unramified
outside of p, which may be arranged by a further solvable base change. (Note
that the claims that 7, , () (G r(;,)) is adequate and that the projective image of r
is not isomorphic to A4 are an immediate consequence of Proposition 4.3.2 and
the fact that 7, , (7)) (G ) = GL,(IF) for some nontrivial extension F/IF,.) ]

COROLLARY A.5. Suppose that p > 2, that K /Q, is a finite extension, and let
x : Gx = GLy(F),) be a continuous representation. Then there is an imaginary
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CM field F and a continuous irreducible representationr : G — GL, (FP) such
that the following hold.

e Eachplace v | p of F* splitsin F, and has F) = K.

e For each place v | p of F¥, there is a place vV of F lying over F* with Gy,
isomorphic to an unramified twist of rx.

o [FT:Q]is even.
e F/F* is unramified at all finite places.

e, ¢F.

e 1 is unramified outside of p.

e 1 is automorphic in the sense of Section 3.2.
e (G, is adequate.

e The projective image of ¥ is not isomorphic to Ay.

Proof. This follows immediately from Theorem A.4 and the theory of base
change between GL, and unitary groups; see [BLGG13b, Section 2] (note
that we can make a finite solvable base change to ensure that [FT : Q] is
even and F/F* is unramified at all finite places without affecting the other
conditions). ]

Appendix B. Errata for [Kis(09a]

In this appendix, we give some errata for [Kis09a]. We are very grateful to
Kevin Buzzard, Wansu Kim, Vytautas Paskunas, and Fabian Sander for pointing
these out. Unless otherwise mentioned, all references are to [Kis09a], and we
freely use the notation of that paper.

B.1. In (1.1.6), the multiplicity w,,,(o) when o ~ (‘¢ ;) ® ™ (that is,
n = p—2and A = 1) is not correctly defined in some cases. Namely, this
multiplicity is defined to be one if (the class of) * is nontrivial. If * is trivial, the
multiplicity is not defined explicitly, but there is a speculation that it is two. The
actual multiplicities have been computed by Fabian Sander [San12], and are one
when * is nontrivial and ramified, two when * is nontrivial and unramified, and
four when  is trivial. For the purposes of correcting the argument in [Kis(9a],
Uu.m(p) should be defined implicitly whenever n = p — 2 and 1 = A/, as was

done in the case when * is trivial.
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The mistake in the argument occurs in the last paragraph of (1.7.5), where
it is claimed that ‘we have just seen that (1.7.6) is a closed immersion’. The
argument only shows that (1.7.6) is a homeomorphism onto its image, which is
an isomorphism over generic points, but it can have some nonreduced fibres.

To correct this, the last claim in the statement of (1.7.5), regarding the formal
smoothness of R°, should be deleted, and in the statement of (1.7.14) ‘unless
0~ (’6* u(i) ® @™’ should be replaced by ‘unless p ~ (’6* ;) ® o™ and either
the class of x is trivial, or A = A’ This change has no effect on any of the
arguments which follow and, in particular, does not effect the statement of the
main theorems.

B.2. In the definition of the functor in Lemma (1.7.4), add the condition that
Go, actson L, @, F via ;.

B.3. In (2.2), add the condition that N(v) # —1(p) for v € X. Otherwise, the
character y, in (2.2.10) may fail to be unique. In the applications, one can reduce
to this case by base change, and even assume that N(v) = 1(p) forv € X.

B.4. The proof of Proposition (2.2.15) implicitly uses that, for v € X, the rings
I(’UD"/’ /m are irreducible, and generically reduced. The proof of this is practically
identical to the proof of Lemma (1.7.5), using the formal smoothness proved in
[Kis09b, Lemma 2.6.3], and the fact that the representation at a generic point of
Spec RT* /7 cannot be scalar.

B.5. Lemma (2.2.1) is not correct; there are some p with small image which
provide counterexamples. The mistake is in the first line of the second paragraph
of the proof, where it is asserted that if g’ satisfies (2.2.2) then so does gg’.
Replacing g by gg’ does not change the left-hand side of (2.2.2), but may change
the right-hand side.

This lemma is used to show that the conditions imposed on the compact open
subgroup U = [, U, and the set of primes where U, is not maximal compact
can be satisfied in the application to the main theorem (2.2.18). More precisely,
the conditions are (2.1.2): that

(U A ND* Y/ F* =1

forall t € (D Qr A’;)X, and (2.2)(4): that if U, is not maximal compact then
1 —N(v) € F*, and that the ratio of the eigenvalues p(Frob,) is not in {1, N(v),
N(v)~'}. We explain two ways to correct this, one which works when p > 3, and
one which works in general.
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If p > 3, one can require in all of Section 2 that p splits completely in F
(which is in any case assumed after (2.2.10) and in the main theorem), drop
the condition (2.1.2), and require that U, is maximal compact for all v (so
that (2.2)(4) is vacuous). Indeed (2.1.2) is needed only to show in (2.1.4) that
So.y(Ua, A)w 1s a free A[A]-module. The proof given there works provided that
the finite group (U (A{;)X NtD*t~')/F* has prime to p order. But this condition
can fail only if F(£,) is a quadratic extension of F, which implies that p = 3,
since p splits completely in F'.

To correct the argument for any p, maintain condition (2.1.2), but require in
(2.2)(4) only that 1 — N(v) € F*, and that the ratio of the eigenvalues p(Frob,)
is not N(v)*', which is the usual condition, for which the existence of v is
guaranteed by [DDT97, Lemma 4.11]. Let R C S\ X, be the set of primes
such that the eigenvalues of p(Frob,) are equal. Then S, , (U, O) ®z, Q, is
a T,y (U)w[1/pl-module of rank 2. (Alternatively, we could, as in the present
paper, omit the operators U,,, w € S\ X, from the definition of T, y (U)y in
(2.1.5), in which case the rank would be 2'fl with R = S\ X,.) We now explain
the modifications necessary to the proof which involve, as in the present paper,
keeping track of some factors of 2/%!,

Replace Lemma (2.2.11) with the following.

LEMMA B.5.1. Let p € Spec R., be a prime in the support of M. Then
dim, ) Moo @, ke (p) = 2%,

with equality if p is a minimal prime of Rs. Moreover, the following conditions
are equivalent.

(1) M. is a faithful R.-module.

(2) My is a faithful R..-module of rank 2'® at all generic points of Re..
(3) e(Roo/TRs) =27 Rle(My /7t Mso, Roo/T0 Roo).

(4) e(Roo/TRs) <2 Rle(My )t Mso, Roo/T0 Roo).

If these conditions hold, and p : G s — GL,(O) is a deformation of p such that,
forv e X, pl;, is an extension of y, by y,(1) if v{ p, and plg,, is potentially
semistable of type (k, t,, V) if v | p, then p is modular, and arises from an
eigenformin S, (U, O) @0 E.

Proof. Let O[Axll = Ollyi, ..., yat;1, as in the proof of Lemma (2.2.11).
Since M., is finite flat over O[AL], its support in Spec R, is a union of
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irreducible components, and any such irreducible component Z C Spec R
surjects onto Spec O[ A

To prove the first statement, it suffices to prove it in the case of minimal of the
support of M, which follows once we show that M., is free of rank 2%l over the
smooth locus of any Z as above. The argument for this is analogous to that in the
Lemma 5.4.3 of the present paper. It suffices to show that a prime p € Z which
maps to (yy, ..., ya+;) in Spec O A ]| is a smooth point of Z, or equivalently
that p maps to a smooth point of Spec Ié,'):"‘/’[l/p] foreach v | p.

Let WD(pylc,,) denote the Weil-Deligne representation attached to pp|g,,
and let 7 be the automorphic representation of D* corresponding to p. If 7, is
a twist of an unramified principal series then WD(p,|g,,) is a twist of a pure
unramified representation, by [Bla06] and [KM74]. (Patrick Allen has pointed
out that the smoothness in this case may be deduced from the fact that &, and
hence m,, has a Whittaker model, without using the Ramanujan conjecture.)
If 7, is a twist of a Steinberg representation, then WD(p,|g,,) satisfies the
monodromy-weight conjecture by [Sai09]. The description of the rings RUD"/’
in the appendix of [Kis09a] shows that this implies that p maps to a smooth
point of Spec RP-V[1/p].

Now (1)—(4) and the final claim follow, as in the proof of (2.2.11). ]

Replace Lemma (2.2.15) with the following.

LEMMA B.5.2. The R.,-module M ,/M_" is nonzero if and only if for each
v | pwe have pi, , m.,(Ply) 7 0. Suppose that this condition holds. Then, for
any prime p € Spec Ry, /7 Ry, in the support of M/ M'Z', we have

dim, ) M\ /M!J' @5 k(p) = 2'F.

Moreover, if for each v | p we have p|g,, ~ (wox : )for any character x : Gg, —
F>, then

2 Mle(ML /ML, Reo/T Roc) = e | | tnomi, (Plas,) = ex,,
vlp

where
ey = 1_[ e(RUD"/’/nRUD"”).

veX

Proof. The first claim is proved in Lemma (2.2.15), which also proves that the
support of M!_/M: " is all of Spec R’ . The third claim follows from the second,
just as in the proof of Lemma (2.2.15).
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To prove the second claim, we remark that, by [Geella, Section 4.6], there
is a smooth irreducible E-representation (as always extending E if necessary)
o; of ]_[v‘ » GL,(k (v)) such that o; is a Jordan—Holder factor of the reduction of

6,and S5, (U, 0) @ F > Soiw (U, O) (see Lemma 4.6.3, and see the proof
of 4.6.5, 4.6.6 of [Geella]). (The use of these auxiliary smooth representations
can be avoided by working with unitary groups, as in the present paper.) Now,
the second claim follows by applying Lemma B.5.1 with ¢ = 4;. O

Finally, in the proofs of Corollary (2.2.17) and Lemma (2.3.1), all the
expressions e(Moso /7T My, Reo /T R) and e(M. /r M., Ry /7 Ry) should be
multiplied by 27/%I,

References

[BLGGI11] T. Barnet-Lamb, T. Gee and D. Geraghty, ‘The Sato—Tate conjecture for Hilbert
modular forms’, J. Amer. Math. Soc. 24(2) (2011), 411-469.
[BLGG12] T. Barnet-Lamb, T. Gee and D. Geraghty, ‘Congruences between Hilbert modular
forms: constructing ordinary lifts’, Duke Math. J. 161(8) (2012), 1521-1580.
[BLGG13a] T. Barnet-Lamb, T. Gee and D. Geraghty, ‘Congruences between Hilbert modular
forms: constructing ordinary lifts, II’, Math. Res. Lett. 20(1) (2013), 67-72.
[BLGG13b] T. Barnet-Lamb, T. Gee and D. Geraghty, ‘Serre weights for rank two unitary
groups’, Math. Ann. 356(4) (2013), 1551-1598.
[BLGHT11] T. Barnet-Lamb, D. Geraghty, M. Harris and R. Taylor, ‘A family of Calabi—Yau
varieties and potential automorphy II’, Publ. Res. Inst. Math. Sci. 47(1) (2011),
29-98.
[BLGGT14a] T. Barnet-Lamb, T. Gee, D. Geraghty and R. Taylor, ‘Potential automorphy and
change of weight’, Ann. of Math. (2) 179(2) (2014), 501-609.
[BLGGT14b] T. Barnet-Lamb, T. Gee, D. Geraghty and R. Taylor, ‘Local-global compatibility
forl = p,1I’, Ann. Sci. Ec. Norm. Supér. 47(1) (2014), 165-179.

[BC11] J. Bellaiche and G. Chenevier, ‘The sign of Galois representations attached
to automorphic forms for unitary groups’, Compositio Math. 147(5) (2011),
1337-1352.

[Bla06] D. Blasius, ‘Hilbert modular forms and the Ramanujan conjecture’, in
Noncommutative Geometry and Number Theory, Aspects of Mathematics, E37
(Vieweg, Wiesbaden, 2006), 35-56.

[BD13] C. Breuil and F. Diamond, ‘Formes modulaires de Hilbert modulo p et valeurs
d’extensions Galoisiennes’, Ann. Sci. Ec. Norm. Supér. (2014), to appear.

[BM02] C. Breuil and A. Mézard, ‘Multiplicités modulaires et représentations de
GL,(Z,) et de Gal(ap/Qp) en ! = p’, Duke Math. J. 115(2) (2002), 205-310;
with an appendix by G. Henniart.

[BDJ10] K. Buzzard, F. Diamond and F. Jarvis, ‘On Serre’s conjecture for mod / Galois
representations over totally real fields’, Duke Math. J. 155(1) (2010), 105-161.

[Call2] F. Calegari, ‘Even Galois representations and the Fontaine-Mazur conjecture 1I,
J. Amer. Math. Soc. 25(2) (2012), 533-554.

https://doi.org/10.1017/fmp.2014.1 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2014.1

[Car86]

[CHTOS]

[DDT97]

[Dia07]

[EG14]
[GL12]
[Gee06]
[Geel la]
[Geel1b]
[GG12]
[GG13]
[GLS12]
[GLS13]
[GLS14]

[HTO1]

[KM74]
[KW09]

[Kis08]
[Kis09a]
[Kis09b]

[Kis10]

The Breuil-Mézard conjecture 55

H. Carayol, ‘Sur les représentations /-adiques associées aux formes modulaires de
Hilbert’, Ann. Sci. Ec. Norm. Supér. (4) 19(3) (1986), 409-468.

L. Clozel, M. Harris and R. Taylor, ‘Automorphy for some [/-adic lifts of
automorphic mod ! Galois representations’, Publ. Math. Inst. Hautes Etudes Sci.
108 (2008), 1-181.

H. Darmon, F. Diamond and R. Taylor, ‘Fermat’s last theorem’, in Elliptic Curves,
Modular Forms & Fermat’s Last Theorem (Hong Kong, 1993) (International Press,
Cambridge, MA, 1997), 2-140.

F. Diamond, ‘A correspondence between representations of local Galois groups
and Lie-type groups’, in L-Functions and Galois Representations, London
Mathematical Society Lecture Note Series, 320 (Cambridge University Press,
Cambridge, 2007), 187-206.

M. Emerton and T. Gee, ‘A geometric perspective on the Breuil-Mézard
conjecture’, J. Inst. Math. Jussieu 13(1) (2014), 183-223.

H. Gao and T. Liu, ‘A note on potential diagonalizability of crystalline
representations’, Math. Ann. 360(1-2) (2014), 481-487.

T. Gee, ‘A modularity lifting theorem for weight two Hilbert modular forms’,
Math. Res. Lett. 13(5-6) (2006), 805-811.

T. Gee, ‘Automorphic lifts of prescribed types’, Math. Ann. 350(1) (2011),
107-144.

T. Gee, ‘On the weights of mod p Hilbert modular forms’, Invent. Math. 184(1)
(2011), 1-46.

T. Gee and D. Geraghty, ‘Companion forms for unitary and symplectic groups’,
Duke Math. J. 161(2) (2012), 247-303.

T. Gee and D. Geraghty, ‘The Breuil-Mézard conjecture for quaternion algebras’,
(2013).

T. Gee, T. Liu and D. Savitt, ‘Crystalline extensions and the weight part of Serre’s
conjecture’, Algebra Number Theory 6(7) (2012), 1537-1559.

T. Gee, T. Liu and D. Savitt, ‘The weight part of Serre’s conjecture for GL(2)’,
(2013).

T. Gee, T. Liu and D. Savitt, ‘“The Buzzard—Diamond-Jarvis conjecture for unitary
groups’, J. Amer. Math. Soc. 27(2) (2014), 389—435.

M. Harris and R. Taylor, ‘The geometry and cohomology of some simple Shimura
varieties’, in Annals of Mathematics Studies, Vol. 151 (Princeton University Press,
Princeton, NJ, 2001); with an appendix by V. G. Berkovich.

N. M. Katz and W. Messing, ‘Some consequences of the Riemann hypothesis for
varieties over finite fields’, Invent. Math. 23 (1974), 73-77.

C. Khare and J.-P. Wintenberger, ‘On Serre’s conjecture for 2-dimensional mod p
representations of Gal(@/ Q)’, Ann. of Math. (2) 169(1) (2009), 229-253.

M. Kisin, ‘Potentially semi-stable deformation rings’, J. Amer. Math. Soc. 21(2)
(2008), 513-546.

M. Kisin, ‘The Fontaine-Mazur conjecture for GL,’, J. Amer. Math. Soc. 22(3)
(2009), 641-690.

M. Kisin, ‘Moduli of finite flat group schemes, and modularity’, Ann. of Math. (2)
170(3) (2009), 1085-1180.

M. Kisin, ‘The structure of potentially semi-stable deformation rings’, in
Proceedings of the International Congress of Mathematicians, Vol. 11 (Hindustan
Book Agency, New Delhi, 2010), 294-311.

https://doi.org/10.1017/fmp.2014.1 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2014.1

[Labl1]

[Mat89]

[New13]
[Pil08]
[Sai09]

[San12]
[SchO08]

[Ser77]

[Shol3]
[Sno09]
[Tay06]

[Thol2]

[Tit66]

[Vig89a]

[Vig89b]

T. Gee and M. Kisin 56

J.-P. Labesse, ‘Changement de base C et séries discretes’, in On the Stabilization
of the Trace formula, Stab. Trace Formula Shimura Var. Arith. Appl., 1 (Int. Press,
Somerville, MA, 2011), 429-470.

H. Matsumura, ‘Commutative ring theory’, in Cambridge Studies in Advanced
Mathematics, 2nd edn, Vol. 8 (Cambridge University Press, Cambridge, 1989),
; translated from the Japanese by M. Reid.

J. Newton, ‘Serre weights and Shimura curves’, Proc. Lond. Math. Soc. (3) 108(6)
(2014), 1471-1500.

V. Pilloni, ‘The study of 2-dimensional p-adic Galois deformations in the [ # p
case’, (2008).

T. Saito, ‘Hilbert modular forms and p-adic Hodge theory’, Compositio Math.
145(5) (2009), 1081-1113.

F. Sander, ‘Hilbert—-Samuel multiplicities of certain deformation rings’, (2012).
M. M. Schein, ‘Weights in Serre’s conjecture for Hilbert modular forms: the
ramified case’, Israel J. Math. 166 (2008), 369-391.

J.-P. Serre, ‘Linear representations of finite groups’, in Graduate Texts in
Mathematics, Vol. 42 (Springer-Verlag, New York, 1977); translated from the
second French edition by L. L. Scott.

J. Shotton, ‘Local deformation rings and a Breuil-Mézard conjecture when ! # p’,
(2013).

A. Snowden, ‘On two dimensional weight two odd representations of totally real
fields’, (2009).

R. Taylor, ‘On the meromorphic continuation of degree two L-functions’, Doc.
Math. (2006), 729-779; no. extra vol. (electronic).

J. Thorne, ‘On the automorphy of /-adic Galois representations with small residual
image’, J. Inst. Math. Jussieu 11(4) (2012), 855-920; with an appendix by
R. Guralnick, F. Herzig, R. Taylor and Thorne.

J. Tits, ‘Classification of algebraic semisimple groups’, in Algebraic Groups
and Discontinuous Subgroups (Proceedings of Symposia in Pure Mathematics,
Boulder, CO, 1965) (American Mathematical Society, Providence, RI, 1966),
33-62.

M.-F. Vignéras, ‘Correspondance modulaire galois-quaternions pour un corps
p-adique’, in Number Theory (Ulm, 1987), Lecture Notes in Mathematics, 1380
(Springer, New York, 1989), 254-266.

M.-F. Vignéras, ‘Représentations modulaires de GL(2, F) en caractéristique [/, F
corps p-adique, p # I, Compositio Math. 72(1) (1989), 33-66.

https://doi.org/10.1017/fmp.2014.1 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2014.1

	Introduction
	Notation

	Potentially crystalline deformation rings
	The Breuil–Mézard conjecture
	Local Serre weights

	Algebraic automorphic forms and Galois representations
	Unitary groups and algebraic automorphic forms
	Hecke algebras and Galois representations
	Global Serre weights

	The patching argument
	Hecke algebras
	Deformations to G2
	Patching
	Potential diagonalizability
	Local results

	The Buzzard–Diamond–Jarvis Conjecture
	Types
	Deformation rings
	Modular forms
	Patching
	Proof of the BDJ conjecture

	Realizing local representations globally
	Errata for kisinfmc
	References





