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In the present note, using the results in the previous paρer,υ we shall

prove the following existence theorem:

THEOREM. Let k be a finite field with q elements and K/k be a regular

extension of dimension one over k. Then, if q ^ 11 and the genus gK of K/k

is greater than one, there exists an unramiήed separable infinite solvable ex-

tension of K ivhich is regular over k:]

§ 1. The results in [1]

1.1. Let k be a finite field with q elements and K/k be a regular extension

of dimension one over k. Let L/k be an unramified separable normal extension

of K which is also regular over k. We denote by G(L/K) the galois group of

L/K. We denote by CL and Cκ non-singular complete models of K/k and L/k,

respectively, and denote by πLικ the trace mapping of CL onto CR. We denote

by JL(JK) and ψL(ψκ) the jacobian variety of Cfj(Cκ) and a canonical mapping

of CL(CK) into JL(JK), respectively, where we may assume that JL(JK) and

ΨL(ΨK) are also defined over k. We denote by KLIK the extension of τtLiκ which

is a homomorphism of JL onto Jκ such that πL/κ ° <TL = <fκ ° TZLIK 4- c with a

constant point c. After a suitable translation of <fκ, we assume that

(1) TZL K ° ΨL = <fκ ° KL!K.

We denote by Λ( , k) the subgroup of ^-rational points of a commutative

group variety A.

Each element sv of G(L/K) induces an automorphism {τ?/,(εv)} of ]L and
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* This note was prepared while the author was a Yukawa Fellow at Osaka University.
υ We shall refer this paper with [1].
2^ We mean by an infinite solvable extension a solvable extension of infinite degree.
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a translation {ad^)} on /,,, both defined over k, such that

where ^ ( ε j and α/,(ev) U,eG(L/K)) are defined over # and they are inde-

pendent on the choice of P. From the definition we have

(2) Λ/,(eveμ) =^(sv)<2z,(εμ) -f-#/,(ev).

If we put fί = f*L + c and pi(P*
v
"

x
) = -η

L
(εΛ<f

L
(P) + ά

L
(ε»\ then we have

(3) a'L(e») = aL(ε,) + ( ^ - 7 / ^ ) ) c.

1. 2. Let x be a generic point of / L over &. Let ALIK and £/,/* be respectively

the loci of

( Σ VLU,))X and ί Σ (djL

eθ(L/7 L/K)

over &. Let AL/K be the quotient abelian variety of JL by BL/κ and orz/iί be the

natural mapping of JL onto ALIK. Th^n i4L/jr, J5L/A-, UL/JC and aL/κ are defined

over k. ALIK and .BL/A' generate JL and the intersection ^L/^ Π BL/K is a finite

group. Moreover BLIK is the irreducible component of π7jκ(0). Let πLικ be the

homomorphism of ALIK onto Jκ such that

In [1] we have proved the following facts:

THEOREM A. πUκ is separable and πl}κ(0) = {aLiκaL(^) |ev e G(L/K)}. If

L/K is an unramified separable abelian extension, then the mapping e^

is an isomorphism of G(L/K) onto πZfκ(Q).

THEOREM B. If L/K is an unramified separable abelian extension, then

M > k)!πLiκ(JL{ , k)) = G(L/K).

THEOREM C. Let 9 be any subgroup of Jκ( , k). Then there exists an

unramified separable abelian extension K(Q) of K such that i) ϋΓU) is regular

over k and ii) KK^IKJL^ , k) = 0.

The field /f(o) in theorem C is given as follows:

Let A be the quotient abelian variety of Jκ by 0 and μ be the natural

homomorphism of Jκ onto A. Let pJκ be the endomorphism of JK which is

3^ όj means the identity endomorphism of /.
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induced by the automorphism ξ -* ξq of the universal domain and λ be the

homomorphism of A onto Jκ such that λμ = δJκ - pJκ. Then λ and μ are separable

homomorphisms defined over k. Let y be the point of A such that #(Λy) =K

and λy = ψfc(P) with a point P of C*. Then the field K(Q) is &(.y) and the

galois automorphisms of K(Q)/K are induced by the translations y-*y + t

§2. The proof of the theorem

2.1. To prove the theorem, it is sufficient to prove the following two

lemmas:

LEMMA 1. Let L/K be an unramified separable normal extension ivhich is

also regular over k and Q be a subgroup of JL( , k). Then L(Q) is normal over

K if and only if the following conditions are satisfied for every εv G G(L/K):

ii) tfz,(εv) G 9.

LEMMA 2. Let L/K be an unramified separable norynal extension ivhich is

also regular over k and I be a prime number. Let $ be a subgroup of JL( , k)

such that L{§)!K is normal and [L(8) : L] = /. Then if q ^ 11 and the genus

gK of K/k is greater than one there exists a subgroup Qi of JL(&( , k) such that

i) & *CJL($)( , k) and ii) (L(0))(8i) is normal over K.

2. 2. The proof of lemma 1.

First we assume that L(Q)/K is normal and denote by [ε v] a representative

of ε^&G(L/K) in G(L(Q)/K). Then we have i) VL(e*)πutoiL = πnQ)iLriuQ)(te»l)

and ii) aL(ε^) = 7ΓL(g)/L<3z,(g)(Cev]) (εv EΞ G{L/K)). Hence, by virtue of theorem C,

we have

εv]) and ii)

Conversely we assume that 0 satisfies the conditions of the lemma. Let y

be a point of AU&IL such that k(πL{Q)jLy) -L and TCU&JL y is a point of ΫL(CL).

By virtue of theorem C, -Â gj/L is the quotient variety of JL by 0 and /Λ is the

natural mapping of JL onto AL^/L, where μ is the homomorphism of ]L onto

such that πL(Q)iLβ = <W - PJA- Namely A(^)=L(β). Since ^ ( ί y l G ϋ ,
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there exist points £([εv]) in Auwd > ft) such that πm)iLb(Zε»l) =aL(εJ

(ε v e G(L/K)). From the condition i) there exist automorphisms ^([εv]) of

AL(8)/L such that πLwfLy(ίε*l) -riL(ε^)πL{§)IL (εv G G(L/K)). Let C be the locus

of y over ft. Then η(l**~\) y + b(lε*~\) + t (e,6 6 ( I / ϊ ) , ί e TΓZWW)) are also

points on C and they are conjugates of y over #. This proves that L(9) is

normal over K.

2.3. The proof of lemma 2

We denote by ε the generator of G(L(Q)/L) and denote by [εv] a repre-

sentative of εv in G{L(Q)/K). Since (ε) is normal in G(L(Q)/K), there exists

an integer sv such that [εvJεCεvΓ1^ εSv (εv e G(L/K)).
I I

Since Σ (fong, - 7z.(β)(ev)) = ^L(g) - VUQM) ( Σ ( 5 , / L ( 0 ) + V«8;(e) + . . .

εv""1)), we observe that BuQ)ίL^i9jLiφ- ηnQ)(e))(JL^- O n t h e other
hand JLlQ) is generated by BL(g)/L and Am)ίL and (^^g, -^(g)(ε))(ΛL(g)/jL) = 0,

hence BL(Q)/L= (δjLiφ -yL(Q)(e))(Jm)). Therefore, by virtue of (3), if we trans-

late <pu%) suitably, we can assume that a^M belongs to AL{Q)/L. From (2)

we have

-f

On the other hand, since ^(gjCCεJX^^fg , +^(β)(e) + . . . +7?L(g)(ε/~1))7?/j(g)(Cεv]~1)

g ίε7"1), we have ^(g)(Cεv])(ΛL(g)/L)=.AL(g)/L. Therefore

(4) (VLφ(ε) - 5jL ( g ) )«L(g)(Cεv]""
1) e ALW/L (ev e G(L/K)).

We denote by ^£,(g)(ε)/iZ(g)/L the restriction of i?L<g>(e) of BU&/L. Let r be

any prime except p. Then r-addic representation (Mr(^ (9)(£ v)β i ( g ) / L)} of

{??£(g)(εv)i?x(α)/ii} is equivalent to
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C - D *

C V

where gL is the genus of L/k, C is an /-th root of unity and E2(gL-D is the

identity matrix of degree 2{gL~l). This shows that

(5 ) άetMΛδBL(q)fL- VL^K q)fL) = ( Π (1 ~ C

We denote by ί) the group of points / of JL{Q} such that

Then we have

Ii = D) : ^(9)//J = Γ(^ L rg ) / L -^(g)(e)^ G ) / / j )" 1 (O) : {0}]

^ d e t Mr({dBL{Q)/L

On the other hand, by virtue of Riemann's conjecture of congrunce C-functions,

the absolute values of characteristic roots of Λfr(p/?Lfg)/L)4) are all V(Z Hence

the absolute values of characteristic roots of Mr(<5/?Lig)/L — PBL(Q)/L) are not less

than V#-2V<H-1. This shows that

] det MAδBL(Q)/L - PBL(Q)/L) I i (<7 - 2 Vα + 1 ) ( /-1 ) (**-1 }.

Since /L(Q)( , fe) = (djLw — pjL{Q))"1(0)f Au&uA , k) = (^^g)^ - PAIJQ)/L)~1(0)>

, *) = <Wg),L -^ i f Q ) / L )"" 1 (0) and ^ + - J)* are separable, we have

= ίjLφ( , *) : Am)/K( , ^

= detMΛdBL{Q)ίL-pBL{Q)/L)

From q ^ 11 we have (q+ 1 - 2\/ ̂  ) > 5. On the other hand Iogio5 > Q

hence (/-1) log ϊ 05 > | (/-1) > 21ogi0/ for / > 1. This shows that

- 2V «) ( / " 1 } > l\ By virtue of ^ > gκ > 1, 72 ̂  ( α + 1 - 2V fl ) ( / - 1 ) ( ^- 1 } >

^ 7i for / > 1 . This proves that & = ̂  ΠJL{QΛ , ^) is a proper subgroup of

Λ(g,( , A). From (4) all e^gjie') (e; e G(L(Q)/K)) belong to 0t. Hence, by

4) psz,(g)/L means the endomorphism of BL{Q)fL induced by the automorphism ξ->ξq of
the universal domain.
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virtue of lemma 1, it is sufficient to prove Gι = ̂ Lίg)(Cεv]εμ)(9i) (εv G G{L/K)).

Since C is a primitive /-th root of unity, 1 + C+ . . . + C w (ẑ  = 1, 2, . . . , / - 1 )

are units in Q(C), where Q means the field of rational numbers. This shows

that

(̂ *z;ifP/L + ̂ i8>( eWg)/L+ ^" VL(Q)(e^"1)BL(Q)ίL) (v = l, 2, . . . , / — I )

are automorphisms of BL(Q)/L- On the other hand t) is generated by AL^IL and

W f l ) / i = {ί I ί e i5zκβ,/L, ($BL(q)/L - 7Lcβ)(e)) ί e AUQUL). Moreover we observe that

l)(δBL(Q)ίL ~ VL(g> (e)^x,ig)/Z<) = {SBLI§)IL - ^L(g) (e S v ) J B L ( g ) / Z j ) ^L(g^ ( C ε v ] ) a n d

D ' )
This shows that k 9 ) ( M ) ( W 3 ! / L ) = Wgi/L- namely I) =

Hence
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