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Abstract

We obtain a sparse domination principle for an arbitrary family of functions f(x,Q), where x € R and Q is a
cube in R™. When applied to operators, this result recovers our recent works [37, 39]. On the other hand, our sparse
domination principle can be also applied to non-operator objects. In particular, we show applications to generalised
Poincaré—Sobolev inequalities, tent spaces and general dyadic sums. Moreover, the flexibility of our result allows
us to treat operators that are not localisable in the sense of [39], as we will demonstrate in an application to vector-
valued square functions.
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1. Introduction

Sparse domination is a recent technique allowing one to estimate (in norm, pointwise or dually) many
operators in harmonic analysis by simple expressions of the form

> Froxos

QeS

where (f)p.0 = (ﬁ fQ |f|p)l/p for p € (0, c0) and S is a sparse family of cubes in R”.

Primarily motivated by sharp quantitative weighted norm inequalities, sparse domination has quickly
transformed into a very active area, dealing with various operators within and beyond the Calderén—
Zygmund theory. During the last five years, a number of sparse domination principles (that is, general
results establishing sparse domination for a given class of operators) have appeared, for example, in the
works [2, 5, 6, 8, 13, 14, 34, 35, 37, 39].

Let us consider a particular line of research in this direction, for which the starting point is the
so-called local mean oscillation estimate (see [23, 31])

[f=mp(Dlxo £ Y wa(f; P)xp, (1.1)

PeS

where f is an arbitrary measurable function and m ¢ (Q) and w,(f; Q) denote a median value and the
local mean oscillation of f on the cube Q, respectively.

The local mean oscillation estimate can be regarded as the first operator-free sparse domination result,
but its main application was to operators. Specifically, this estimate was applied by the first author in
[32] to a Calderén—Zygmund operator 7, using 7 f instead of f in (1.1). This provided norm sparse
domination for 7" and, as a result, an alternative proof of the A,-theorem, which was first proven by
Hytonen [22]. Later, this norm sparse domination result was improved to pointwise sparse domination
simultaneously by Conde-Alonso—Rey and the first author and Nazarov in [15, 36].

The methods in [15, 36] still depended on (1.1). The drawback of this approach is that it necessitates
estimating local mean oscillations of 7, although T is not a well-localised operator. For this reason,
the results in [15, 36] hold under the log-Dini assumption on the kernel of the Calderén—Zygmund
operator 7.

The next step was taken by Lacey in [30], where pointwise sparse domination for 7" was obtained
under the usual Dini assumption on the kernel of 7. The main new realisation in [30] was that it suffices
to estimate suitable truncations of 7, which can be done without the use of (1.1). The proof of the
pointwise sparse domination result for 7" was subsequently simplified by the first author in [34] and the
first and third authors in [37], in which a general sparse domination principle was established, allowing
one to deal with a vast number of ‘smooth’ operators. The main result of [37] was then extended by the
second author [39] into several directions, including the setting of vector-valued functions on spaces of
homogeneous type, along with the concept of £"-sparse domination.

The development we have so far described can be summarised in the following diagram:

(1.1) - [32] — [15,36] — [30] — [34] — [37] — [39].

Starting from [30], the local mean oscillation estimate (1.1) has not played a role in the obtained sparse
domination results. Therefore, this development can be viewed as an evolution from sparse domination
for arbitrary functions (expressed in (1.1)) to sparse domination for operators.

In the present article, we return sparse domination to its roots, using functions rather than operators.
We will essentially use the techniques developed in [37, 39]. Our key novel point is the language in which
our main results are written. This language unifies (1.1) with all of the results contained in [37, 39]. More
important, it allows us to deal with many non-operator objects, which have not yet been investigated using
sparse domination techniques. This development can be seen in analogy to the development of Rubio
de Francia extrapolation, which was first proven for operators but was later realised to be much more
versatile and applicable in a formulation for functions (see [16] for a discussion on this development).
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Let us give a flavour of our language. Precise definitions and statements will be given in subsequent
sections. We shall deal with functions f(x, Q) of two ‘variables’, being the points x € R" and the cubes
Q c R". For brevity we denote such functions by fp (x). Observe that the role of the cubes Q may vary.
For example, one can define fp(x) :=T(f yqe0)(x), where T is a given operator. On the other hand, in
the theory of tent spaces, a typical definition will be fp(x) := fFrQ ) f(y,1) du(y, 1), where Iz, (x) is

a cone in R™*!, truncated according to the side length of Q.

Our main result, Theorem 3.2, provides pointwise sparse domination for | fp | for a fixed cube 0 C R".
The dominating sparse object is expressed in terms of fp for dyadic subcubes P of Q and a certain family
of functions fp o, which connects fp and fp in a natural way. A typical example is fp o := fo — fp
but, depending on the context, one can make more clever choices of fp .

The article is organised as follows. Section 2 contains the main definitions. In particular, our language
is introduced there. Section 3 contains our main results, which are pointwise and bilinear form operator-
free sparse domination principles, expressed in Theorems 3.2 and 3.4. In Section 4 we show that our
new results contain a vast number of previously known sparse domination results as particular cases.

Sections 5-8 present new applications. Section 5 is devoted to generalised Poincaré—Sobolev in-
equalities. In a recent work on this topic [44], Pérez and Rela obtained a weighted self-improving result,
assuming the A.-condition on the weight. They asked whether the A -condition can be removed. Using
our sparse domination principle, we give an affirmative answer to this question.

In Section 6, we give a ‘sparse’ proof of the theorem of Coifman—Meyer—Stein [11] on the main
relation between two basic operators in the theory of tent spaces. In particular, this improves the good-A
inequality for these operators established in [11]. We also obtain similar results for vector-valued tent
spaces.

In Section 7 we give a simplified proof of a recent result by Xu [48] about sharp bounds for the
vector-valued vertical square function, which was an important ingredient in his answer to a question
by Naor and Young [43] about sharp bounds for the heat semigroup on R".

In Section 8 we obtain a simple sufficient condition allowing one, when dealing with the dyadic sums
2 @ xo, to replace the summation over all dyadic subcubes of a given cube by the summation over a
sparse family. As an application, we will generalise and provide a new proof of a result by Honzik and
Jaye [21] on a sharp good-A inequality for the nonlinear dyadic potential.

Throughout the article we use the notation A < B if A < CB with some independent constant C. We
writte A~ Bif A < Band B < A.

2. Main definitions
2.1. Dyadic cubes

Denote by Q the set of all cubes Q c R” with sides parallel to the axes. Given a cube Q € Q, denote by
D(Q) the set of all dyadic cubes with respect to Q; that is, the cubes obtained by repeated subdivision
of Q and each of its descendants into 2" congruent subcubes.

Following [36, Def. 2.1], a dyadic lattice & in R" is any collection of cubes such that

(i) any child of Q € 9 is in @ as well; that is, D(Q) C 9D,
(ii) any Q’, Q" € D have a common ancestor; that is, there exists a Q € 9 such that Q’, 0" € D(Q),
(iii) for every compact set K c R", there exists a cube Q € 9 containing K.

Let O € Q. We say that a family of dyadic cubes F C D(Q) is contracting if F = U;"_,F, where
Fo = {Q}, each F is a family of pairwise disjoint cubes and for Q; = Uper, P we have Q1 C Q and
|Qr| — 0 as k — oo. Given a contracting family F ¢ D(Q), for P € F; with k € NU {0}, we denote

Ep:=P)\ U P =P\ Q.
P'eFin

Observe that the sets { Ep } pc r are pairwise disjoint.
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Definition 2.1. Let 7 € (0, 1) and Q € Q. We say that a family F c D(Q) is n-sparse if it is contracting
and |Ep| > n|P| for all P € F.

Note that our definition of a sparse family of cubes is slightly more restrictive than the usual definition
in the literature. In particular, we assume a sparse family of cubes to have exactly one maximal cube,
the cube Q.

2.2. The (" -condition

Consider a family of measurable functions {fp, fp,0}: R" — R, where Q € Q, P € D(Q). We note
that our choice of R as the scalar field is inconsequential; that is, all subsequent results hold for complex-
valued functions as well.

We introduce a compatibility condition on such a family of functions, which is implicitly contained
in [39]. We will elaborate on the connection to [39] in Subsection 4.2.

Definition 2.2. Let r € (0, o). We say that the family

{fo. fr.o}oco.Pen(0)

satisfies the " -condition if there exists a C,, > 0O such that forevery Q € Q andevery Py,..., P, € D(Q)
with P, C --- C P;, we have for a.e. x € P,,,

m—1

/r
1 < G (3 e COF 17, 1)
k=1

Given an arbitrary family of measurable functions fp: R" — R, a canonical choice for fp o is
given by

fr.o = fo~Ip, 2.1

for which the " -condition holds trivially with C, = 1 forO < r < 1.

2.3. Sharp maximal operators

For a measurable function f: R" — R, we define its standard oscillation over a cube Q € Q by

osc(f;Q) = ess sup | f(x") = f(x")].

x',x"€Q

Furthermore, for g € (0, 00), we define its g-oscillation over a cube Q € Q by

osey (1:0)= (i [ 17600 = para) .

|Q|2 ox

Using these oscillations, we can now define sharp maximal operators associated to a family {fp o},
of which precursors can be found in [37, 39].

Definition 2.3. Given a family { fp.0 }peo,Pen(0), define the sharp maximal function mz fforQ e Q
by

mgf(x) = sup osc(fp,o; P), x€eqQ,
PeD(Q):xeP
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and for g € (0, oo) define the sharp g-maximal function by

m#Q’qf(x) = sup  oscy(fp.0:P)), x€Q.
PeD(Q):xeP

2.4. Nonincreasing rearrangements

The nonincreasing rearrangement of a measurable function f: R" — R is defined by
f*(t)zinf{a/>0:|{x€R":|f(x)|>a}|§t}, t €R,.

Observe that (|f|%)*(t) = f*(¢)° for every § > 0. This, along with Chebyshev’s inequality f*(¢) <
%Hflly (rn)» implies that

. 1
(< tj||f||L6(Rn)~ (2.2)
o
‘We also have

{x eR":|f ()| > (O} <1, (2.3)

which is a consequence of the fact that the distribution function is right-continuous.

3. Main results
3.1. A toy domination principle

We start our analysis by observing that the {"-condition allows us to bound f;, for every Q € O by a sum
over an arbitrary contracting family of cubes. In particular, we note that we do not need a sparseness
assumption in the following statement.

Proposition 3.1. Let r € (0, 00) and let { fo, fr,0}Y0ec0,Pen(0) Satisfy the " -condition. Let Q € Q and
let F € D(Q) be a contracting family of cubes. Then for a.e. x € Q,

00

ol =i Y. 3 (1@l xe @+ D e p@l xe ).

k=0 PeFy P eFi41:P'CP

Proof. Since |Qi| — 0, there is a set N C Q of measure O such that, for every x € Q \ N, there are only
finitely many k € N with x € Q.
Fix x € Q \ N. Then there exist P, € Fy for k =0, ..., m such that

xePypCcPyu1Cc---CPyp=0

and x ¢ Q,,;1. Hence, by the ¢"-condition,

m—1

o)l < € (/I + 3 | 1)
k=0

m—1

= 7 (1 O X, () + 2 frua i O K (x)-
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In order to make this expression independent of the particular choice of Pj, we add zero terms. This
allows us to write

0o

| fom OO X, (¥) = > D 1fp () iy (1)

k=0 PeFy
and
m—1 (o]
e O ey =313 3 p (0] e (),
k=0 k=0 PeFy P’ €Fy41:P'CP
which completes the proof. O

3.2. A pointwise sparse domination principle

In order to estimate the terms fp/ p in Proposition 3.1 effectively, we make an additional assumption on
the family { fp.0 }oeo,Pen(@)- Indeed, we will assume for Q € Q and P € D(Q) that

|fp.ol < Ifpl+1fol- (3.1

Observe that this assumption is not really restrictive. In particular, for the main example in (2.1), (3.1)
holds trivially.
Our first main result is the following.

Theorem 3.2. Let r € (0, 00) and let { fo, fpr.0}oeo,Pen(@) Satisfy the £"-condition and (3.1). For any
Q € Qandn € (0,1) there exists an n-sparse family F C D(Q) such that for a.e. x € Q,

fol < ¢ Y virr)
PeF

where

Yp = (fPXP) (|P|2n+2) + (mPf) (|P|2n+2)

Proof. We construct the family F c D(Q) inductively. Set Fy = {Q}. Next, given a collection of
pairwise disjoint cubes Fy, let us describe how to construct Fy..
Fix a cube P € Fi. Consider the sets

Q(P):={xeP:|fp(x)|> (frxp)" (|P|2n+z)}
Q,(P) = {x epP: mPf(x) > (mpf) (|P|2n+2)}

and denote Q(P) := Q;(P) U ,(P). Then, by (2.3), we know that |Q(P)| < 2"+‘ L|P|.

Apply the local Calderén—Zygmund decomposition to yq(p) at height ,M We obtain a family of
pairwise disjoint cubes Sp = {P;}, dyadic with respect to P, such that for N p =Q(P)\ U;jP; we have
that [Np| = 0 and for every P; € Sp,

2n+1 —|Pj| < |P; NnQ(P)] < —IP | (3.2)
In particular, it follows from this that
DIPl <2 Q(P)| < (1-n)IP|, (3.3)

J
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We define Fiy1 = Uper, Sp. Setting F = Uz’:o]-"k, we note by (3.3) that F is n-sparse.

Let us now prepare to apply Proposition 3.1 with the constructed family F. Fix P € Fj for some
k € N U {0}. Since |[Np| = 0, almost every point of the set Q;(P) is covered by a cube P’ € Fyy.
Therefore, we have

1fp@)] < (fpxp) (IPI32).  x €Ep. (34)

It remains to estimate | fp: p|yps for P € Fy and P’ € Fy41 with P’ € P. Denote Gpr = P’ \ Q(P).
Then, by (3.2), we have

’ ’ 1 ’
Gp| 2 [P'| = [PT0Q(P)| 2 S|P

Therefore, |Gp/ \ Q(P”)| > 0 and hence, fixing
y€Gp \Q(P) c P\ (Qi(P)UQi(P))
and applying (3.1), we obtain for a.e. x € P’
[fp.p(0)| < inf mp f (") + | fpr.p ()]
< (mpf) (1P15) + 1fe DI +1fp ()
<vp+(foxr) (1P 152).

Combining this estimate with (3.4) and Proposition 3.1 yields for a.e. x € Q that

[e9)

oI <€l 3 3 ((frxr) (IPI5A) ey ()

k=0 PeFy

3 e+ e (IP1572)) e ()
P'e€Fs1:P'CP

= 2(zcr)rz Z ’)/rp)(p+(2Cr)rZ Z Z Yp X P
k=0 PeFy k=0 PeFy P'€Fi1:P'CP
<3(2G)" Z YpXP
PeF
which completes the proof. O

Remark 3.3. It is easily seen from the proof that Theorem 3.2 can be stated in a (formally stronger)
local version. Namely, fix a cube Qg € Q, and assume that the £”-condition and (3.1) hold for a family of
functions { fp, fp,0}, where P, Q € D(Qo) and P C Q. Then for any n € (0, 1) there exists an n-sparse
family F c D(Qy) such that for a.e. x € Qy,

ol = & 3 e )"

PeF

with the same yp as in Theorem 3.2. In particular, the family of all cubes Q in Theorem 3.2 can be
replaced by an arbitrary subfamily; for example, by a dyadic lattice 9.
3.3. A bilinear form sparse domination principle

In certain applications the m?, f-term in the definition of y¢ in Theorem 3.2 is too large to be efficiently
estimated. We will therefore also prove a variant of Theorem 3.2, dominating |fp| dually by a sparse
form involving the smaller term mz q f for g € (0, 0).

https://doi.org/10.1017/fms.2022.8 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.8

8 Andrei K. Lerner et al.

Theorem 3.4. Let r € (0, 00) and let { fo, fr,0}0c0,Pen(@) Satisfy the " -condition and (3.1) and let
q € (r,00). Forany Q € Q and n € (0, 1) there exists an n-sparse family F C D(Q) such that for every
measurable g: R" — R,

/ Ifol"g < Cr Z ap(8)(q/ry.pIPl,

PeF

where

ap = (fexr) (IP152) + (ml )7 (1P15:3).

Proof. The proof is similar to the proof of Theorem 3.2 and hence some details are omitted. Construct
the n-sparse family F exactly as in the proof of Theorem 3.2, only replacing mjﬁ, f by m*;,q f in the
definition of Q,(P).

By Proposition 3.1 we have

oo

Lirers=cry, 3 ([ eres 3 [ 1eels) (3.5)

k=0 Per. YEP P'€Fia:

and by (3.4)

/ folg < / ‘. (3.6)
Ep P

It remains to estimate the second term on the right-hand side of (3.5). As in the proof of Theorem
3.2, we introduce the set Gpr = P’ \ Q(P) and observe that
1 1

Gr\ QP2 (5 - 55

!’ 1 !
)|P > ;1P (.7

Forae.y € Gp \ Q(P') c P'\ (Q(P) UQ;(P’)) we have

[tmate <2 [ 1m0 = finp o)l sy ax 4 v [ g

Integrating over G p- \ Q(P’) and using (3.7), we obtain

/ |fppl"g<4-2" / |fpr,p(x) = fpr p(V)|"g(x)dx dy
P P Jp

[P’
+4r(a§,,+a;)/ g
-
By Holder’s inequality,
| / / o p () = for p O g()dxdy < 05¢g (fpr.p3 P'Y - (&)iafry. 1P|

< xl,lel;(mp,qf)(x) (8)(q/ry.PIP’|

7]

< ap(8)(q/ry.p’IP’l

which, along with the previous estimate, implies
[ Welrs <54 (@b @anr.e P+ @5+ [ o). (338)
P/ Pl
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Now note that, by Holder’s inequality, we have

1 r

r ’ r )\ @/r) n\a

NGRS IEA U Y L) KU U W)
P’ eFpat: PeF Y P P’ €Fpat:
P’'cP P'cP P'cP

< a;)<g>(q/r)’,P|P|~

Combining this estimate with (3.5), (3.6) and (3.8), we obtain

0o

[Q|fg|rgS6-4’-cr(i Yofar fer Y an [ o)+ 3 ar@anr.rir)

k=0 PeFy P P'e€Fs1:P'CP k=0 PeFy

<1847 Cr " ah(@)igiry.pIPl,
PeF

which completes the proof. m}

3.4. Sparse domination in spaces of homogeneous type

A space of homogeneous type (S, d, ), originally introduced by Coifman and Weiss in [12], is a set S
equipped with a quasi-metric d and a doubling Borel measure u. That is, a metric d which, instead of
the triangle inequality, satisfies

d(s,1) < cq(d(s,u) +d(u,r1)), s,t,u €8S
for some ¢4 > 1 and a Borel measure y that satisfies the doubling ball property

u(B(s,2p)) < ¢, u(B(s, p))s seS, p>0

for some ¢, > 1.

It was shown by Anderson and Vagharshakyan [1] that the sparse domination principle based on
the median oscillation estimate (1.1) could be generalised from the Euclidean space R" equipped with
the Lebesgue measure to a space of homogeneous type. Later, in [39], it was shown by the second
author that the sparse domination principle for operators in [34, 37] also generalises directly to spaces
of homogeneous type. Doing similar adaptations as in [39], Theorems 3.2 and 3.4 also generalise to this
setting.

4. Previous known results from our sparse domination principles

In this section we will show that Theorems 3.2 and 3.4 imply a number of the previously known results.

4.1. The local mean oscillation estimate

Let us start by showing that Theorem 3.2 implies (1.1) or, more generally, its vector-valued variant by
Hinninen and Hytonen [18].

Let X be a Banach space and f: R" — X be a strongly measurable function. Given 0 < A < 1, the
local mean oscillation of f on Q € Q is defined by

wa(f;Q) = inf (Ilf - clixxo)” (21Q1).
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Moreover, for0 < 4 < %, we define the quasi-optimal center of oscillation ¢ (f; Q) as any vector ¢ € X
such that

(If = clixxo) (AUQI) < 2wa(f;0);

see [18, Section 4] for an introduction. We will use the following property of this object: for 0 < 4 <

K < %, we have for any quasi-optimal center of oscillation c, (f; Q) that

(If = cx(f: Dlix x0) " (AUQI) < 4wal(f;0); (4.1)

see [18, Lemma 4.10].

Theorem 4.1 ([18]). Let X be a Banach space and let f: R" — X be strongly measurable. For every
cube Q € Q andn € (0, 1), there exists an n-sparse family F C D(Q) such that for any cy,4(f; Q) and
fora.e.x € Q,

1/ (x) = c1/a(f: OlIx < Z w1y (f3 P)xp(x).
PeF e

Proof. For Q € Q and P € D(Q) define

fo = f —cia(f: Q)llx,
fr.o = llcija(fi P) —cia(f: O,

where for any cube Q € Q we fix a quasi-optimal center of oscillation c1/4(f; Q).

The family {fp, fp,0}0co,Pen(@) satisfies the £'-condition with C; = 1 by the triangle inequality
and (3.1) holds as well. Therefore, by Theorem 3.2, there exists an n-sparse family F C D(Q) such that
forae.x € Q,

1f () = cra(£:Qllx < Y vexe().

PeF

The function fp/ p is a constant for every P’ € D(P) and therefore m’}ﬁ f = 0. Hence, by (4.1),
— . * 1-7n .
yp = (Ilf = c1a(f; P)llxxpe) (IPl5=2) < 4w 1y (f1 P),
on+
which completes the proof. O

4.2. The {"-sparse domination principle for operators

Next we show that Theorem 3.2 implies the main result of the second author in [39, Theorem 3.2] on
pointwise " -sparse domination for a bounded operator 7: LP? — LP-*. Moreover, due to our flexible
setup, we also obtain the pointwise ¢ -sparse domination result for bounded operators 7: L? — L9®
in [39, Theorem 3.4] without any additional effort.

Let us first introduce some notation. Let & be a dyadic lattice and let X,Y be Banach spaces,
p,q € (0,00) and a > 1. For a bounded operator

T: LP(R"; X) — LT*(R";Y),
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we say that a family of operators {Tp }peg from LP (R"; X) to L9*(Q;Y) is an a-localisation family
of T if forall Q € @ and f € LP(R"; X) we have

To(fxao)(x) =Tof(x), xeqQ,
ITo(fxa0))ly < IT(fxag)®)lly, x€Q.

The canonical example is, of course, Tp f := To(fxap) forall Q € 9.

Using an a-localisation family of 7, we can define operator variants of the £"-condition and the
sharp maximal function mz f.Indeed, set Tp o := Tp — Tp and let r € (0, c0). We say that T satisfies
a localised " -estimate if for every Q € Q and every Py,..., P, € D(Q) with P,, C --- C Py and
f e LP(R™; X), we have for a.e. x € Py,

m—1

/r
7o F @l < Co( 3 Ty p SOl + 1T, FOI)
k=1

Observe that if » € (0, 1] and Tp f = T(f x @) for some @ > 1, then this estimate holds trivially for
every (sub)linear operator 7" with C, = 1. If T satisfies a localised {” -estimate, then, setting

Jo(x) == ITo f(x)lly x eR" 4.2)
fr.o(x) = Tp.of(X)lly, x eR" 4.3)
for Q € @ and P € D(Q), we obtain that the £ -condition holds.

Next, the operator analogue of the sharp maximal function m’é f foracube Q € Q is given by

M’;,Qf(x) = sup  esssup ||Tp,Qf(x’) - TP’Qf(.X”)Hy, x € R".
PeD(Q):xeP x',x"€P

For fp o asin (4.3), we have

lfp.o(x") = fr.o(X") < ITpof(x') =Tpof(x)lly.  x'.x"€P

and therefore
my f(x) < My o f(x),  x€R" (4.4)

We are now ready to prove the announced result from [39], which in the diagonal case p = ¢
generalises the main result of [37].

Theorem 4.2 ([39]). Let D be a dyadic lattice, let X and Y be Banach space, take p, q,r € (0, c0) and
let @ > 1. Suppose that

o T is a bounded operator from LP (R"; X) to L**(R";Y) with a-localisation family {Tp}pco.
o M. , is bounded from LP (R"; X) to L™ (R") uniformly in Q € 9.
o T satisfies a localised {" -estimate.

Then for any f € L? (R"; X) and Q € D, there exists a %—sparse family F C D(Q) such that for a.e.
xeQ,

r_r , 1/r
ITof @y < Cr Cr (D 1aPIP a1y app@)
PeF

with Cr := ||T||Lp>La-> +sUpgeg M gllLr—La.
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Proof. The essence of the proof is already contained in the discussion preceding the theorem. Indeed,
let { fo. fr.0}0ew, Pep(0) be as in (4.2) and (4.3), which satisfies the {”-condition and also (3.1) holds.
Hence, we are in position to apply Theorem 3.2 with n = % (see also Remark 3.3). It remains to estimate
vp provided by this theorem.

By the assumption on 7 we have

1
(fexp) (IP1/2") < IT|lLr—ra= - P2 "5 (|| flix)p.ap-

Moreover, by the assumption on M? p and (4.4), we have

1_1
(mbxp) (I1P1/2") $ [IM7 ollLr—pas - |aP17 " a (|| £lIx)p,ap,

which completes the proof. O

Remark 4.3. In [39, Theorem 3.5] a sparse form domination principle was shown for operators. Analo-
gous to the proof of Theorem 4.2, one can deduce [39, Theorem 3.5] from our sparse form domination
principle in Theorem 3.4.

Remark 4.4. Both papers [37] and [39] contain a list of known sparse domination results for operators
that fit our setting. For the reader’s convenience, we include a unified and extended list below.

Calderén—Zygmund operators [37] with operator-valued kernel [39].

Maximally modulated Calderén—Zygmund operators [3].

Variational truncations of Calderén—Zygmund operators [41, 50].

Multilinear singular integral operators with L"-Hormander condition [38].
Fractional integral operators with Horménder kernel [28].

A class of pseudo-differential operators [4].

The Rademacher [39] and the lattice Hardy-Littlewood [19] maximal operators.
The intrinsic Littlewood—Paley square function [40].

Nonintegral operators falling outside the scope of Calderén—Zygmund theory [8] and the associated
square functions [2].

o Rough homogeneous singular integrals [35].

o The Marcinkiewicz integral with rough kernel [45].

O O 0O 0O O 0 0 O O

Let us note that the boundedness of the corresponding sharp maximal operator is not explicitly
contained in all of the above cited works and, in particular, sparse domination is obtained in a self-
contained way in many of these citations. However, the presented arguments often imply the boundedness
of the corresponding sharp maximal operator in our setting. For more details, we refer to [37, Section 5]
and [39, Section 9].

The three last items from the list fit the setting of bilinear form sparse domination expressed in
Theorem 3.4.

5. Generalised Poincaré-Sobolev inequalities

As a first new application of our operator-free sparse domination principle, we will study generalised
Poincaré—Sobolev inequalities as in [10, 44]. In particular, we will extend and improve [44, Theorem
1.5 and 1.24] by Pérez and Rela.

Let us introduce some notation. Let p, s € [1, o). For a functional a: Q — R, and a weight w, we
say that a satisfies the SD7,(w)-condition and write a € SD7},(w), if for any cube Q € Q and any family
of pairwise disjoint {Q;} € D(Q) we have

(sigy Dat@prwien)”” < c(28) "aco),
J
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The least admissible constant C > 1 is denoted by ||al|sps, (w). We note that the SD, (w)-condition can
be thought of as an s-smallness preserving condition, and for examples of functionals a € SDY,(w) we
refer to [44].

Fixacube Q € Qand f € LI'OC(R”). For m € NU {0}, we denote by P, f the projection of f onto the
space of polynomials of degree at most m in n variables on Q. We refer to [44, Section 8] for a proper

introduction of this projection. Here we just note the following two properties that we will use of Py f:

o There is a Cy;, > 0 such that
1
I1PoflliL=(0) < Cn—— [ IfI. (5.1
19l Jo

o For any polynomial 7 of degree at most m in n variables, we have Py (r) = m on Q.

Furthermore, we note that when m = 0, we have P f = @ / 0 f.
In this language, the main result of Pérez and Rela reads as follows.

Theorem 5.1 ([44]). Let p, s € [1,) and let w € Aw. Assume that a € SD},(w). Let f € L}OC(R") be
such that for all Q € Q,

1
@/Qlf—PQfl < a(Q).

Then, there is a constant C,,_,, > 0 such that for any Q € Q,
1 1
[ - Py, | P s
(W(Q) /Qlf Pof] w) < Cum sllallgps () @(Q)- (5.2)

Note that when m > 1, the result of Pérez and Rela has an additional factor 2%’1 in the conclusion,
but it was observed in [10, Theorem 2.1] that this factor can be omitted.

It was asked in [44, Remark 1.6] whether the A, assumption in Theorem 5.1 can be removed. A
partial result in this direction was provided by Martinez-Perales [42].

In order to state our main result, we will replace L? (w)-averages by arbitrary Banach function norms
(see, e.g., [7, 49]). First we define a more general smallness preserving condition with respect to a
Banach function norm. Note that the following condition with

ko = (= [1w) " ee0
Xo =\ =< 122 ,
1
(1) = lallspy - 1+, re 0,1,
coincides with the definition of the SD}, (w)-condition.

Definition 5.2. For Q € Qlet || - [|x,, be a Banach function norm and let ¢: [0, 1] — R, be increasing.
For a functional a: @ — R, we say that a satisfies the ¢-smallness preserving condition if for any
0 € Q and any family of pairwise disjoint {Q;} C D(Q) we have

2510/
||;a(Qj)XQj”xQSSD( o) @ (5.4)

We are now ready to state the main result of this section.
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Theorem 5.3. Fix f € LIIOC(R”). For Q € Q let || - ||x, be a Banach function norm and let a: Q — R,
satisfy both the @-smallness preserving condition and for all Q € Q,

|Q|/If Pofl < a(Q).

Then there is a Cp ym > 0 such that for all Q € Q,

1
I/ = Poxolso < Cuma@)-( [ o0 +o(n). 55)

Taking Xp and ¢ as in (5.3), we have

1
| o0 1) = +1) s

Thus, we obtain an extension of Theorem 5.1 to arbitrary weights, which provides an affirmative answer
to the question posed in [44, Remark 1.6]. Moreover, we have a quantitative improvement over Theorem
5.1, even in the case m = 0 and s > 1, since (5.5) holds with linear dependence on ||a|| sD3 (w)» Whereas
one has ||a||§D;(W) in (5.2).

The key ingredient in our proof of Theorem 5.3 is the following sparse domination result in the spirit
of Theorem 4.1.

Proposition 5.4. Let [ € LIIOC(R"). For any Q € Q and n € (0, 1) there exists an n-sparse family
F C D(Q) such that

£~ Poflxo < Cuniz 3 (s 15 = Prsur.

- ReF

Proof. For Q € Q and R € D(Q), define

fo=f—-Pof
fro =Prf-Pof.

The family {fo, fr,0}0ec0.ren(0) trivially satisfies the ¢'-condition with C, = 1 and (3.1) holds.
For any R’ € D(R), we have by (5.1)

e llaey = 1P (f = POlimier < Co oz [ 1= P,
which implies
mbf(x) <2CM((f = PRf)xR)(x),  x€R™
Therefore, by Chebyshev’s inequality and the weak L'-boundedness of M, we have for any 5 € (0, 1),
() (RIEE) + () (RIS < Com 1 - e [ 15 = Pas,
-n |Rl Jr

which, by Theorem 3.2, completes the proof. O
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Proof of Theorem 5.3. Fix a cube Q € Q. By the main hypothesis of Theorem 5.3 combined with
Proposition 5.4, there exists a %—sparse family F c D(Q) such that

|f = Pofl < Com ) a(R)xr. (5.6)

ReF

Write F = (Ui, Fk, Where Fy is as in the definition of a contracting family of dyadic cubes. Since
Fis %—sparse, we have for any £ € N U {0},

1
IRl < 5101,
which, along with the ¢-smallness preserving condition, implies
1> aRxrlly, < D3I D) aRxklly, <a(@ ) e7™).
ReF k=0 REF; k=0

Combined with (5.6), this implies
I(f = Pof)xollxe < Cama(Q) D (275
k=0

The result now follows by noting >} e(27%) < fol (1) dt—’_ O

Remark 5.5. Theorem 5.3 remains true for quasi-Banach function norms. In this case, one has to replace

fol go(t)dt—t by ( fol go(t)r%)l/ ", where r € (0, 1) is the exponent in the Aoki—-Rolewicz theorem (see
[29]).

Remark 5.6. One can replace ||(f — Pof)xollx, in the left-hand side of the conclusion of Theorem
5.3 by [[Mo(f = Pof)llxy» where Mg is the local maximal operator given by

Mof = sup (f)rpxp-
PeD(0)

Indeed, one can make a similar change in Proposition 5.4 by using

fo =Mo(f -Pof),
frRo = fr— fo

in the proof. The usage of Chebyshev’s inequality is in this case replaced by the weak L'-boundedness
of M Q-

Using Remark 5.6, one can recover, for example, the first main result of [9]. For a weight w, a cube
Q € Qandr > 0, denote

wr@ =101 ( [ w)"

Furthermore, for f € LlloC (R™), define the polynomial sharp maximal function as

1
MAF(x) = sup / f — Pofl.
05x 101 Jo
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Corollary 5.7 ([9]). Let f € Llloc (R™), let w be a weight and take p € [1,0) and r € (1, ). For any

cube Q € Q we have
MQ(f PQf) 1/p ,
Wr(Q)/ ) w) < Chmpr'.

Proof. This follows directly from Theorem 5.3 combined with Remark 5.6 using the choices

1
@ =5 [/~
et = gy [, (552)) " a@)

Indeed, for any Q € Q and any family of pairwise disjoint {Q;} € D(Q), we have by Holder’s inequality

1 1/p
I &(Q»XQ‘,.HXQ )] Z /Q , W) - a(@)

2101\ 5
< ()i g,
10|
1
so a satisfies the ¢-smallness preserving condition with ¢(z) = ¢7r". O

6. Tent spaces

As our second new application, we will use our sparse domination principle to prove the main relation
between two basic operators in the theory of tent spaces.

Let R"™! = {(y,1) : y € R*,¢ > 0} and, given a > 0, let ', (x) denote the cone in R?**! with vertex
in x € R" of aperture «; that is,

To(x) = {(y.t) eRI™ : x = y| < at}.
Given a ball B = B(x, r) in R", denote the tent over B by

B={(y,1) eR"™ :|x —y|+1<r}.

For a measurable function f: R**! — R, define

(a) — o dydr1/2 n

A (@) = /ra(x)lf(y,t)l D), ceR",
d

e i=sup (o [ 170022 xeR,

where the supremum is taken over all balls B ¢ R" containing x.
In [11], Coifman, Meyer and Stein defined the tent space TY for p € (0, o) and & > 0 as the space
of all measurable f: R™! — R such that

1£llzp = NAD ()l @ny < eo.

It was shown in [11] that T% = Tﬁp for @, 8 > 0, and thus it suffices to study 77 := T} Furthermore,
they deduced

Ifllrr < N1CCHIILP @) p € (0,00), (6.1)
ICHNLr @y < 1fllre p € (2,0). (6.2)
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To prove these inequalities, it is useful to define a truncated version of A("); that is, for 2 > 0, set

a dydt n
AP (@) = // R o) rery,
xy<at

and note that, using Fubini’s theorem, we can reformulate C(f)(x) for x € R" as follows:

"o 18000
2
che=sw(z [ 17l o)

r(B) d dt
2 y
6.3
)sclalg |B|// ‘/;/Z|<(tt|f( t)| ) ©3)

_sup(|B|/A§7;)(f)(Z)2dz) r

x3B

2

where r(B) denotes the radius of the ball B and the implicit constants depend on @ > 0.
From (6.3) it is clear that C(f)*> < M(A(f)?), which directly implies (6.2) by the boundedness of
the maximal operator. We will give a ‘sparse’ proof of the converse in (6.1).

Theorem 6.1. Take a > 0 and let f: R — R be measurable. For every cube Q € Q there exists a
%—sparsefamily F € D(Q) such that for a.e. x € Q,

(@) A et (2 12
2 0 < (3 g LA o)

Combining Theorem 6.1 with (6.3), we obtain for 6 € (0,2] and g € LP'(R"),

Lawwres 3 (g [ o) " e

<> | ©un’-Mg

PeF
slic)® ”LP(R”)”g”Lﬁ’(R")'

By duality and the monotone convergence theorem, this yields (6.1).

Proof of Theorem 6.1. Let @ be a smooth function such that yg,1) < ® < xp(,2) and for Q € Q
define

12
fQ(x)—/ Liroar-etzeF) " reo

Observe that A'S)(f) < fo < Alz" (f). For P € D(Q). set

dydr\1/2
fro(x) = / Liroor- o235 xer

The family {fo, fp,0}0c0,Pen(@) trivially satisfies the £2-condition with C, = 1, and condition (3.1)
holds as well. Therefore, by Theorem 3.2, there exists a %—sparse family F c D(Q) such that for a.e.

x€Q,

A (1)) < fol) < (D vher) (6.4)

PeF
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where
yp = (fexp) (IP1/2"7) + (m} )" (IP]/2"7).

We start by analysing mif. Fix P € Fand x € P. Let R € D(P) be such that x € R and take N € N
such that 2V £ = £p. We have for &, € R,

frr (&) =~ Frpn)] < / [ 15 (57 - o P22

tn+1
2k R d 1/2
2 (@£ - p(r=2))2 D
s; ([, Lok @) -or)* 3
e “ P2
e azkfR 21 J |x—y|<dar+itr T e

2

N ¢
1 P dydr\1/2
<Z—/ / £GP
= lx—y|<(da+yn) e

ARV £ ().

I/\

Therefore, m* pf(x) < AMM\F) f(x) for x € P. Since we already noted that fp < A( @) f, we obtain by

(2.2),
on+3 1/2 on+3 ) /2
< d d
ves (T [ se@rar) " (T ; [mbrcra)’
L[ Gasy 2
< d
(7 / (Nera)’
Combined with (6.4), this finishes the proof. O

6.1. An improved good-A inequality

The estimate (6.1) was shown in [1 1] using the equivalence of tent spaces with different apertures and
the following good-A estimate: there exists a fixed @ > 1 and a constant ¢ > 0 so that for all 1 > 0 and
O0<y<l,

{x € R" 1 A(f)(x) > 24, C(f)(x) <y} < ey*[{x e R" : A () (x) > A}, (6.5)

where we abbreviated A(f) := AV (f). Using Theorem 6.1, we can show that the quadratic dependence
on vy in (6.5) can be improved to quadratic exponential dependence.

Theorem 6.2. Let f: R"! — R be measurable. There exist constants & > 1 and ¢ > 0 so that for all
A>0and0 <y <1,

[{x e R": A(f)(x) > 24, C(f)(x) < ya}| < 27 |fx e R : A f(x) > 2}].

Before proving this lemma, we establish the following simple proposition.

Proposition 6.3. Let Q € O and let F C D(Q) be an n-sparse family. Then we have for any a > 0

1 oz L )a
[{xeQ: > xp(x)>a}|< = (oe =)@ ).

PeF
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Proof. Write F = U, Fi as in the definition of a contracting family of cubes. By n-sparseness, we
have |Q¢| < (1 —)*|Q|. Thus, it follows that

[fxe: > xp()>al]= DI lxu-1.41(a)
PeF k=1

<101 > (=  x1x(@) < (1 =m0,
k=1

which completes the proof. O
Proof of Theorem 6.2. As in [11], we consider a Whitney decomposition {Q;}; of the open set
{xeR": A () > A

where @ > 1 will be chosen later on. Then it suffices to prove that for every Q;,

[{x €0, : A(F)(x) > 24, Cf(x) < yA}| < 1™/ |Q;1. (6.6)

Define fg,(y,1) := f(y,t))((ng,oo) (#) and note that

A(f) < Alfo,) + Arg, (£)-

Consider A(fg,)(x) for x € Q. By the properties of the Whitney cubes, there exist z € 0 and x; € R"
such that |z —x;| < 4\/ﬁ€Qj and A(¥) (f) (xj) < A.Hence, for (y,1) € R*! with |[y—x| < tandt > o,
we obtain

ly = x;| < |y =x|+|x =z + |z = x}] <t+5\/ﬁ€Qj < (5vVn+ 1)t

Therefore, if @ = 5yn + 1, then A(fp,)(x) < Al@) (f)(xj) < Aforall x € Q;. It follows that the
left-hand side of (6.6) is bounded by

[{x € Q)1 Agg, (N)() > A, C(NH) < ya}]. 6.7)

By Theorem 6.1 and (6.3), there exists a %—sparse family F; c D(Q;) such that

Ay, (N’ £ C(H Y, xp(),  x€Q;.

PE]:_,'

Combined with Proposition 6.3, this implies that the expression in (6.7) is at most

[xeQ;: > xp(x) 2 177} 27170y,

PeF;

which completes the proof of (6.6) and therefore of the theorem. O

6.2. Vector-valued tent spaces

Reinterpreting and extending the formulation of tent spaces by Harboure, Torrea and Viviani in [20],
Hytonen, van Neerven and Portal [24] extended tent spaces to the the vector-valued setting. In this
subsection we will point out how the arguments of the preceding subsection extend to this setting.
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In order to give the definition of these vector-valued tent spaces, we first need to introduce some
notation. For a Banach space X and a Hilbert space H, denote the space of y-radonifying operators by
v(H,X) € L(X, H). For an introduction to these spaces, we refer to [26, Chapter 9].

For the remainder of this section, set H := L?(R7*!, (:fff ). Then the space y(H, X) can be thought
of as a square function space, since

y(H,LP(RY)) = LP (R LARY, 24)),  p e [l,00).

> gn+l

Let f: R™! — X be strongly measurable. If {f,x*) € H for all x* € X*, we can define the operator
Iy € L(H,X) by

dydt
Iyp:= /Rn“ fO.0eGh0 0. g€k,

where the integral is interpreted in the Pettis sense (see [25, Theorem 1.2.37]).If Iy € y(H, X), we write
with slight abuse of notation f € y(H,X) and || f|l,u.x) = {7 |lya,x). Moreover, if Iy ¢ y(H, X)
or (f,x*) ¢ H for some x* € X*, we set || f|l, (z,x) = 0.

We are now ready to define the vector-valued tent spaces introduced in [24]. For @ > 0 and a strongly
measurable f: R"*! — X, define

AD ) = Xy x)s xeR"
A,(qa) (@) =S - XTo(x) - XrRrx(0.1) ly(H.X) xeR", h>0.

Since y(H,R) = H, this definition coincides with the scalar-valued definitions of A(®) and A;l“).
Therefore, it makes sense to define T2 (X) as the completion of the space of all strongly measurable
f: R™! — X such that

11z xy = NA (Pl gy < oo

It was shown in [24, Theorem 4.3] that, as in the scalar case, T2 (X) = Té’ (X) for a, 8 > 0 when
p € (1,00) and X has the so-called UMD property (see [25, Chapter 4]).

The scalar-valued definition of C(f) does not make sense in the vector-valued setting. However, its
reformulation using (6.3) does. Following the work of Hytonen and Weis [27], we slightly generalise
this formulation. Fix ¢ € (0, o), @ > 0, and for a strongly measurable f: Rﬁ” — X, define

o 1 Y 1 i
i (e = (o [ 4G 07) " xer

If X = Rand ¢ = 2, we have C\” (f) = C(f) by (6.3).

The equivalence between A(®) (f) and C(® (f) was proven in [27, Theorem 4.4], using a vector-
valued analogue of the good-A inequality (6.5). Since this uses the equivalence of vector-valued tent
spaces with different apertures, this result is limited to p € (1, o) and UMD Banach spaces.

As in the scalar-valued setting, we will give a ‘sparse’ proof the equivalence between A(®(f)
and C(®) (£). In the proof we will not use the equivalence of vector-valued tent spaces with different
apertures, which allows us the treat p € (0, o0) and arbitrary Banach spaces. The price we pay is that we
have to increase the aperture of C(®) (f). Of course, if p € (1, c0) and X has the UMD property, one can
use the equivalence of vector-valued tent spaces with different apertures to recover [27, Theorem 4.4].

We refer to [26, Chapter 7] for the definition of (Rademacher) type r € [1, 2] with constant 7, x used
in the following theorem. Let us note here that any Banach space has type 1 with constant 71 x = 1.
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Theorem 6.4. Let X be a Banach space with type r € [1,2], take q € (0,00) and let @ > 0. Let
f: R™ — X be strongly measurable. For every cube Q € Q there exists a %-sparse family F c D(Q)
such that for a.e. x € Q,

Aég)(f)(x) < rr,x(};(%/PAgwﬁ)(f)q)r/q .XP(X))I/r

Proof. As in the proof of Theorem 6.1, let @ be a smooth function such that yg(0,1) < ® < xp(0,2) and
for Q € Q and P € D(Q) define

fQ(x) = ”(y’t) = f(y’t) : q)(%) 'X(O,fQ)(t)”y(H’X)’ X € Q7
fP,Q(x) = ”(y’t) nd f(y7t) ! CD(%) '/\/(Zp,l’Q)(t)”),(H’X)? x €P.

For the family { fo, fp,0}0ec0,Pep(0) the £ -condition holds with C, = 7, x by [26, Proposition 9.4.13].
The rest of the proof follows the lines of the proof of Theorem 6.1. The only alterations are the following:

o We replace pointwise estimates by the fact that for f € y(H, X) and g € L*(R"*!) we have

1f - gllycrr.x) < gl ooy 1F Ty .-

o We use Theorem 3.2 with r = r instead of r = 2.
o In the concluding estimate, we use (2.2) for g instead of 2. o

As in the scalar-valued setting, as a direct corollary of Theorem 6.4, we obtain the following: For
P,q € (0,00), @ > 0, a Banach space X and any strongly measurable f: R**! — X, we have

4 n
1 lp ) S 1CS Y ()l ey, p € (0,).
Moreover, since C((Ia) ()1 < M(A@(£)9), we have

1CS™ (Pllee zny < 1F e ) 0<g<p<oco.

As noted before, this recovers [27, Theorem 4.4] if p € (1, c0) and X is a UMD Banach space.

To conclude this subsection, let us note that, doing similar adaptations to the proof of Theorem 6.2
as we did in the proof of Theorem 6.4, we can improve the vector-valued good-A inequality in [27,
Theorem 4.4] to exponential dependence on y".

7. Vector-valued square functions

In a recent paper by Xu [48], vector-valued Littlewoood—Paley—Stein theory was developed using
Littlewood—Paley theory and functional calculus methods, which vastly improves earlier approaches. In
this section we will simplify the technical core of [48], using our pointwise sparse domination principle.

To introduce the main result of [48], let p € (1, o), let (Q, u) be a o--finite measure space and let X
be a Banach space with martingale cotype ¢ € [2, o0) with constant c‘qnf‘;(t. We refer to [25, Section 3.5.d]
for an introduction to martingale (co)type. For a strongly continuous semigroup of regular operators
{T;}+>0 on LP(Q) and its subordinated Poisson semigroup {P;};>0, one of the main results of [48]
states that for f € LP(Q; X) one has

(] egranie)™

The converse of this estimate is shown to hold under a martingale type assumption. Moreover, using
functional calculus techniques, similar estimates with {7} }; ¢ instead of {P; },>o are obtained under an

1
< max{p7, p’} - ™4 I fllLr @ix)- (7.1)

LP(Q)
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analyticity assumption. The growth order in p in most of these estimates is sharp for p — 1 and p — oo.
When {T};},>0 is the heat semigroup on R", these results answer a question raised by Naor and Young
in the appendix of [43].

The most technical part of the argument in [48] is a sharp estimate for a vector-valued variant of the
vertical square function. For €, > 0 let H . s be the class of all ¢: R" — R such that fRn ¢=0and

1 n
lp(x)| < W, x eR (7.2)

e —x']°

SRR o eRn 7

lo(x) = p(x')] < T mi

For ¢ € H. 5 and f € L' (R"; X), define

) 1/
Gow N = [ e sy F) " wer,

where ¢, (x) = tin(p(f). In [48], the main result (7.1) follows from

mart

L,
1Gg,o (NlLr@®ny < max{pa,p’}-cx I fllLe ®nix)s (7.4)

by representing the left-hand side of (7.1) for the Poisson semigroup subordinated to the translation group
onRby G, ,(f) for some ¢ € H 11 and then using a transference argument for general semigroups.

The case p < g of (7.4) follows quite easily from the case p = ¢, using classical Calderén—Zygmund
theory. The case p > g with optimal dependence on p is harder, for which delicate results on conical
and intrinsic square functions and weighted estimates, developed in the scalar-valued case by Wilson
[46, 47], are adapted to the vector-valued setting in [48, Section 6]. We will prove (7.4) without the use
of this machinery, instead opting to use our sparse domination principle.

As a starting point, we will use the following weak L' -estimate for G4, o, whichis implicitly contained
in [48].

Proposition 7.1. Let g € [2, ), let X be a Banach space with martingale cotype q and let ¢ € H, 5
for g,6 > 0. Then we have for f € L'(R"; X),

G g, (NlLie@ny < Cglaxrt ANl i) s

with the implicit constant only depending on g, 6, n.

Proof. The estimate

1Gg,o (La@ny < CTXrt 1 fllLa (rex)

follows directly from [48, Lemma 5.6], see the first half of Step 1 of the proof of [48, Theorem 1.5]. The
proposition then follows by viewing G, as a Calder6n—Zygmund operator using [48, Lemma 5.4]. O

For ¢ € H s for £,6 > 0, define the localisation

h 1/
GhuNw = [ Mo reng ) wer
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for h > 0. Since the support of ¢ is not necessarily compact, the support of GZ’ P (f) is not localised to
(a multiple of) the support of f. Therefore, for arbitrary f € L'(R%; X), one cannot estimate G (/)
by a local expression of the form

( Z <||f||x>tf,up/\(P)l/q, a>1. (1.5)

PeF

This, in particular, means that the precursor of Theorem 3.2 in [39] — that is, Theorem 4.2 — is not
applicable to the localisation Gé‘i,, (f).

Thanks to the flexible formulation of Theorem 3.2, we are able to compensate the nonlocal behaviour
of GZ, »(f) by adding a convergent series of dilations of P to (7.5). The main result of this section reads
as follows.

Theorem 7.2. Let g € [2 ), let X be a Banach space with martingale cotype q and let ¢ € H . s with
£,6 >0. Forany f € L'(R"; X) and Q € Q there exists a -sparse collection of cubes F C D(Q) such
that for a.e. x € Q,

62, N0 = 3D (A o) ",

PeFm=1

with the implicit constant depending only on g, 0, n.

Using Holder’s inequality and the boundedness of the maximal operator, Theorem 7.2 yields for
p > g andany g € L(P/9"(R") that

/Q 2, (g 5 (e Z 2,m,;<||f||x>1 np /

PeFm=1

(e 3 / (I 1x)?

PeF

P
( mdrt)q ”f”Lp(Rn X)”g”L(P/q) (RH)

This yields (7.4) by duality and the monotone convergence theorem.
Moreover, one can deduce sharp weighted estimates for G, ,(f) for weights in the Muckenhoupt
A ~class, using [34, Lemma 4.5] and an argument as in [33, Section 4].

Proof of Theorem 7.2. For Q € Q and P € D(Q) define

fo®) = G2, (f)(x), X EeR",
/
oo =( [ o s )" R,

The family {fo, fr,0}oco,Pen(@) trivially satisfies the £¢-condition with C, = 1, and condition (3.1)
holds as well. Therefore, by Theorem 3.2, there exists a %—sparse family F c D(Q) such that

G < (X vberw) . xee

PeF

Thus, it suffices to show

(e8]

mart
YP S CyX (Z

m=1

/g
) = M Mp (1.6)

for P € F.
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Fix P € F. For any z € P we have by (7.2) and Holder’s inequality

GLE, (Fxsnar) () < / [P(f / ol ay) )
R7\2 Z) = X
q.¢ \2pP 0 £ Jomapymp) |z _y|d+s tl-q&
- Pdr g
—g& a
(e /0 —,1_qs) < Mp.

Therefore, we have by the weak L'-boundedness of G4, in Proposition 7.1 that

(7.7)

m=2

(fexp) (IP1/2") 5 (Gq.o (fx2p)xp) (IPI/2"7) + Mp

S g% AlIfllx ) op + Mp S €f% - Mp.
Now let us turn to (m*% f)*(|P|/2"*?). Fix x € P and R € D(P) such that x € R. We will split

S =Fxrmop + fxopvor + fXxor- (7.8)
For £, € R we note that by (7.3) and [17, Theorem 2.1.10] we have

t\1/a

tp d
(/{ ll: * fx2par(€) = @ * fXZP\ZR(U)HZ(T)

([ 5 1f 0xar )l o de y1fa
N |§_77| 3 y —
(r R™\B(x.r/2) 1145

|x — "2
tp
XR\B(0,£r/2) dt
e 2rll) o
Rt e Sy w1 M (|l x2rllx) (x)

< M([Ifx2plix) ().

Furthermore, by (7.2) we have for £ € R

([l prem@l )" < [ nromear-( [ 20"

s M(fxzrllx) (x).

Splitting as in (7.8), combining these estimates with (7.7) and using the weak L'-boundedness of the
maximal operator, we therefore obtain

(mb ) (IPI/2"7) < (M|l x2pllx)) " (IP1/2") + Mp
< |f||X>1,2p +MP < MP.

This finishes the proof of (7.6) and thus the proof of the theorem. O

8. An application to dyadic sums

In this final section we will give a condition on a sequence {ar}rep(@) for O € Q that allows one
to control a dyadic sum of the form X gep(g) @rXR by @ sum over a sparse family 7 c D(Q). As
an application, we will generalise and provide a new proof of a good-A inequality of Honzik and
Jaye [21].
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Theorem 8.1. Let Q € Q and let {ar}rep(@) be a sequence of nonnegative numbers. Suppose that
there exist C > 0 and 0 < § < 1 such that for every cube Q' € D(Q),

aglRl < Caf10'|. (8.1)
ReD(Q")

Then there exists a %-sparse family F c D(Q) such that for a.e. x € Q,

D, arxr(®) $C ) apxp(®).

ReD(Q) PeF

Proof. For Q' € D(Q) denote

fo@= > erxr(), xe0

ReD(Q)

and for P € D(Q’) set fp.or = for — fp. Then {fo, fr.0'}o'eD(0),PeD(@) trivially satisfies the 0'-
condition (with C; = 1) and condition (3.1).

Observe that fp ¢ is a constant on P and therefore m*; f = 0. Hence, by the local version of Theorem
3.2 (see Remark 3.3), there exists a %-sparse family F c D(Q) such that, for a.e. x € Q,

D, Arxr() < Y (foxp) (IPI/2")xp ().

ReD(Q) PeF
By (2.2),
. n+3 2m s\'/°
(foxe) (P12 < (= [ £2)
Pl Jp
and, by (8.1),
/f;f < D> eflRI < CaflP|.
P ReD(P)
Combining these three estimates completes the proof. O

Let & be a dyadic lattice in R". Given a sequence of nonnegative numbers @ = {ag }gc9, define the
following two objects associated with «:

1/q
Se@ = (Y, abxo) " ac O,
Qe
M(a) := sup apxo.
Qe

Corollary 8.2. Let g € (0, ). Suppose that there exist C > 0 and 0 < § < q such that for every cube
0 €9,

Z @p|R| < Cad0l. (8.2)
ReD(Q)

Then there exists K = K(q, 6, C) such that forall A > 0 and 0 < & < 1,
[{x e R" : S, (@) (x) >24, M(a)(x) < ed}| < 2¢7 K/ |{x e R" : S, () (x) > A}. (8.3)
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Proof. By a standard limiting argument, it sufficed to prove (8.3) for S (A) instead of S, (A), where
y garg p q q
1/q
F
s @ =( Y ahro)
QeF

for an arbitrary finite family of cubes F' C 9.
Write the set {x € R" : Sg (@)(x) > A} as the union of its maximal cubes Q; € F. Then it suffices
to prove that

[{x € Q) : SE(a)(x) > 24, M(a)(x) < eA}| < 27K/ || (8.4)

Denote the set on the left-hand side of (8.4) by E; and fix x € E;. By maximality of Q;,

D, Ohxr(0) <A,
ReF:Q;CR

and hence

D agxr) =SE@)T - > afxr() > (29- 1A%,

ReF:RCQj ReF,Q;CR

On the other hand, applying Theorem 8.1 to {a/}} ReD(Q;)- there exists a %-sparse family 7 € D(Q;)
such that for a.e. x € E},

D atxr() £ D abxr() £ ()T ) xp().
ReF:RCQ; PeF PeF

So we have Y\ pcr xp(x) 2 ﬁ and therefore, by Proposition 6.3,

1 _ q
|Ejl < |{x €Q;: Z xp(x) 2 g—qH <27/ 0,1;
PeF

that is, (8.4) holds and the proof is complete. O

Example 8.3. Let u be a nonnegative Borel measure. Given 0 < y < n and g € (0, o), define the
nonlinear dyadic potential by

Tqoy (1) = ( > (&)qm)”q-

1—
& ol
Define also the fractional maximal operator by

. u(Q)
My () = SUP oA e:

In [21], Honzik and Jaye established the following good-A inequality: there exists C;, C, > 0 such
thatforallA >0and0 < e < 1,

[{x € R" 2 To(p) (x) > 24, My () (x) < )] < Cre™ /"

{x e R" : Ty () (x) > A}. (8.5)

Let us show that this result can be deduced from Corollary 8.2. Indeed, set ap = | Qﬂ |(1—Q'y)/n forQ € 9.

It suffices to show that (8.2) holds for 6 = min(q, 1). Write D(Q) = Uy Dy, where Dy is the kth
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generation of dyadic subcubes of Q. First, suppose that ¢ > 1. Then 6 = 1 and we have

U eflRl= > uRIRPM =10 Y 2T N u(p)
ReD(Q) ReD(Q) k=0 PeDy

=Cy - ()0 = ¢y - a0l
Now suppose that g < 1. Since #{Q € Dy} = 2*", we have by Holder’s inequality

D, Py <20 ().

PeDy
Hence, as 6 = g,

Z a1‘3|R| — |Q|1—q(1—y/n)Zznk((l—y/n)q—l) Z u(P)4
k=0

ReD(Q) PeDy

H(Q) NI\ NV ik (/) g—1) otk (1—q)
= (|Q|1—7/n) IQI;)2 2

adl0l Y 27 = ¢, - a0l
k=0

Thus, we have verified (8.2) and therefore (8.5) holds.
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