
O N T H E M O N O T O N I C I T Y O F C E R T A I N F U N C T I O N A L S 
IN T H E T H E O R Y O F A N A L Y T I C F U N C T I O N S 

Q . I . R a h m a n 

( r e c e i v e d J u n e 5, 1967) 

L e t f (z ) b e a f u n c t i o n r e g u l a r f o r | z | < R, and d e n o t e 
b y L ( r ) t h e l e n g t h of t h e c u r v e T o n t o w h i c h t h e c i r c l e j z j = r 
i s m a p p e d b y f ( z ) , i . e . 

ZlT ie 
L ( r ) - r J | f ' ( r e ) j d 0 . 

If D i s t he i m a g e of | z | < r on t h e R i e m a n n s u r f a c e of f (z) 
r 

t h e n i t s a r e a $ ( r ) i s g i v e n by 

r 2 T T ifi ? 
S(r) = / p dp / |f'(pe ) p d 9 . 

J o ^ o 

2 
I t h a s b e e n c o n j e c t u r e d b y M . B i e r n a c k i t h a t L ( r ) / S ( r ) 

i n c r e a s e s w i t h r . T h i s m e a n s t h a t w i t h i n c r e a s i n g r t h e s h a p e 
of t h e m a p of t h e c i r c l e | z | = r d e v i a t e s m o n o t o n i c a l l y f r o m a 
c i r c l e . T h e c o n j e c t u r e i s s t i l l o p e n b u t w e a r e a b l e to p r o v e t h e 

2 
w e a k e r s t a t e m e n t t h a t 6 ( r , f , 1) = L ( r ) - 4TT S ( r ) i s s t r i c t l y 

i n c r e a s i n g f o r r e (0 , R ) , u n l e s s f (z) = ;— (ad - b e £ 0 ) , 
cz + d 

w h e n 6 ( r , f I , 1) = 0 . T h i s w a s p r o v e d by K r z y z [ l , T h e o r e m 4 ] 
u n d e r t h e a s s u m p t i o n t h a t f ' ( z ) ^ 0 in | z | < R . We r e m o v e t h i s 
r e s t r i c t i o n . 

W h a t K r z y z p r o v e d i s c l e a r l y e q u i v a l e n t to t h e f o l l o w i n g : 

T H E O R E M A . If f (z) i s r e g u l a r f o r | z | < R and 

f(z) f 0 f o r | z | < R, t h e n t h e f u n c t i o n 

P 2TT r 2TT -ft ? 
6 ( r , f , 1) = r {J I f f r e 1 ) | dG} - 4TT J Q p dp J [ f fpe 1 ) | d 6 

C a n a d . M a t h . B u l l . v o l . 10 , n o . 5, 1967 

723 

https://doi.org/10.4153/CMB-1967-074-9 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1967-074-9


-2 
i n c r e a s e s with r in (0, R), u n l e s s f(z) = (az-fb) , when 
5( r , f , 1) 5 0. 

We wi sh to show tha t the r e s t r i c t i o n f(z) ^ 0 in | z | < R 
can be dropped . 

If f(z) h a s no z e r o s in | z | < R, any b r a n c h of {f(z)} 
w h e r e p > 0 i s a l so r e g u l a r for | z | < R and T h e o r e m A can 
t h e r e f o r e be s ta ted in the fol lowing m o r e g e n e r a l f o r m : 

T H E O R E M A ' . Under the condi t ions of T h e o r e m A and 
p > 0, the funct ion 

5 ( r , f , p ) = r 2 { M f ( r e i 9 ) ! P d e } 2 - 4 T r / p dp / *| f(p e 1 6 ) | 2 p dE 
*J O «̂  O J O 

i n c r e a s e s with r _in (0, R), u n l e s s f(z) = (az+b) ' P , when 
6 ( r , f , p ) E 0. 

We o b s e r v e tha t the r e s t r i c t i o n f(z) f 0 in | z | < R i s 
u n n e c e s s a r y even for th i s g e n e r a l i z e d v e r s i o n of T h e o r e m A. 

So we let f(z) have z e r o s in | z | < R, and p r o v e tha t if 
° i r , < r

?
< R> P > 0 , then 6( r , f, p) < 5(r , f, p ) . F o r th is we 

d i s t i n g u i s h two d i f fe ren t c a s e s . 

Case ( i) . L e t f(z) have z e r o s z , z , . . . , z in z < r 
1 2 m 2 

but no z e r o on | z | = r . Then the funct ion 

m r ( z - z . ) 
4>(z) - n -\—J1-

j = l r - z . z 
2 J 

i s ana ly t i c in the c i r c l e | z | <_ r and | c()(z) | - 1 on | z | = r . 

By the m a x i m u m m o d u l u s p r i n c i p l e |4>(z)| < 1 for | z | < r . 

T h e r e e x i s t s a p o s i t i v e n u m b e r £ such tha t f(z)/cj)(z) ^ 0 
for | z | < r + 8 . Hence , if p > 0, then f r o m T h e o r e m A 

appl ied to {f(z)/cj)(z)} ^ wi th R = r + e i t fol lows tha t 

5 ( r i ' i ' p ) < 5 ( r 2 ' i ' p)> 

724 

https://doi.org/10.4153/CMB-1967-074-9 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1967-074-9


i . e . 

r\{ / J f ^ ^ V ^ ^ V de}
 2 - 4. /^p dp / oW e ) /« , (Pe i e ) | 2Pde 

< ' ^ / 0
i r | f ( r 2 e i 9 ) / « | , ( r 2 e i e ) | P d e } 2 . 4, fcp dp / J £(p e ^ / ^ p e 1 9 ) | 2 p d6 

= r 2 { / J f ( r 2 e i e ) i P d 8 } 2 - 4 * / ' % dp JJ £(p e i9)/«|,(p e*9) | 2 p d 9 . 

Or 

^ J o V / V c M r / V d e } 2 ^ / ^ d P / J f ( p e i e ) / ( | » ( p e i e ) | 2 p d e 
1 

< r Z { / J f ( r 2 e i 6 ) | P d e } 2 -
i 1 fi 

Since | ^ (pe ) | < 1 for 0 < p < r , 0 < 6 < 2TT we get 

r 2 { / V ( r e i 9 ) | p dG} 2 + 4, / 2 p dp M f(p e1 9) | 2 p d6 
1 

< r 2 { / J f ( r 2 e i 9 ) | P d e } 2 . 

But 

4* f ^ p d p f ^ | f ( p e i e ) | 2 p d e = -4TT f ^ p d p M f ( p e i 9 ) | 2 p d e 
1 

+ 4TT / 2 p dp r ^ | f ( P e i e ) | 2 p d e . 
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Therefore 

^ { / V eie)|p
 de}

 2 . 4. j \ dp /2 i r | f(pe i e) |2 p
 de 

< Af" jf(r e i 6 ) | P d9} 2 - 4u f \ dp / | f ( p e i e ) | 2 p de, 

i . e . 

5( r 1 , f , p )< 6 ( r 2 , f ,p ) . 

Case (ii). If f(z) has zeros on | z | = r choose r such 

that r < r < r and f(z) has no zero on | z | = r . From the 

preceding case it follows that 

6(r 3 , f ,p) < 5(r2 + e, f, p) 

if £ is a sufficiently small positive number. Letting e -> 0 we 

get 

6(r 3 , f ,p) < 6(r , f ,p ) . 

But 5(r , f, p) < ô(r , f, p). Therefore 

6 ( r l , f , p ) < ô(r 2 , f ,p) 

in this case as well. 

Thus we have proved the following: 

THEOREM 1. If f(z) is regular for | z | < R then for every 
p > 0, the function 

? ^ i8 2 r 2 T T 'G 2 
ô ( r , f , p ) - r { J | f ( r e ) | P d 9} - 4TT / p dp J | f (p e* ) | P d0 

increases with r in_ (0, R), unless f(z) =(az+b)"^/P, when 

ô(r,f ,p) = 0. 
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COROLLARY 1. If f(z) is regular for | z | < R then 

6 ( r , f \ l ) = L2(r) - Av S(r) 

is strictly increasing for r e (0, R), unless f(z) - ;—7 
a CZ + d 

(ad - b e / 0), when 6(r,f ! , 1) = 0. 

From the above theorem it follows that for p > 0 the 
derivative of 6(r,f, p) with respect to r is positive, i . e . 

2 r { / J f ( r e i e ) | P d9}
 2 + 2r2

{ / J f(rel9) | P d6} ^ { /Jf(re i 9) | P d 9} 

- 4wr r U ! f ( r e i e ) l 2 P d e > 0. J o 

Hence wi th 

>,f) = ^ 

P 

we have the following: 

Mr,f ) = ± / " | f ( r e i e ) | P d 9 
p 2TT JO 

COROLLARY 2. If f(z) is regular for | z | < R, then for 

every p > 0, r e (0, R) ),R) 

I , (r 

{Ip(r, 

,f) 

~ z 

< 1 + r 
I , ( r ! 
JL 
I (r 
P 

,f) 

T) 

Note that in Corollary 2 equality holds if f(z) is a constant. 

The paper of Biernacki and Krzyz (loc. cit .) also contains 
the following 

THEOREM B. If f(z) is regular for | z | < R, f(z) ^ 0, then 
the quotient 

2 2 r i0 2 
r I0(r , f ' ) f j rf !(re )| d6 

2 J o 
I9(r ,f) 2ir , iG ,2 
2 r |f(re )] d9 

^ o 
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i s a s t r i c t l y i n c r e a s i n g funct ion of r e (0, R), u n l e s s f(z) = a z 

(a / 0, n i s a n o n - n e g a t i v e i n t e g e r ) , in which c a s e the quot ien t 

i s c o n s t a n t . 

We p r o v e the following s t r o n g e r 

THEOREM 2 . If f(z) i s r e g u l a r for | z | < R, f(z) .̂  0, 
then the quot ien t 

r l 2 ( r , f ) 

i s a s t r i c t l y i n c r e a s i n g funct ion of r e (0, R), u n l e s s 

f(z) = a + a z (a ^ 0, n i s a n o n - n e g a t i v e i n t e g e r ) , in which 
o n n n s a 

c a s e the quot ien t i s c o n s t a n t . 

P roof of T h e o r e m 2. It i s wel l known ( s ee for e x a m p l e 
[2, pp . 173-174]) tha t log I ( r , f ) i s a convex funct ion of log r . 

Noting the c a s e of equa l i ty in Schwa re* s i nequa l i t y one can 
i m m e d i a t e l y conclude f r o m the proof [2, p . 174] tha t 

d r I 2 ( r , f ) 

d l ^ T l o g I 2 ( r ' f ) - T^W 

i s s t r i c t l y i n c r e a s i n g u n l e s s f(z) i s a cons t an t m u l t i p l e of z , 
when i t i s , of c o u r s e , c o n s t a n t . 

Now, let f(z) have the r e p r e s e n t a t i o n 

00 

f(z) = S a z n 

n n=o 

in j z I < R. Then the s e r i e s 

oo 

S 7n a z 
n 

n=o 

a l so r e p r e s e n t s a funct ion F (z ) r e g u l a r in | z | < R, and h e n c e 
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r l ^ ( r . F ) 

Vr'F> 
i s s t r i c t l y i n c r e a s i n g u n l e s s F (z ) r e d u c e s to v n a z , i. 

f(z) = a + a z . 
o n 

B u t 

r I ^ ( r , F ) _ 4 r l 2 ( r , f ) 

I 2 ( r , F ) = LJ(r,f) ' 

and t h e r e f o r e the t h e o r e m fo l lows . 

Tha t T h e o r e m 2 is r e a l l y s t r o n g e r than T h e o r e m B fol lows 
f r o m the fac t tha t 

r l 2 ( r , f ) r 2 I 2 ( r , f ) r r ( r , f) 

I^(r,f) " I 2 ( r , f ) " I 2 ( r , f ) 

r l 2 ( r , f ) 
anu —•—. -r i s n o n - d e c r e a s i n g . 
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