https://doi.org/10.1017/jfm.2021.300 Published online by Cambridge University Press

J. Fluid Mech. (2021), vol. 917, A23, doi:10.1017/jfm.2021.300

Boussinesq and non-Boussinesq gravity currents
propagating on unbounded uniform slopes in the
deceleration phase

Albert Dai!*+ and Yu-Lin Huang!

! Department of Engineering Science and Ocean Engineering, National Taiwan University, Taipei, Taiwan

(Received 13 October 2020; revised 15 March 2021; accepted 29 March 2021)

Boussinesq and non-Boussinesq gravity currents produced from a finite volume of heavy
fluid propagating into an environment of light ambient fluid on unbounded uniform
slopes in the range 0° <6 < 12° are reported. The relative density difference € =
(p1 — po)/po is varied in the range 0.05 < € < 0.15 in this study, where p; and pg are
the densities of the heavy and light ambient fluids, respectively. Our focus is on the
influence of the relative density difference on the deceleration phase of the propagation.
In the early deceleration phase, the front location history follows the power relationship

(xr —{—xo)2 = (K;B)Y 2(1 +t1), where (x¢ + xo) is the front location measured from the
virtual origin, K; an experimental constant, B the total buoyancy, ¢ the time and #; the ¢
intercept. The dimensionless constant K7 is influenced by the slope angle and the relative
density difference. In the late deceleration phase for the gravity currents on the steeper
slopes in this study (12°, 9° and 6°), an ‘active’ head separates from the body of
the current and the front location history follows the power relationship (xy + x0)¥3 =

KysB?/3 Vg/ y=1/3 (t + tys), where Kyg is an experimental constant, Vj the total volume
of heavy fluid, v the kinematic viscosity of fluid and #yg the ¢ intercept. The dimensionless
constant Kyg is shown to be influenced by the slope angle but not significantly influenced
by the relative density difference. In the late deceleration phase for the gravity currents on
the milder slopes in this study (3° and 0°), the gravity currents maintain an integrated
shape without violent mixing with the ambient fluid and the front location history
follows the power relationship (xf + )co)4 = KyyB*/3 Vg/ 3y=1/3 (t + typr), where Ky is
an experimental constant and fyy; the ¢ intercept. The dimensionless constant Ky is
shown to be influenced by both the slope angle and the relative density difference. While
the influence of the relative density difference on Ky, is carried along for the gravity
currents on the milder slopes in the late deceleration phase, the relative density difference
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interestingly has no significant influence on Kys for the gravity currents on the steeper
slopes in the late deceleration phase. Our results suggest that the non-Boussinesq gravity
currents on the milder slopes may remain non-Boussinesq ones in the late deceleration
phase while the non-Boussinesq gravity currents on the steeper slopes may have become
Boussinesq ones in the late deceleration phase.

Key words: gravity currents

1. Introduction

Gravity currents are flows driven by density differences and occur ubiquitously in natural
and man-made environments (Simpson 1997; Ungarish 2009). For a long time, the
lock-exchange set-up has served as a paradigm configuration for studying the propagation
of gravity currents (Shin, Dalziel & Linden 2004; Adduce, Sciortino & Proietti 2012;
LaRocca et al. 2012a,b; Ottolenghi et al. 2016a). In the classic lock-exchange experiments,
two fluids of different densities are separated by a removable lock gate in a long horizontal
channel. The motion of the two fluids in the channel is initiated when the lock gate is
removed. The gravity currents in the classic lock-exchange set-up are also called planar
gravity currents as the flows are bounded in the spanwise direction by the channel walls.

Gravity currents may also be influenced by the presence of a sloping boundary. In the
literature, a number of studies have investigated planar gravity currents propagating on a
favourable slope (Beghin, Hopfinger & Britter 1981; Bonnecaze & Lister 1999; Pawlak
& Armi 2000; Rastello & Hopfinger 2004; Maxworthy & Nokes 2007; Maxworthy 2010;
Dai 2013a, 2014, 2015; Dai & Huang 2016; Negretti, Flor & Hopfinger 2017; Ottolenghi,
Cenedese & Adduce 2017b; Steenhauer, Tokyay & Constantinescu 2017), while some have
investigated planar gravity currents propagating on an adverse slope (Jones et al. 2014;
Marleau, Flynn & Sutherland 2014; Lombardi ef al. 2015; Ottolenghi et al. 20165, 2017a).
For the planar gravity currents propagating on a favourable slope, Beghin et al. (1981)
observed that planar gravity currents may go through an acceleration phase followed by
a deceleration phase, and developed the thermal theory to describe the two phases of
motion. Dai (2013a, 2014) further categorised the deceleration phase of the planar gravity
currents propagating on a favourable slope into an early stage, where the buoyancy force is
in balance with the inertia force, and a late stage, where the buoyancy force is in balance
with the viscous force.

Compared with the planar gravity currents, the gravity currents propagating on a
horizontal or sloping boundary without being bounded in the spanwise direction have
received less attention (Cantero, Balachandar & Garcia 2007; La Rocca et al. 2008; Sahuri
et al. 2015; Dai & Wu 2016; Inghilesi et al. 2018). However, this configuration is more
similar to that of turbidity currents down a continental shelf and powder snow avalanches
(Hopfinger 1983; Ouillon, Meiburg & Sutherland 2019). The gravity currents propagating
on unbounded uniform slopes may also go through an acceleration phase followed by a
deceleration phase. Using the shallow water model, Webber, Jones & Martin (1993) and
Tickle (1996) predicted that the gravity currents on unbounded uniform slopes would take
a self-similar circular wedge shape. Using laboratory experiments, Ross, Linden & Dalziel
(2002) showed that the Boussinesq gravity currents on unbounded uniform slopes take a
shape which is more akin to a triangular wedge. Using high-resolution direct numerical
simulations, Zgheib, Ooi & Balachandar (2016) confirmed the observations made by
Ross et al. (2002) and reported that, for the Boussinesq gravity currents propagating on
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unbounded uniform slopes, the heavy fluid may initially propagate outward from the lock
in a diverging manner but converge towards the centre of the gravity currents at a later
time.

The Boussinesq gravity currents propagating on unbounded uniform slopes have
recently been investigated by Dai & Huang (2020). It is reported that there are two stages of
the deceleration phase for the Boussinesq gravity currents on unbounded uniform slopes
and different power relationships apply in the early and late stages of the deceleration
phase. This study is a continuation of the investigation on the Boussinesq gravity currents
on unbounded uniform slopes conducted by the authors. Our focus is on the influence of
the relative density difference on the deceleration phase of the propagation. The relative
density difference between the heavy fluid and light ambient fluid € = (p; — po)/po0 is
varied in the range 0.05 <€ < 0.15 in this study, where p; and po are the densities
of the heavy and light ambient fluids, respectively. We may quantitatively measure the
influence of the slope angle and the relative density difference on the propagation of
gravity currents. As we will show, the non-Boussinesq gravity currents on the steeper
unbounded uniform slopes in this study (12°, 9° and 6 °) may have become Boussinesq
ones in the late deceleration phase while the non-Boussinesq gravity currents on the milder
unbounded uniform slopes in this study (3 ° and 0 °) may remain non-Boussinesq ones in
the late deceleration phase. In § 2, we summarise the theoretical relationships between the
front location and time in the early stage and late stage of the deceleration phase. The
experimental set-up is described in § 3. Qualitative and quantitative results are presented
in § 4 and the conclusions are drawn in § 5.

2. Theoretical background

The configuration of the problem is sketched in figure 1. The density of the heavy fluid
in the lock is p; and the density of the light ambient fluid is pg. The relative density
difference is € = (p1 — po)/po or equivalently we may define the density ratio between
the ambient and heavy fluids as y = pg/p1. The density ratio is related to the relative
density difference via y = (1 + €)~!. For the non-Boussinesq case, here we generalise the
Boussinesq wedge integral model in Dai & Huang (2020) without invoking the Boussinesq
approximation. In the wedge integral model, the width and height of the wedge are taken
as b = wl and h = [tan @, where [ represents the length of the wedge. The volume of the
wedge is V = S3/3 tan @, where S3 = 1/3 is a shape factor for a triangular wedge (Ross
et al. 2002).

The convection of the gravity current is driven by the density difference between the
heavy fluid in the current and the light ambient fluid in the environment. The influence
of the drag force is relatively small compared with the influence of turbulent entrainment,
as discussed by Dai (2013a,b, 2014). Therefore, the drag force is neglected in our wedge
integral model for the non-Boussinesq case. Without the Boussinesq approximation, the
linear momentum equation takes the form

d .
3; (P T PoCAVU) = poBsin®, 2.1)

where p is the density of the heavy fluid in the current, Cy is the ‘added mass’ coefficient,
which takes into account the ambient fluid carried along with the gravity currents, U is the
velocity of the centre of mass of the current wedge, B = Vpg(p1 — po)/po is the buoyancy
which is conserved during the propagation of gravity currents and ¢ is the time. The density
of the heavy fluid in the current, p, is not a constant and will gradually decrease due
to entrainment of light ambient fluid as the current propagates downslope. The added
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Figure 1. Sketch of the experimental set-up. The uniform slope makes an angle 6 with the horizontal plane.
Panel (a) shows the top view and panel (b) shows the side view of the tank. In panel (@), [ and b represent the
length and width of the self-similar wedge. In panel (), h represents the height of the wedge. The heavy fluid
initially contained in the lock has density p; while the light ambient fluid has density pg. The front location x¢
is measured from the lock gate and the virtual origin is at a distance xo upslope of the lock gate.

mass coefficients for a circular cylinder and a sphere are given as 1 and 0.5, respectively,
by Batchelor (1967). For a streamlined wedge of width b and length [, the added mass
coefficient for the wedge is estimated as C4 = 0.5 in this study (Korotkin 2008).
With the assumption of turbulent entrainment (Ellison & Turner 1959), the mass
conservation takes the form
dv

— =aUAg, 2.2
5~ “UAE (2.2)

where Ap = S4/*tan 6 is the area over which the entrainment takes place, S4 = 242 is
another shape factor (Ross et al. 2002) and « is the entrainment coefficient. From (2.2)
and using U = dx/dt, we may derive

Sqo
| = —x, 2.3
3S3x 2.3)

where x is the distance measured from the ‘virtual origin’ to the centre of mass of
the wedge. By using U = dx/dt and the chain rule d/df = Ud/dx to solve (2.2), the
independent variable in (2.2) is transformed from ¢ to x. The ‘virtual origin’ is located
xo upslope of the lock gate and can be identified by extrapolating the width of the wedge
in the upslope direction, as shown in figure 1. Upon substituting (2.3) into (2.1), we may
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derive the solution for the momentum equation, i.e.

_ (14 A)? iy X*—D+4AX -1

U? , (2.4)
“oera’ T wtay
where Uy is the initial mass-centre velocity,
27BS? cos 6 1— 2782V,
%= 53 and A= y333 37 (2.5a,b)
2x5a° Sy (1 + Ca) Y xge’Sytand(1 + Cyp)

and X = x/xg is introduced for a clear and concise form of the solution (2.4).

Our wedge integral model predicts that, for gravity currents starting from a quiescent
condition, the centre of mass velocity reaches its maximum at X = Xj;, which satisfies the
following relationship

XS, +8AX;, — 3(4A + 1)Xs; +24% =0, (2.6)

by setting the spatial derivative of (2.4) to zero. In the Boussinesq limit when € — 0 (i.e.
y — land A — 0), we note that Xj; — 3!/% as previously shown by Dai & Huang (2020)
in the Boussinesq case.

Since in the experiments the front location is more easily measurable than the centre
of mass, we use the geometric relation for a triangular wedge (xf +xo) = x +1/2, i.e.
(xr +x0) = (1 + S40/683)x, to express the front location x¢ in place of the centre of
mass location. Please note that the front location xy is measured from the lock gate and
the distance from the virtual origin to the front is given by (xf + x¢). Consequently, the
front velocity is related to the centre of mass velocity via Uy = (1 + S4a/683)U and the
maximum front velocity Uy, . can be expressed as

2.7)

Sy 27BS5 cos 6 Xy, — D +4AXy — 1)
Ufmax = + 2.3¢3 2 °
653 2xgaS; (1 + Ca) (XJ%/I + A)

For gravity currents sufficiently far into the deceleration phase such that X > 1 and
X > 4 A, the front velocity approaches the asymptote

Sqa )2 27BS§ cos .
Up=(1+222) 2053507 (gt 28
! ( 65 ) \ 20531+ Cp) T @9

The wedge integral model has been obtained with the hypothesis of non-trivial or moderate
values of relative density difference and will be applied for relative density differences
in the range 0.05 < € < 0.15. The application to cases with even larger relative density
difference at € > (.15 is not corroborated and is beyond the scope of the present work.
Since A & O(¢), as we considered the relative density difference in the range 0.05 < € <
0.15, the condition X > 4 A is no more stringent than X >> 1. Upon integration, (2.8) can
be rewritten in the following form with an integration constant #;

(xr +x0)* = (KiB)' 2 (t + 1), (2.9)
where
Saa\* 5482 cos6
K — (1 N i") 250088 (2.10)
653) a3S3(1+ Cy)

which is independent of B and is a function of the slope angle 6. According to the
Buckingham theorem, the dimensionless constant K; should be a function of the slope
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angle and the relative density difference. The dependence of the dimensionless constant
K7 on the relative density difference is not explicit in (2.10) but is implicit via the influence
of the relative density difference on the entrainment coefficient «. The density difference
between the heavy fluid in the current and the light ambient fluid stabilises the interface
and the entrainment coefficient is expected to decrease as the relative density difference
increases (Ellison & Turner 1959; Hacker, Linden & Dalziel 1996; Hallworth et al. 1996;
Johnson & Hogg 2013).

From the scaling analysis, it has been shown that the relationship (2.9) is essentially a
statement of balance between the buoyancy force and inertia force (Dai & Huang 2020).
In the Boussinesq case, the relative density difference does not play a role since € — 0
(y — 1). In the non-Boussinesq case, the dimensionless constant K7 is a function of both
the slope angle and the relative density difference. In this study, we shall term the time
period during which (2.9) applies the early stage of deceleration phase.

As will be shown later, for the gravity currents propagating on unbounded uniform
slopes equal to or greater than 6 °, an ‘active’ head separates from the body of the current in
the late deceleration phase. In the late deceleration phase, when the viscous force becomes
more important, the viscous force per unit mass scales as v (xy + xo)1~ 1§=1Vy~1/3, where
the viscous stress per unit density is estimated as v(xy +x0)t 1871, the thickness of
the boundary layer at the interface between the current and ambient fluid is estimated
as § ~ (vt)l/ 2 and Vo'/3 is an estimate for the length scale for the ‘active’ current
wedge (Dai & Huang 2020). When a balance between the buoyancy force per unit mass,
which scales as B(xy +x0)_3, and the viscous force per unit mass, which scales as
v(xr + xo)flS*l Vo~V 3 is struck for the ‘active’ current head, the following relationship
applies in the late deceleration phase, i.e.

2 ,2/3\ 1/3
8/3 _ BV, )
(xr +x0)”"” = Kys ” (t + tys), (2.11)

where Kyg is an experimental constant and tyg the ¢ intercept.

For the gravity currents propagating on unbounded uniform slopes equal to or less than
3°, the gravity currents maintain an integrated shape. In the early stage of deceleration
phase, when the buoyancy and inertia forces are in balance, the front location history
similarly follows the relationship (2.9). In the late stage of the deceleration phase, the
gravity currents maintain an integrated shape and the viscous stress per unit density,
v(xr + xo)t 1871 s applied over the whole top area, which scales as (x; + xo)z.
Therefore, the viscous force per unit mass scales as v(xy +xo)3t_18_1V0*1. When the
buoyancy force per unit mass, B(x + x0) 3, and the viscous force per unit mass are in
balance, the front location history follows the power relationship

20,2\ 173
4_ BV,
(xr +x0)" = Kym 5 (t+ tvm), (2.12)

where Ky is an experimental constant and #yy, the ¢ intercept. The experimental constant
K for the Boussinesq gravity currents propagating on an unbounded horizontal plane can
be estimated as 5.71 and 3.62, based on the experiments of Hoult (1972) and Huppert
& Simpson (1980), respectively. The experimental constant Kyy,s for the Boussinesq
gravity currents propagating on an unbounded horizontal plane can be estimated as 1.24
based on the experiments of Hoult (1972). In the non-Boussinesq case, according to
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the Buckingham theorem, the experimental constants Kys and Ky, are expected to be
functions of both the slope angle and the relative density difference.

3. Experimental set-up

A sketch of the tank used in the experiments is provided in figure 1 with top and side views.
The tank was used for the Boussinesq gravity currents on unbounded uniform slopes in
Dai & Huang (2020), to which the readers are referred for other details of the experimental
set-up.

The rectangular tank has dimensions of 1.6 m in width, 0.6 m in depth and 2.5 m in
length and all four sides were constructed by transparent Perspex walls for visualisation
purposes. A Perspex board was installed near the bottom of the tank to act as an unbounded
uniform slope and the slope angle could be adjusted in the range of 0° < 6 < 12°. The
lock has dimensions of bg = 10 cm in width, 29 = 8 cm in height and [y = 10 cm in length
and was mounted on the upslope end of the Perspex board. The heavy fluid in the lock was
set into motion when the gate in the lock was removed.

Potassium permanganate was added in the heavy fluid for visualisation purposes. A
Sony HDR-PJ670 was positioned 4 m above the free surface of ambient fluid for the top
view images and a Canon EOS 700D was positioned at approximately 4 m away from
the sidewall of the tank for the side view images. Both cameras have spatial and temporal
resolutions of 1920 x 1080 at 24 frames per second. The Canon EOS 700D camera was
rotated at the same angle as the slope such that the x and y axes in the images align with
the downslope and wall-normal directions.

In the experiments, sodium chloride solution was chosen as the heavy fluid while tap
water was chosen as the ambient fluid. The kinematic viscosity of the sodium chloride
solution is taken to be the same as the tap water as v = 1.1 x 1072 cm? s~!. Densities of
the heavy fluid and ambient fluid were measured by a density meter with an accuracy of
1073 g cm™3. The relative density differences were chosen at € = 0.15, 0.10 and 0.05 in
the experiments and the reduced gravity values g, = g(p1 — po)/po at the three relative

density differences were approximately g;, &~ 147.15, 98.1 and 49.05 cm s72, respectively.

The Reynolds numbers at the three relative density differences were Re = . /gihoho/v ~
25000, 20 000 and 15 000, respectively.

4. Results

In the following, we shall present the results for the non-Boussinesq gravity currents
propagating on unbounded uniform slopes 6 = 12°, 9°, 6°, 3°, 0° in order. The
dimensions of the lock and the densities of the heavy fluid and ambient fluid were
maintained unchanged throughout the experiments. On each slope angle, at least five
repeated runs were performed in order to make qualitative and quantitative observations.
Other experimental parameters are listed in table 1.

4.1. Non-Boussinesq gravity currents on an unbounded uniform 12 ° slope

4.1.1. Qualitative features

Figures 2 and 3 show the top view and side view images for a gravity current with € =
0.15 (y = 0.87) propagating on an unbounded uniform 12 ° slope. After the lock gate is
removed, the heavy fluid in the lock collapses and spreads outward from the lock. As
will be shown later, the maximum front velocity is reached at ¢ &~ 1.67 s, after which the
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Case 6 (deg.) Vi€ g6 (cm s72) Imax (8)  Xf0 (cm)  Ur, - (cm s
121 0.87;0.15 147187008 1.8770%0 32471578 23.921049
121 0.91;0.10  98.17%007  1.93%070  26.25733 18.17] 52
12111 0.95:0.05 48.88700% 2707037 2532198 1270703
91 0.87;0.15  147.01%05% 1737000 29971307 21.22%03;
91l 0.91;0.10  97.9570%%9  2.007017  25.65733 1656702
911l 0.95;0.05  48.86700 2707039 24.01158 11671089
61 0.87;0.15 147.15%007  1.677017  27.08193 18957057
611 0.91;0.10  98.24700°  1.88%0 2 23757332 1493708
6111 0.95;0.05  49.05700% 2437010 22,1513 11.017508
31 0.87;0.15  147.097005  1.707083 24701595 18.15705%
31 0.91;0.10  98.0770%8  1.80%09% 21607930 14.677013
3111 0.95:0.05 48.98700% 2437097 20.50%| 72 10.7005%
01 0.87;0.15 147147003 1.807079 2170732 17.13708
oIl 0.91;0.10 9824700 2.17%017 17.657T10  13.4070%%
Ol 0.95,0.05  48.87709% 270701 14.950193 10.01797

Table 1. Table showing operational parameters, including the slope angle 6, density ratio y, relative density
difference € = (1 — y)/y, reduced gravity g, time f,,4, and front location x, . measured from the lock
gate, at which the gravity currents reach the maximum front velocity Uy, . . Each value is the average of five
experiments. The error estimates are to add and subtract the maximum and minimum values and are not the
root-mean-square estimates.

gravity current moves into the deceleration phase. The gravity current takes a wedge shape,
which grows in width and height as the gravity current propagates downslope, as shown
in figures 2 and 3 at ¢ = 2, 8 s. As shown in figure 2 at r = 15, 20 s, an ‘active’ part of the
wedge separates from the body of the current and leaves the inactive part moving slowly
behind. The side view images show the edge of the ‘active’ part of the wedge is uplifted,
in that the interface between the ‘active’ part of the wedge and ambient fluid is raised, in
the final stage of propagation. Our observation on the separation of the ‘active’ head and
mixing with the ambient fluid in the final stage of propagation is persistent for the gravity
currents on an unbounded uniform 12 ° slope at all relative density differences, including
€ ~ (.15, 0.10, 0.05 (y ~ 0.87, 0.91, 0.95). Such an observation for the non-Boussinesq
gravity currents is similar to the Boussinesq case (Dai & Huang 2020), but holds a clue
to the possibility that the non-Boussinesq gravity currents on an unbounded uniform 12 °
slope may have become Boussinesq ones in the final stage of propagation, as we will
discuss later. Other top view and side view images for the gravity currents at € ~ 0.10,
0.05 (y = 0.91, 0.95) are qualitatively similar and are omitted here for brevity.

4.1.2. Quantitative results

From the side view images of the gravity current, as shown in figure 3, the front location
can be extracted as the furthest location reached by the gravity current and the front
velocity can be calculated. Figure 4 shows the front location and front velocity histories
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Figure 2. Experiment 04/09/17-2: top view images for the gravity current on an unbounded uniform 12 © slope.
The reduced gravity of the heavy fluid in the lock was g, = 147.15 cm s72,i.e. € ~ 0.15 (y ~ 0.87). Distances
in the downslope and spanwise directions are in units of cm. Time instances are chosen at (a—d) t = 2, 8, 15,
20s.
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Figure 3. Experiment 04/09/17-2: side view images for the gravity current on an unbounded uniform 12 °
slope as shown in figure 2. Distances in the downslope and wall-normal directions are in units of cm. Time
instances are chosen at (a—d) t = 2, 8, 15, 20 s.

for the gravity current at € ~ 0.15 (y ~ 0.87) propagating on an unbounded uniform 12 °
slope. From the front velocity history, it is observed that the gravity current moves into
the deceleration phase after reaching its maximum front velocity Uy, =~ 24.38 cm s~
att~ 1.67s.
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Figure 4. Experiment 04/09/17-2: front location history (a) and front velocity history () for the gravity current
propagating on an unbounded uniform 12° slope. The reduced gravity of the heavy fluid in the lock was
gy = 147.15 cm s72. The maximum front velocity Uf e = 24.38 cm s~! occurs at 7~ 1.67 s. The front

location is in units of cm, front velocity is in units of cm s~ and time is in units of s.

To examine the front location history in the early and late stages of the deceleration
phase, we plot the front location and time in terms of (x + )co)2 vs t in figure 5(a) and
(xr —|—xo)8/ 3 ystin figure 5(b). Here, (x; + xo) represents the front location measured
from the virtual origin, which can be identified by extrapolating the width of the wedge in
the upslope direction, as shown in figure 1. In the early deceleration phase, the gravity
current propagates downslope with an integrated wedge shape and figure 5(a) reveals
that the front location history follows the power relationship (2.9) during 5 <t < 10 s.
In the late deceleration phase, an ‘active’ head separates from the body of the current and
figure 5(b) reveals that the front location history follows the power relationship (2.11)
during 7 2 10 s.

Based on the slope of the best fit to the early deceleration phase and the buoyancy
B = 117720.00 cm* s 2, the experimental constant K; = 111.80 is calculated according to
(2.9). The entrainment coefficient « = 0.149 is then calculated based on the experimental
constant K7 and (2.10). The front location history begins to deviate from the power
relationship (2.9) at ¢ = 10 s, when the front Reynolds number based on the front velocity
and front thickness, Rey = Urh/v, is approximately Rey ~ 6000. Based on the slope of the
best fit to the late deceleration phase, the experimental constant Kys = 3.49 is calculated
according to (2.11). Other dependent variables, including the experimental constant K7,
the entrainment coefficient & and the experimental constant Kyg, for the gravity currents
propagating on unbounded uniform 12°, 9 ° and 6 ° slopes are all listed in table 2.

4.2. Non-Boussinesq gravity currents on unbounded uniform 9 ° and 6 ° slopes

Non-Boussinesq gravity currents propagating on unbounded uniform 9 © and 6 © slopes are
qualitatively similar to the non-Boussinesq gravity currents propagating on an unbounded
uniform 12 © slope and their images are omitted for brevity. We summarise the influence of
the slope angle and the relative density difference for the non-Boussinesq gravity currents
on unbounded uniform 9 ° and 6 © slopes and the readers are referred to tables 1 and 2 for
other quantitative measures.
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Figure 5. Experiment 04/09/17-2: relationship between (a) (x + xo)2 and ¢ and (D) (x¢ + xo)s/ 3 and ¢ for the
gravity current propagating on an unbounded uniform 12 ° slope. The reduced gravity of the heavy fluid in
the lock was g = 147.15 cm s~2. The front location is in units of cm and time is in units of s. The solid
line in (@) represents the straight line of best fit to the early deceleration phase and the fitting equation is
O +x0)%> = (K1B)*(t + 1), where K; = 111.80, B = 117720.00 cm* 572, xo = 38.27 cm and #; = —0.43
s. The solid line in (b) represents the straight line of best fit to the late decelearation phase and the fitting
equation is (xf —|—xo)8/3 = KVSBz/3V§/9v_1/3(t + tys), where Kys = 3.49 and tys = —4.72 s. The maximum

front velocity Uy, ..~ 24.38 cm s~ ! occurs at  ~ 1.67 s.

Case o X0 (cm) K; 17 (s) Kys tys (s)

121 014570007 39.18%530  122.531{E8 057108 4.0470C  —4.89F 14
211 0.15270008 4154728 11068157 —0.56103  3.917045¢  —6.3571 0
1200 0.157H00 42,0575 104.0005%8,  —0.7573, 4147082 734008
oI 0.158%000 4098753 9936746 —0.23701T 3671030 —5.531 %
Ol 0.1647001% 44447327 912871371 —0.32707 378708 —7.06713;
oIl 0.171709% 45467720 84397808 057719 361703 —7.0513%
61 01837001 45927377 7251135 041703 2.897030 —4.39%39
6 01937001 4738743 6436755 0727093 2817038 —s5.413
6T 020170030 49.117388  61.037%5°% 09575 2707035 —5.147350

Table 2. Table showing the dependent variables for gravity currents propagating on unbounded uniform 12 °,
9°, 6° slopes, including the entrainment coefficient «, distance from the virtual origin to the lock gate xp,
experimental constant Ky, ¢ intercept #; in (2.9), experimental constant Kyg and ¢ intercept tys in (2.11). The
subscripts / and VS represent the inertial phase and viscous phase on the steeper slopes in our study (12°, 9°,
6 °), respectively. Each value is the average of five experiments. The error estimates are to add and subtract the
maximum and minimum values and are not the root-mean-square estimates.

Figure 6 shows the experimental constant K; against the slope angle at different values
of relative density difference. In our slope angle range, based on our experiments and
Ross et al. (2002), it can be concluded that the experimental constant K; increases as the
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Figure 6. Dimensionless constant K; as a function of the slope angle 6 and the relative density difference €.
Symbols: [, € & 0.15 (y ~ 0.87); o, € = 0.10 (y = 0.91); A, € = 0.05 (y =~ 0.95); *, € ~ 0.02 (y =~ 0.98)
reported by Dai & Huang (2020); B, values reported by Ross et al. (2002), in which 0.011 <€ < 0.039
(0.962 <y <0.989).
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Figure 7. Entrainment coefficient « as a function of the slope angle 6 and the relative density difference €.
Symbols: [, € & 0.15 (y = 0.87); o, € 2 0.10 (y = 0.91); A, € = 0.05 (y =~ 0.95); *, € = 0.02 (y ~ 0.98)
reported by Dai & Huang (2020); M, values reported by Ross et al. (2002), in which 0.011 < e < 0.039
(0.962 < y < 0.989); Vv, values reported by Zgheib et al. (2016).

slope angle increases and as the relative density difference increases. Figure 7 shows the
entrainment coefficient « against the slope angle at different values of relative density
difference. It is found that the entrainment coefficient also depends on the slope angle and
decreases as the relative density difference increases, as shown in figure 7 and the inset. It
is worth noting that the gravity currents propagating on unbounded uniform 12°,9°, 6°
slopes maintain a wedge shape in the early deceleration phase and we may use the wedge
integral model (2.10) to calculate the entrainment coefficient. As will be shown later, the
gravity currents propagating on an unbounded uniform 3 © slope and on an unbounded
horizontal boundary do not take the wedge shape and we shall not use the wedge integral
model to calculate the entrainment coefficient for the gravity currents on an unbounded
uniform 3 © slope and on an unbounded horizontal boundary.

As listed in table 2 and shown in figure 8, the experimental constant Kyg increases as the
slope angle increases but, surprisingly, appears not to be strongly influenced by the relative
density difference. As shown in figure 8, for 0.05 < e < 0.15, Kys varies erratically in
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Figure 8. Dimensionless constant Kyg as a function of the slope angle 6. The influence of the relative density
difference on Kys is not significant in the range 0.05 < € < 0.15. Symbols: [, € &~ 0.15 (y ~ 0.87); o, € &
0.10 (y = 0.91); A, e = 0.05 (y ~ 0.95).
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Figure 9. Experiment 07/26/17-2: top view images of the gravity current propagating on an unbounded
uniform 3 ° slope. The reduced gravity of the heavy fluid in the lock was g, = 147.15 cm 572, ie. € ~0.15
(y ~ 0.87). Distances in the downslope and spanwise directions are in units of cm. Time instances are chosen
at (a—d) t = 6, 10, 15, 20 s. In this experiment, the maximum front velocity Uy, -~ 18.00 cm s~1 occurs at
t~ 1.67s.
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Figure 10. Experiment 07/26/17-2: side view images for the gravity current propagating on an unbounded
uniform 3 © slope as shown in figure 9. Distances in the downslope and wall-normal directions are in units of
cm. Time instances are chosen at (a—d) t = 6, 10, 15, 20 s.

the range 3.49 < Kys < 4.66 atd = 12°,3.05 < Kys <4.24at0 = 9°and 2.25 < Kyg <
3.26 at = 6°. The fact that the influence of the relative density difference on Kyg is not
significant suggests that the non-Boussinesq gravity currents on unbounded uniform 12 °,
9° and 6 ° slopes may have become Boussinesq ones in the late deceleration phase.

4.3. Non-Boussinesq gravity currents on an unbounded uniform 3 ° slope

Non-Boussinesq gravity currents propagating on an unbounded uniform 3° slope are
qualitatively different from the non-Boussinesq gravity currents on unbounded uniform
12°,9° and 6 ° slopes. The gravity current maintains a shape more akin to a disk even in
the late deceleration phase, as shown by the top view and side view images in figures 9
and 10.

In the early deceleration phase, figure 11(a) shows that the front location history follows
the power relationship (2.9) during 5 < ¢ < 15 s and we may calculate the experimental
constant K; = 26.70, which is listed in table 3. At t 2 15 s, the front location history
begins to deviate from the power relationship (2.9) when the front Reynolds number is
approximately Rey =~ 2000. In the late deceleration phase, figure 11(b) shows that the front
location history follows the power relationship (2.12) during ¢ = 15 s and we may calculate
the experimental constant Ky, = 94.37, which is also listed in table 3. The experimental
constant Ky, is evidently not only a function of the slope angle but also a function of the
relative density difference. The influence of the relative density difference is carried along
into K7 during the early deceleration phase and into Ky, during the late deceleration phase
for the gravity currents on an unbounded uniform 3 © slope.

4.4. Non-Boussinesq gravity currents on an unbounded horizontal boundary

We also performed the experiments on the gravity currents on an unbounded horizontal
boundary, of which the morphology (not shown) is qualitatively similar to the gravity
current on an unbounded uniform 3 © slope.
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Figure 11. Experiment 07/26/17-2: relationship between (a) (xy + xo)2 and ¢ and (b) (xy + xo)4 and ¢ for the
gravity current propagating on an unbounded uniform 3 © slope. The reduced gravity of the heavy fluid in
the lock was g, = 146.87 cm s~2. The front location is in units of cm and time is in units of s. The solid
line in (a) represents the straight line of best fit to the early deceleration phase and the fitting equation is
G +x0) = (K1B)/2(t + 1), where K; = 26.70, B = 117720.00 cm* s72, xg = 13.15 cm and #; = —1.05 s.
The solid line in () represents the straight line of best fit to the late deceleration phase and the fitting equation
is (o + x0)* = Ky B3V v=13(t + tyar), where Kyy = 94.37 and fyy = —8.67 s. The maximum front
velocity Uy, .~ 18.00 cm s~ ! occurs at r ~ 1.67 .

Case X (cm) Ky 1 (s) Kvm tym (8)

31 9.08%39 22207480 —1.057037 85297997 924798
311 1ortyal 1922839 —1.42%0738 75.0555%  —12.02707]
3 9.06157,  17.025)5  —1.05T;0)  69.47T305  —15.5577¢0
01 7.98T410  9.241076 034155 1829738 —4.321137
oIl 719733 852707 —1.20%0% 4nt3E 73175
om 57375 820733 _196M08 1147733 501738

Table 3. Table showing the dependent variables for gravity currents propagating on a 3 © unbounded uniform
slope and on an unbounded horizontal boundary, including the distance from the virtual origin to the lock gate
X0, experimental constants K7, ¢ intercept #; in (2.9), experimental constant Kyy, and ¢ intercept tyy in (2.12).
The subscripts / and VM represent the inertial phase and viscous phase on the milder slopes in our study (3 ©
and 0°), respectively. Each value is the average of five experiments. The error estimates are to add and subtract
the maximum and minimum values and are not the root-mean-square estimates.

For the gravity currents on an unbounded horizontal boundary, the experimental
constant K; tends to increase as the relative density difference increases, as shown in
table 3. In the late deceleration phase, the experimental constant Ky, is a function of
both the slope angle and the relative density difference, as listed in table 3 and shown
in figure 12. The influence of the relative density difference is carried along into the
late deceleration phase on Ky, for the gravity currents on an unbounded horizontal
boundary. Our observations suggest that the non-Boussinesq gravity currents on an
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Figure 12. Dimensionless constant Ky, as a function of the slope angle 6 and the relative density difference €.
The influence of the relative density difference on Kyyy is clear, as also shown in table 3. Symbols: [, € ~ 0.15
(y = 0.87);0,€ = 0.10 (y = 0.91); A, e = 0.05 (y = 0.95).

unbounded uniform 3 © slope and on an unbounded horizontal boundary may still remain
non-Boussinesq ones in the late deceleration phase.

5. Conclusions

Experiments on the Boussinesq and non-Boussinesq gravity currents produced from a
finite volume of heavy fluid propagating into an environment of light ambient fluid on
unbounded uniform slopes in the range 0° < 6 < 12° are presented. The relative density
difference covers the Boussinesq and non-Boussinesq cases in the range 0.05 < € < 0.15
in this study. After the lock gate is removed, the gravity currents go through an acceleration
phase and move into the early and late stages of the deceleration phase. Our focus in this
study is on the influence of the relative density difference on the deceleration phase of the
propagation.

For the gravity currents propagating on unbounded uniform 12°, 9° and 6 ° slopes, in
the early deceleration phase, the gravity currents take a wedge shape and the front location
history follows the power relationship (2.9), in which the dimensionless constant Ky is a
function of both the slope angle and the relative density difference. In the late deceleration
phase, an ‘active’ head separates from the body of the current and mixes with the
ambient fluid. The front location history in the late deceleration phase follows the power
relationship (2.11), in which the dimensionless constant Kyg is influenced by the slope
angle but not significantly influenced by the relative density difference. The observation
that the relative density difference has no significant influence on the dimensionless
constant Kys in the late deceleration phase suggests that the non-Boussinesq gravity
currents on unbounded uniform 12 °, 9 ° and 6 ° slopes may have become Boussinesq ones
in the late deceleration phase.

For the gravity currents propagating on an unbounded uniform 3° slope and on an
unbounded horizontal boundary, the gravity currents maintain an integrated disk shape
throughout the motion. In the early deceleration phase, the front location history follows
the power relationship (2.9) and the dimensionless constant K7 is a function of both the
slope angle and the relative density difference. In the late deceleration phase, the gravity
currents still maintain an integrated disk shape without the separation of an ‘active’ head
from the body of the gravity currents. The front location history in the late deceleration
phase follows the power relationship (2.12), in which the dimensionless constant Ky, is
influenced by both the slope angle and the relative density difference. The influence of
the relative density difference is carried along into the late deceleration phase on Ky, and
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such an observation suggests that the non-Boussinesq gravity currents on an unbounded
uniform 3 ° slope and on an unbounded uniform horizontal boundary may still remain
non-Boussinesq ones in the late deceleration phase.

Our experiments indicate that, depending on the slope angle, two different flow
morphologies are possible concerning the final stage of the non-Boussinesq gravity
currents propagating on unbounded uniform slopes. More importantly, our results further
indicate that the non-Boussinesq gravity currents on the milder unbounded uniform slopes
in this study (3° and 0°) may remain non-Boussinesq ones in the late deceleration
phase while the non-Boussinesq gravity currents on the steeper unbounded uniform
slopes in this study (12°, 9° and 6°) may have become Boussinesq ones in the late
deceleration phase. The above findings on the basis of dimensional arguments are in
accordance with our observation that the mixing for the gravity currents on the steeper
unbounded uniform slopes in the late deceleration phase is more violent than the mixing
for the gravity currents on the milder unbounded uniform slopes in the late deceleration
phase.
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