
ON THE MEDIANS OF A TRIANGLE IN HYPERBOLIC 
GEOMETRY 

O. BOTTEMA 

1. In non-Euclidean geometry the three medians of a triangle AiA2Az 

(each joining a vertex At with the internal midpoint Gt of the opposite side) 
are concurrent; their common point is the centroid G. But the Euclidean 
theorem 

GGi = 1 
Z<G< 3 ' 

which depends on similarity, does not hold. In what follows we make some 
remarks on this ratio, restricting ourselves to hyperbolic geometry. 

In accordance with a procedure recommended by Coxeter (1, p. 229), we 
take AiA2As as the triangle of reference for projective co-ordinates Xi , X2l X 3 / 
the equation of the absolute conic 12 then appears in the general form. For 
our purpose we take, moreover, G as the unit-point. The equation of 12 is 
now 

(1) xi + x2 + x3 + 2 cosh a\. x2x3 + 2 cosh a2. x3Xi + 2 cosh a3 . X1X2 = 0, 

where at is the length of the side opposite At. The tangential equation of 12 
reads 

sinh a\. Ui + sinh a2.u2 + sinh a3 . Uz + 2 (cosh a\ — cosh a2 . cosh a^)n2n^ 
(2) + 2(cosh a2 — cosh a 3 . cosh a,\) uzU\ + 2(cosh a3 — cosh a,\ . cosh a2)^i^2. 

= 0. 

From Ai being inside 12 follows the inequality (1, p. 239) 

(3) 7 = 2 cosh a i . cosh #2. cosh a3 — cosh #i — cosh a2 — cosh a3 + 1 > 0, 

which is equivalent with the fact that a side of the triangle is less than the 
sum of the other two. 

2. The median ^43G3 has the equations Xi = x2 = X, x3 = 1, where X is a 
parameter; for X = 00, 0, 1 we have the points G3, A 3, G. The points of inter­
section Si and S2 of the median and the absolute are given by the roots Xi, 
X2 of the equation 

(4) 2X2(1 + i8) + 2(0! + b2)\ + 1 = 0 , 

where bt is written for cosh at. Both roots are negative. We put /x* = — \ir 

\x2 > MI, AtGi = zu GGi = ji. Then 
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23 = \ log (SiS2AzGz), 3>3 = \ log (S1S2GG<s) 

223 _ M2 22/3 M2 + 1 
» ^ — I I 

Mi Mi + 1 

. u M2 — Mi - i M2 — Ml 
sinh 23 = ^-77 T , sinh 3/3 

or 

Hence 

(5) 

and 

(5) t a n h 7 = ^ 2 - Mi = \ /[MIM2] . sinh zz 

M2 + Mi + 2 V[MIM2] cosh 23 + l 

Fur thermore , 

1 1 

2 V [ M I M 2 ] ' J* 2 V [ ( M 2 + 1 ) (MI + 1 ) ] ' 

1 M2 + Mi 1 M2 + Mi + 2 
c o s h Z3 " 2Vl^] ' c o s h ^ - 2VI0.. + D G M I + D ] 

(7 ) "1M2 ~ XlXa ~ 2 Ô T Ï Ô ~ 4 cosh2 f̂  ' 
and so we get the following formulae: 

(8) (MI + 1) (M2 + 1) = 2 Ô T Î T ) ' 

/r.N ! cosh a i + cosh a2 

(9) cosh s3 = ^ r~ï , 
2 cosh fa 3 

n m sinh yz = 1 
K ' sinh s3 {2(6x + J 2 + *8) + 3 } * ' 

(11) t anh yz = — r , 0
 3 1 1 • 

cosh %z + 2 cosh fa 3 

3 . In (9) we have the well-known formula giving the length of a median as 
a function of the sides. From (10) it follows t h a t 

If A id are the medians of the triangle A\A2Az, and G is the centroid, then 

sinh GG\ _ sinh GG2 _ sinh GGz 
sinh A1G1 sinh A 2G2 sinh A 3G3 ' 

the common value of the three ratios is {2(cosh a\ + cosh a2 + cosh as) + 3 }~K 

4. From (11) it is seen t h a t yz is a function of 23 and a3 only. Therefore: 

If for the triangle AxA2Az the base A\A2 and the length of the median A3Gz are 
given then GGz has a fixed value. 

If for abbreviat ion we denote pt = 2 cosh \au we have (suppressing the 
index i) : 
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(13) 37 = T ^ ^ 2 -

Obviously y = 0 for z = 0. Furthermore, differentiating the formula we get 

1 dy _ 1 + p cosh z 
coûiy ' dz (cosh z + p)2 

or 

<̂y 1 + p cosh g  
dz ~ 1 + p2 + 2p cosh s ' 

Hence dy/dz is an increasing function of z; for 2 = 0 w e have 

dy = 1 . 
6/2 1 + £ ' 

its limit for z —» °° is J. Therefore: 

7/ J^e base A\A2 = a% of the triangle is fixed, //zen GG$/AzGi increases if 
AzGz increases and we have the inequality 

(U) I < -?-?A < i 
V } l + 2 c o s h £ a 8 i43G8

 2* 
As a consequence we have for all triangles the inequality 

(15) °<H<i-
It follows from the proof that the limits in (14) and (15) cannot be sharpened. 

5. The Euclidean value \ is between the limits given in (15). Therefore 
there are triangles for which 

AÎGz 3 ' 

If in (12) we put z = 3y, we get 

sinh 3y 
tanh y = 

cosh 3y + p ' 

Substituting sinh Sy = sinh y (4 cosh2;y — 1), cosh 3y — cosh y (4 cosh2^ — 3), 
we get 

cosh y = \p = cosh \a 

Therefore : In the triangle A\A2A^ we have 

GGz = 1 
A,GZ 3 

if and only if GG% = \AXA2\ hence in the triangle AXGA2 the angle LA2GA\ 
is the sum of Z G A \A 2 and LA\A 2G. 

6. In such a triangle we have 

^3 = Ô&3, cosh Zz = cosh - - (4 cosh2 -3 — 3 ) 
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and therefore, in view of (9) 

(16) 2 cosh2 a3 + cosh a3 — cosh ax — cosh a2 — 1 = 0. 

More generally, if 

(17) kz = 2b\ + 63 - h - b2 - 1, 

we have 

2l > I 2l = I Z§ < I 
S3 3 ' 23 3 ' zz 3 

according as kz < 0, £3 = 0, &3 > 0, respectively. If b\ = £2 = £3 w e have 
obviously &3 > 0. Hence in an equilateral triangle the ratios yt/zt are less 
than ^. We define ki and k2 analogously to (17). If we put ct = bi + 1 we get 

ki = 2cî + 5ci — c2 — c3. 

Hence ki + k2 + kz = 2(d2 + c2
2 + Cz2) + 3(ci + c2 + cz) > 0, since ct > 0. 

Therefore &i = k2 = kz = 0 is impossible: There are no triangles for which 
the three ratios yt/zt are \. 

We have 
(18) jfei - k2 = 2(ci - c2)(ci + c2 + 3). 

If fei = fe = 0, then c\ — c2, bi = b2 — b, bz — 2b2 — 1 ; but then 7 is zero and 
the inequality (3) is not satisfied. Therefore, 

There are no triangles for which two ratios yjzi are \. 

From (18) it follows that k\ > k2 inplies C\ > c2 (so that a\ > a2) and con­
versely. 

We have established the existence of triangles for which one of the ratios 
yt/zt is \. Suppose kz = 0. Then C\ + c2 = 2c3

2 + 5c3. Moreover, we have 

7 = 2cxc2cz + 2cz(ci + c2) — (ci + c2)
2 + ±cxc2 — c\ > 0 

or 

cMcz + 2) > 2c4
3 + $d + Scl, 

that is, 

C\C2 > 2cz(cz + 2). 

It follows from this that 

(d-c,)2 <cl(2c2 + 3)\ 

Therefore, assuming c\ > c2l we have C\ — c2 < Cz(2cz + 3), and from c± + c2 

= 2cz2 + 5c3 it follows that C\ > c2 >c3 . Hence 

If in a triangle 

zt 3 

then at is smaller than each of the two other sides. 
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In view of all this we have: In a triangle either all three ratios yt/zt are less 
than \ or two of them are <\ and the third {belonging to the smallest side) > \. 
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