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On the Second Solutions of Lamé's Equation
aru

W=U{n(n+ 1)pu+B} .

By Lawrence Crawrorp, M.A., B.Sc.

1. I consider here the second solutions corresponding to the
solutions of the above equation (when = is an integer) in finite
terms for special values of B. If U, be such a solution, and F,
the corresponding second solution, we know that

F,=(2n+1)U, J' a

2. U, may be of one of four types, » being even or odd. Consider
first the case of n even, 2m say, then the first type is

Un=(1’u_al)(l’u—“2) coee e (pu_am)i
where all the a’s are different and no one coincides with an ¢, as I
have proved in a former paper. *

The F, corresponding to this is then

du
In+1 U,,J 5
) (Pu-a) . - (pu - a,)
proceed to the consideration of this mtegra.l.
Let . ! _ _ ,;,..( A, Al ,) ,
(u-aypu—a) . (pu-ay \pu-a, (pu-a)
1

then A= 5 —

(@, — @) (a, ~ a.)° . .. (@, — a,)

and

1 d 1
" Lp'u dul\(pu ~ a)) . (pu ~ a, ) (pu ~ a, )% . (pu - a,)? f] pu=a,

2 1 + 1 o+ 1
(ar - al);‘ . (ar - amY\“r -0 4, — o a, - am} '

* ¢ On the Factors of the Solutions in Finite Terms of Lamé’s Equation,”
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By differentiation of pp ad , it is easy to prove that

du 1 pPu
(pu-a)~ “4d’-gw-g, pu-a
2(pw — a)du 6a® - 3g, J’ du

40’ - ga—g, 40 -go-glpu-a’
we find
du A, pu A" ((u + au)
o U2 "4} - 98, - 95 pu—a, 4a°—ga, ~gs
A’ (6a - ‘}yz)}'l’“ du ]
{Ar = g1y o PU —a, ’
A’ (6a}? -
I proceed now to prove that A, - 4—5(::—2%%—‘(];3)
noting that A, = [—1,— . d pu P —a )]
pu’ du U= @,
In the differential equation for Uﬂ, put U,=R(pu —a,), then
U, dR "
d——_(pu @, )d 2+.,d—pu+Rp u= (n(n+ 1)pu+B)(pu a,)R

d°R o
when pu=a,, as R and therefore T is not then infinite,

dR } _
[2@? w4+ Rp 'Ilr] =a, = 0.
But

&) Lozl wni
pu du R pu =0y R pPU=0a,, T R? DU =ay,

[2%29,11, + RP”'“]pu:ar =0, and [Rﬂp'zu]pu= @ is not equal to 0,
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*  du

0 p’ll/ - @,
“du A,

o U2 adel- 9:%, — g3

all such terms as J do not appear in F, (u),

and

(2(u+2a,u+p P )

U — a,
A,
(40,3 — 920, — y3)(pu‘ - a,)

=Cu+Dfu-pu.Z

= Cu + Deu + E2S2¥)
U.
where C, D are constants, f(pu) is an algebraic integral function
of pu, the highest power involved being p™'u, and D is twice the
coefficient of p™'u in f(pu),

F.=(2n+ 1){p'uf(pu) + U, (Cu+D{u)} .

3. I shall work out now the second solution when U, is of one
of the types for » odd, having an irrational factor ~/pu —e. Then
it n=2m+1, U,= Jpu-e(pu—a)(pu-ay) . . . (pu-a,), where
all the a’s are real and different and no one coincides with an e,
as I have proved in the former paper already referred to.

o du
Then F,=(2n+1 U,,J
@+ D)0 | ou—e)pu —ayipu—ay- (pu—an’
d 1 C
an =
(pu-e)(pu-ay) ... (pu-a,) pu-e
r=m A r=m Al
+ 2 r s -
re0 PU = g (pu - a,)
where

1 ,_ 1
Tle-a)(e-ar)... (e - @) A (a,—e)a,—a) . .. (a,~a,)*’

p‘ll: - a,
and A [pu d’ll/ }]pu = Oy

By differentiating ’—)f:—u; , it is found that

Jsa %shu 2J(pu e)du-pu"_‘e,
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and with the result already quoted for .Ir(puL_:l’a,)?’ we have
* du C . pu }
0 U—uz_ T 6et - %92{2£u+26u+pu - €
r=m ! ¢ 2A’
&3 A, v A (fu +au)

el 4a} —ga, — g, pu—a, 4a° - ga, - g,

P, At o]

Opu—arl " 4ar3"gz“r—93

’ 2 _
Just as in the previous case, it follows that A - M =0

4a’r3 ~ G — Ja

by the substitution in the differential equation of R(pu —a,) for U,
hence

v du C pu

== — a1 Ulu+eu) + }
[} Un- 63' - %92 (c ) pu —e
r=m A ’ ’ ’
_ r P% 9% A, ({u + a,u)

r=] 4a‘rs =G 93 ’ pu — a, B 4“73 — g%~ 93

- p'uf(pu)

= R - ) (pu )’
where C, D are constants, f(pu) an algebraic integral function
of pu, the highest power involved being p™u,

F,=(2n+ 1){%(”% +(Cut D(u)U,,} .

4. Similar work may be done for all cases, and the general form
is F,=(2n+ 1){11.;%7(5_)“) +(Cu+Dlu)U, [, where f(pu) is an

algebraic integral function of pu, the highest power involved being
pu to the power, when = is even, n/2 or (n — 2)/2, according as U,, has
no irrational factor or one, and when = is odd, (n — 1)/ or (n - 3)/2,
according as U, has an irrational factor N/ puw—e¢ or the factors
N(pu — e,)(pu - &;)(pu - ), g(pw) is the irrational factor, if any,
in U,, and C, D are constants, functions of the roots of the
equation U,=0, regarded as an equation in pu.

5. The forms for the second solutions are found in Halphen,
Fonctions Elliptiques, Vol. I1., pp. 483-5, but it is interesting to
see that they can be worked out in this way by direct integration.
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