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Introduction

Let M b e an w-dimensional (n = 2m + l,m ^ 1) real differentiate manifold.
If on M there exist a tensor field <f>), a contravariant vector field £ and a covariant
vector field >/,• such that

K'fc = 1, rank (0j) = n -1, fi & = 0, 4>) m = 0
{] \ m = -si+eh
then M is said to have an almost contact structure with the structure tensors
((j), £, n) [1], [2]. Further, if a positive definite Riemannian metric g satisfies the
conditions

(2) m = 9ijZJ

(3) 9ij<t>h<l>i = 9hk-*lh*\k

then g is called an associated Riemannian metric to the almost contact structure
and M is then said to have an almost contact metric structure. On the other hand,
M is said to have a contact structure [2], [4] if there exists a 1-form n over M such
that r\ A (drj)m # 0 everywhere over M where dr\ means the exterior derivation
of n and the symbol A means the exterior multiplication. In this case M is said
to be a contact manifold with contact form r\. It is known [2, Th. 3,1] that if
t] = rijdx' is a 1-form defining a contact structure, then there exists a positive
definite Riemannian metric gtj in M such that <$\ = ghr4>ri and £ = gl'r\r define
an almost contact metric structure with rjt and gtj where

the symbol dt standing for d/dx'.
In this case M is said to be a contact Riemannian manifold with contact form

r\, associated vector field <J, (1,1) tensor field <j> and the associated Riemannian
metric g. If £ is a Killing vector field with respect to g, then M is called a
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AT-contact Riemannian manifold where the adjective K means Killing. Further,
if the relation

(5) t]rR
r
jkl = gjkni-gjXr\k

holds, then M is called a Sasakian manifold [2, Th. 11.3].
The present paper deals with a type of AT-contact Riemannian manifold of

dimension n(n = 2m+1, m > 1) for which

(6) V,4-fc = 0

where V denotes covariant differentiation with respect to g and

R

is the conformal curvature tensor. It is proved that such a AT-contact Riemannian
manifold is Sasakian and has constant curvature 1.

1. Some formulas in a ^-contact Riemannian manifold

Let us consider an n-dimensional (n = 2m +1, m ^ 1) AT-contact Riemannian
manifold with a contact form r\, the associated vector field £,, (1,1) tensor field <f>
and the associated Riemannian metric g. Then in such a manifold, besides the
relations (1), (2), (3), and (4), the following formulas hold [2, Th. 10.21; 3, (27.15)].

(1.1) Vjtlt = - 0 y

(1.2) VjC = -</>}

(1-3) V,44 = R)kie

(1.4) /^.^(n-l),,,.

Further, since ^ is a Killing vector field, RtJ and R remain invariant under it, that is,

(1.5) Jgftty = 0

and

(1.6) &R = 0

where =§? denotes Lie derivation with respect to the vector field £'.

2. Locally conformally symmetric £-contact Riemannian manifold

A Riemannian manifold Mn(n > 3) satisfying (6) shall be called locally
conformally symmetric [5]. Let us now suppose that an w-dimensional (« = 2m +1,
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m > 1) A-contact Riemannian manifold is locally conformally symmetric. From
(7) it follows that

(2.1) V, CiJk = ~ Rijk [6, (28.16)]
n — 2

where

(2.2) R,Jk = VkRij-VJRik+ _ ! _ (g,kVjR-giJVkR).
2(n- l )

In virtue of (6), it follows from (2.1) and (2.2) that

(2.3) V* R,j - Vj Rik + —L— (gik V,. R - gtJ VkR) = 0
2 ( B - 1 )

Again from (1.5) and (1.6) we get

(2.4) (V, R,X + Ru V, ? + Ra V,- {' = 0

and

(2.5) 5'V,* = 0.

Using (1.2), (2) and (2.5) it follows from (2.3) and (2.4) that

(2.6) RrJ ft + Rir ft - (Vj RirW + - 1 — t,, VjR = 0
2(n- l )

With the help of (1.4) the relation (2.6) reduces to

(2.7) _(n_ityy_a # = _ J _ ,,,VR
2(n- l )

Transvecting (2.7) with 0J we get

U,y = (n-l)^o.
Hence

V,K,y = 0.

Therefore from (7) it follows that V,i?yt = 0. Hence the manifold is locally
symmetric.

It has been proved by Tanno [7] that a locally symmetric AT-contact Rieman-
nian manifold is Sasakian and has constant curvature 1. We can therefore state
the following theorem.

THEOREM 1. Any locally conformally symmetric K-contact Riemannian mani-
fold is Sasakian and has constant curvature 1.

As an immediate consequence of this we have another theorem which can be
stated as follows:
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THEOREM 2. Any complete, simply connected and locally conformally symmetric

K-contact Riemannian manifold is globally isometric with a unit sphere.

We conclude by mentioning that the above theorems remain valid when the

words locally conformally symmetric in their statements are replaced by the words

locally projectively symmetric.
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