GREEN’S FUNCTIONS FOR SINGULAR ORDINARY
DIFFERENTIAL OPERATORS

FRED BRAUER

1. There are several ways to approach the eigenfunction expansion problem
for ordinary differential operators via the spectral theorem for self-adjoint
linear operators in Hilbert space. One can examine the resolvent, which re-
quires a detailed study of the Green’s function (4, 5, 7), or one can use the
spectral theorem for unbounded operators (2, 3, 9). Since the eigenfunction
expansion theorem also requires some multiplicity theory, unless one is pre-
pared to use a rather powerful form of the spectral theorem for unbounded
operators, as in (2, 9), the proof requires a good deal of work in addition to
the spectral theorem.

This suggests that even though the natural setting of the problem is in
terms of linear operators in Hilbert space, the most natural approach to the
problem is the elementary one used in (8, 10, 11). This approach, requiring
only the elementary properties of Hilbert space, clarifies the relationship
between the spectral theorem and the eigenfunction expansion theorem. The
treatment in (11) lays the groundwork for the study of Green’s function, but
does not go into this aspect of the problem. The purpose of this paper is to
complete the approach of (11) by establishing the properties of the Green’s
function and its relation to the spectral matrix, without going back to the
beginning of the problem as was necessary in (4). We also show the relation
between self-adjoint boundary conditions and self-adjoint problems in the
sense of (8, Chapter 7), and establish an integral expansion for the Green's
function.

There should be no difficulty in extending this approach to the maximal
symmetric case studied using a generalized spectral theorem (1, p. 127)
as in (6, 7).

2. Let L denote the formal ordinary differential operator

dn dn~1
L=pogatrigemm+ -+ tu

where p; is a complex-valued function having # — %k continuous derivatives on
an open interval ¢ <t <b (k=0,1,...,n) and po#= 0 on a <t < b. The
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cases ¢ = — », b = =, or both, are allowed. We assume that L is formally
self-adjoint, i.e. that L coincides with its formal adjoint
dn . B dn-l _ -
+ _ 1\ ¥ 1\ 16 .

We define the set D, consisting of all functions f € L%*(a, ) having con-
tinuous derivatives up to order » — 1 on (a, d), with f® 1 absolutely con-
tinuous on (a, b), so that f® exists almost everywhere on (a, b), and such that
Lf € L*(a, b). According to Green’s formula (7, p. 86), for every compact
subinterval § = [a, 8] of (¢, b) and every pair of functions u, v € D, we have

B —
J; (Lu(@)p(t) — u()Lo(@)]dt = [u0](8) — [uv](e).

Here [u9](¢) is a bilinear form given by

n

ol = 20 3 (=D Ol OO

We define
(uv)s = [uv](B) — [uv](e).

It follows from Green’s formula that

[uv](@) = lim [uv](e) and [uv](d) = lim [uv](B)

asa+ Bb—

exist. Thus we may also define

(o) = [w](d) — [wv](a).

By a homogeneous boundary condition on the open interval (a¢, ) we mean
a condition of the form (ua) = 0 for a given a € D. We say that a set of p
boundary conditions {(ua;) =0 (j =1,..., p) is linearly independent if and
only if

Y4
]; y;{ue;) = 0

for every # € D implies that y; = ... = v, = 0. We also say that such a set
of boundary conditions is self-adjoint if and only if
1) (@jar) =0 (Gk=1,...,p).

We say that two sets of boundary conditions are equivalent if they are satisfied
by the same set of functions.

Now we define the set Dy €& D, consisting of all functions f € D such that
(fa) = 0 for every @ € D. Corresponding to the sets D and D, we define two
linear operators in the Hilbert space L2(a, b). We define the maximal operator
T associated with the formal differential operator L as having domain D and
being given by 7Tu = Lu for u € D. We define the minimal operator T
associated with the formal differential operator L as having domain D, and
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being given by Tou = Lu for u € Dy. Obviously Ty is a restriction of T
Ty C T, Also,

(Tou,v) — (u, Tv) = (uv) = 0 (u € Do,w € D),

which implies that 7" C 7% *. Here ( , ) denotes the usual inner product in
L?*(a, b), and T, * is the adjoint operator, in the Hilbert space sense, of 7.
In fact 7= T, * and T* = T, (3), but we shall not need this more precise

information.
Let €(z) denote the set of solutions of 7'¢*# = 7 in D, and let G(—1)
denote the set of solutions of T¢*« = —4u in D. Then it is known (1, p. 98)

that the domain of 7'y* is the direct sum of Dy, €(z), and &(—17). Thus, since
T C 1%, we have

2) DCDy® C@E) @ C(—i).

It is also known (1, p. 97) that 7' has a self-adjoint extension if and only if
the vector spaces §(¢) and €(—7) have the same dimension. Our approach
will not depend on the theory of self-adjoint operators in Hilbert space, and
we shall make no use of this fact. However, we shall always make the obviously
related assumption that the differential equations Lu = i and Lu = —iu
each have exactly w linearly independent solutions in D. Clearly 0 < w < #,
and for a non-singular differential operator on a compact interval o = #.

We can now define what is meant by a self-adjoint boundary value problem

on (a, b). We use the approach introduced in (5). Let y1, ¥2, ..., v, be an
orthonormal set of solutions of Lu = 7 in D, and let 24, 2s, ..., 2, be an
orthonormal set of solutions of Lu = —iu in D. Let V = (v) be an w X w

unitary matrix and let

a}':yj_];vjkzk G=1,..., ).

A self-adjoint boundary value problem associated with L on («, b) consists of
the differential equation

(3) Lu = \u

together with the boundary conditions
(4) <ua1> =0 (]= 1,...,0.)).

THEOREM 1. The boundary conditions (4) are self-adjoint, and the boundary
value problem (3), (4) is self-adjoint in the sense of (8, p. 189), i.e. if D4 s the
set of functions in D which satisfy the boundary conditions (4), then (fg) = 0 for
every pair of functions f, g € Dg4.
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Proof. The proof that the boundary conditions (4) are self-adjoint is given in
(3, Theorem 3). It is also shown in (3) thatif f, g € D4, we can write

6)) f=fo— ; (i bkl_)ﬂ) oy,

k=1

(6) g=g- 2 <Z Ckg:ik>ajy

j=1 k=1
where f, g € Dy, and where b, ¢, are complex constants (¢ = 1,..., w). The
relation (fg) = 0 now follows immediately from (5), (6), and (1).

It is not difficult to see that the problem (3), (4) corresponds to a self-adjoint
operator in the Hilbert space sense. We define D, to be the set of functions
in D which satisfy the boundary conditions (4). Then there is a self-adjoint
operator 4 with domain D, defined by Au = Lu for u € D4. We shall make
no explicit use of this fact, but it is the link between our approach and the
approach via spectral theory to the eigenfunction expansion problem.

Having defined a self-adjoint boundary value problem on the interval
(a, b), we can use the argument of (8, Chapter 10), which treated the case
w = 0, to establish the existence of a spectral matrix and the expansion
theorem. It has been pointed out (11) that no change is needed to treat the
more general problem considered here. As our notation differs slightly from that
used in (4, 5, 7, 8, 10, 11), we begin with an outline of the known results.

We treat the singular boundary value problem on (e, b) by defining a self-
adjoint boundary value problem in a set of compact subintervals § = [«, 3]
of (a,b) as in (5) and then letting § — (a, b). For functions u, v € L2(§) we
define the inner product (u, v); = f,; u(t)o(¢) dt and the norm |[u|[s = (u, u)sh
We choose the subintervals 6 so that each contains a point ¢, and we define a

fundamental set of solutions ¢i(¢, A), ..., ¢,((,N) of (3) by the initial
conditions
(7) ¢j(k_l) (Cy >\> = 6.776 (]r k = 17 L] n)-

Then the following results are known (8, Chapter 7) for the non-singular
boundary value problem on the subinterval é.

THEOREM 2. There exists a unique Hermaitian matrix ps = (ps;) whose
elements are step functions with discontinuities at the eigenvalues of the self-adjoint
boundary value problem on 6. If A = (N1, \o], where Ao > N1, the malirix
ps(A) = ps(N2) — ps(\1) is positive semi-definite. The total variation of ps;; on
every finite interval is finite. If we define the transform gs of f € L2(8) by

g, = [afO)&;t,Ndt G=1,...,n),

then

18 = J7 3 gm0 0:
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with the integral converging to f in the norm of L2(8).

Using the results of Theorem 2 and proceeding as in (8, Chapter 10), we
prove the existence of a limiting matrix p, called a spectral matrix, for the
singular boundary value problem on (a, b).

THEOREM 3. Let {8} be a set of compact subintervals of (a, b) tending to (a, b).
Then {8} contains a sequence {8,} tending to (a, b) as r — « such that

p(\) = lim p;, (A)

TS
exists on — o < N < . The limit matrix p is Hermitian; p(A) = p(\) — p(u)
is positive semi-definite if A = (A1, h2], M1 < No; and the total variation of p on
every finite interval is finite.

For any limiting matrix p, we define L2(p) to be the Hilbert space of vectors

g(\) = (@a(\), ..., g.(\)) measurable with respect to p and such that
®) el = 7 3 gm0 < =.
—0o Jrk=

The inner product in L2(p) is given by
€5 = [T 3 6P MBS 0death).
o %2

Now, proceeding as in (8, Chapter 10), as indicated for our more general
problem in (11), we obtain the following results.

THEOREM 4. Let p be any limiting matrix given by Theorem 3.{] ff € L%(a, b),
then there exists g € L%*(p) such that 1f

g;(\) = [5f)é,t,Ndt (6 C (a,8);5=1,...,n),

then ||g — gs|| =0 as 6 — (a,b). In terms of this transform g, we have the
Parseval equality

) L= llell,
and the expansion
(10) 0= [ 3 60N,
e f2

where the integral converges to f in the norm of L?(a, b). We represent the trans-
form g by

b
(11) L™ = [ 06N G=1,...,m).
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The inverse transform theorem and the uniqueness of the spectral matrix
are derived from the following theorem (11). The main point of this paper is
to show that the properties of the Green’s function can be established from
this theorem without the need to return to the study of the subintervals § as
in (8, Chapter 10).

THEOREM 5. If f € L*(a, b) is expressed in terms of g € L*(p) as in Theorem 4
and if Im N # 0, then there exists a unique solution w of the non-homogeneous
equation

(12) Ly = M+ f

which satisfies the boundary conditions (4). This solution is given by

(13) W= [T 3 6= N @)l Voo,
In the course of proving Theorem 5, we define
14) 5O = [ 2 a6 o)ipnto),
Jrk=
(15) W= [ 3 = N6 6l ),

where A = (A1, A\2], and we show that
If = fa]] =0, ||l — usl| >0 asA— (— o, ®),
Also, we show that

Lun = Mua + fa,

and that ua satisfies the boundary conditions (4).
We shall make use of these facts in the next section.

3. As we know from the theory of non-singular boundary value problems
(8, Chapter 7), we can construct a Green'’s function for a self-adjoint boundary
value problem on a compact subinterval of (a, 4). It is possible (8, Chapter 10)
to find a sequence of compact subintervals and a corresponding sequence of
Green's functions which converges to a limit function. This limit function is a
Green’s function for the singular boundary value problem on (a, ). We shall
use a different approach to study the Green'’s function for the singular boundary
value problem by using Theorem 5.

We define

(16) GA(t» T, )\) = N jil (0' - )\)‘151‘(7: U) ¢k(t1 U)dpjk(lf),
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fora <t 7 <bIm\#0,A = (A \s]. Then we have
A w® = [ 3 =N ou)
S 3 @ [ 10080 010r | ou0 o)
S L @060 066 i@ |00

b
= f Ga(t, 7, N)f (7)dr.
ForIm\ # 0, a <t, 7 < b, we now define
Ha(t, 7, \) = Ga(t, 7, \) — Ga(t, 7, N),

a]+k 2 .
(18) Pan(N) = g1 Hale, 6, )) Gk =1,...,m).
THEOREM 6. The matrix Pa(\) us related to the spectral matrix p(\) by
(19) Pay = 2 Im f d”f’c(‘;)F,
w2
(20) pie(k2) — pjx(u1) = 2 llforl Pyjp(p + ir)du G k=1,...,n)
7 #

provided uy, pe € A.
Proof. If A = u + ir, then

J 5 (G- 25) 00 i)

= 2’”’ f p; <$1;(7-1 U)¢q(t 0') _(__dp_p—qi(gh)_'_—rf'

If we differentiate j — 1 times with respect to ¢t and £ — 1 times with respect
to 7, then setting ¢t = 7 = ¢, and using (7) and (18), we obtain

Paj(\) = 2ir f'(———d&k—(%g,

Il

H,y (ty Ty >‘)

which is equivalent to (19).
To obtain (20), we write

— lim f Pay(p + 1r)du

27rl 70+

Il

— ?’dp]k(o') ]

hm J [ N M) e du

- " __’d_#__J

™ rlir& fl: J,,l (0 — )’ +7 dps (o)
—_ _1_ b ) —1 (M2 — O

== rliror}r JA [tan <——r >

— tan™ (Ml ;_ U)] dp (o)

f: dpj(o) = ij(#z) — pax(p1),

I

provided u1, p2 € A.
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It can be shown (1, pp. 177-181), that there exists a Green's function
G(t, 7, \) fora < t, r < b, Im \ 5 0 which is in the class L%(a, b) as a function
of ¢ for each fixed r and Im X\ # 0, and also as a function of 7 for each fixed ¢
and Im X ## 0. This function has partial derivatives up to order » — 1 with
respect to £, which also belong to L2?(a, b) as functions of ¢, and

G (¢, T, N)/ ot

is continuous except for a simple discontinuity at ¢ = 7. The function
G(t, 7, \) has the symmetry property

(21) G(t, 7, \) = G(r,t, X)

for a Ct, 7 C b,Im \ £ 0. The unique solution % of the non-homogeneous
equation (12), for any given f € L2(a, b), which satisfies the boundary con-
ditions (4) can be written

(22) u(t) = J; G, 7, N)f(r)dr.

The proofs of these statements depend on the variation of constants formula
for linear differential equations and on elementary properties of Hilbert space,
but not on any facts concerning linear operators. In particular, they do not
depend on the spectral theorem.

Because of the symmetry relation (21), not only the partial derivatives
"G (¢, T, \)/dt*~ belong to L%(a, b) as functions of ¢ for fixed (7, \), but also
the partial derivatives 871G (¢, 7, A)/d7°~! with respect to the second variable.

In order to relate the Green’s function G (¢, 7, \) to the function Ga(¢, 7, \)
defined by (16), we need the following lemmas.

LeEMMA 1. Let f € L*(a, b) have transform g € L*(p), and let u be the unique
solution of (12) which satisfies the boundary conditions (4), i.e.
)
u(t) = J G, 7, \)f(r)dr.
If v € L%(p) is the transform of u, then
(23) v;(0) = g;(@)/ (e =N  (G=1,...,n).

Proof. For any function %(¢) € L*(a, b) which vanishes outside a compact
subinterval of (a, b), Green’s formula shows that

J; 7 (t) B,(t, o)dt J;b R()Lo,(t, o)dt

afah(:)a,(t,o)dt G=1,...,n).

Thus the transform in L2(p) of Lk is the product of the transform of % and
the independent variable in L2(p). This can be extended to all 2 € D which
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satisfy the boundary conditions (4) by a standard density argument. Using
this fact we may now take transforms in the equation

Ly =+ f
to obtain
ov,(0) = M;(0) + g4(o) (G=1,...,m),

from which (23) follows immediately.

LEMMA 2. The transform in L2(p) of -G (¢, 7, \)/d7%~Y, considered as a
Sfunction of t for fixed (, \), is given by

(¢ = N9, (r,0)  (Gop=1,...,0).

Also, for j,k =1,...,m, and Im\ = 0,
® dpu (o)
Pk
(24) J PESGAE

Proof. Let f be the function in L?(a, b) with the value 1/s on the interval
(7, 7 + s) and the value zero elsewhere. Its transform g is given by

T+
g:(a) =% f $;t,o)dt  (G=1,...,n).
Let
25) u(t) = J G, % Nf(x)d =§ J‘:HG(t, % \)dx.

By Lemma 1, the transform v of u is given by

b T+s$
26) v,(c) = f [% f G, , )\)dx:l B, o)t = fL_(_‘I);\ G=1,...,n).
We observe that (25), (26) imply that

©7) lim g,(0) = &,(r, o),  lim u(®) = GG, 7, N),  lim (o) = 2£729)
550+ 504 550+ o— A

Since G (¢, 7, \), considered as a function of ¢, belongs to L2(a, ), Theorem 4
shows that the integral

J;b G, 7, N\)$;(t, o)dt

converges for j = 1,..., n. Thus, using (27),

’ lim % (t)$;(t, o)dt

(28) J;b G(t, 1, \)$;(t, o)dt

a s504+
b
= lim u(t)$;(¢, o)dt
$304 a
~ lim o) = 20D Gy w,
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Since the partial derivatives of G with respect to 7 of order up to # — 1 belong
to L%(a, b), Theorem 4 shows that the integrals

o'
fa,,_thr,)\M)(ta)dt p=1...,n)
converge. Therefore we may differentiate (28) with respect to 7, obtaining

b g1 .(p—l)(T o)

(29) > —5=1G({t, 7, \)$;(t, o)dt = _]a—_—r Gp=1,...,m).

If f* and f? are two functions in L2?(a, b) with transforms g! and g2 in L2?(p)
respectively, then it is an easy consequence of the Parseval equality (9) that

80) J rorou= |7 3 80w,
We apply (30) to the functions

PO = TGt n N, O = S

whose transforms we have just calculated. We obtain

b ap—l q—l
© > f a ﬂ—lG(t T, )\)6 q_l(l(t T, )\)dt

Il

Jm > o = A8 (0, @) 67 (7, 0)dpsn(a)

—oo jik=1
) (p,g=1,...,n).
Now we set 7 = ¢ and use (7) to obtain

dppq
JL |arpp_(;)|2 < (p’q = 1) e 7n)7

as desired. This completes the proof of Lemma 2.

THEOREM 7. The Green's function G(t, 7, \) is given by

(31) G, 7, N)

Il

|7 5 =080 6, )pa(o)

- jk=1

= lim Ga(t, 7, N),
Ao (—o0,00)
for 0 < t, 7 < b, Im \ # 0, with the integral converging in the norm of L%(a, b)
as a function of t for fixed (v, \), and also in the norm of L*(a, b) as a function
of 7 for fixed (t,\). The equation (31) may be differentiated n — 1 times with
respect to either t or 7.

Proof. By Lemma 2 the function 6°7!'G(¢, 7, \)/d7"~! has the transform
(6= N719,0 0 (r,0) (p=1,...,m).
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We may now apply Theorem 4 to give the expansion of this function, namely

8) 266 = [T 3 6= e, Adonle)
p=1...,n),

with the integral converging in the norm of L2(a, b) as a function of ¢{. The
convergence in the norm of L2(a, b) as a function of 7 and the possibility of
differentiating G (¢, 7, \) under the integral sign with respect to ¢ are immediate
consequences of the symmetry relation (21).

For a non-singular self-adjoint boundary value problem on a finite interval
with a sequence of eigenvalues {\;} and corresponding orthonormal eigenfunc-
tions {uz(¢)}, we have

(33) G({t,r,\) = k): O — N) g (1) (1) (Im X # 0),

with the series converging to G(f, 7, \) in the norm of L% (a, ) X (a, b)]
(8, p. 202). When expressed in terms of the spectral matrix, (33) takes the
form (31). Thus Theorem 6 is the natural generalization of (33) to the singular
case. The expansion (31) cannot be expected to converge in the norm of
L2L[(a, b) X (@, d)] in general, however, because this would imply that
G, 7, \) € L*[(a, b) X (a, d)], from which it would follow that the boundary
value problem (3), (4) has a pure point spectrum just as in the non-singular
case.

The convergence of the integral

J‘m _dek(U)
o lo = AI®

demonstrated in Lemma 2 shows that we may let A — (— ©, ») in (19). We
see that Pa(\) converges to a matrix P(\) as A — (— =, ©), and

(34) Pa) = 2iim | derG G-t
Then we may let A — (— «, ») in (20), obtaining

(35)  pulp2) — pu(u1) = 5= hm -ij(,“ +ir)du  Gok=1,...,n).

»1
The convergence of Ga(t, T, )\) to G(t, 7, A) shows that P, (\) is given by
H(tr ) )\) = G(t) T, >\) - G(ty Ty X))
Jt+k—2

e k_lH(cc N) G k=1,...,n).

Py(N\) =

analogous to (18). The formulae (34), (35) are known as the Titchmarsh-
Kodaira formulae (8, p. 280), relating the Green’s function to the spectral
matrix.
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