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1. Introduction

LetM,N be Riemannian manifolds. We assume thatN is isometrically embedded
in Euclidean spaceR`, and denote byA the second fundamental form. Forp > 2,
a p-harmonic mapu: M → N is a map inL1,p(M,R`) such thatu(x) ∈ N a.e.
and satisfies the equation

−
∫
M
‖du‖p−2 du · dϕ+

∫
M
‖du‖p−2A(u)( du, du)ϕ = 0,

for anyϕ ∈ C∞0 (M,R`). This is characterized as a critical point of thep-energy
functional Ep(u) =

∫
M ‖du‖p, in L1,p(M,N) = {u ∈ L1,p(M,R`) |u(x) ∈

N a.e.}, if the value of this functional is finite. For 2-harmonic maps or harmonic
maps, there are a lot of studies with applications to problems in geometry and
physics (see Eells and Lemaire [3], [4]). Likewise,n-harmonic maps, wheren
denotes the dimension ofM , seem to be objects with wide application, since the
n-energy functional enjoys invariance property under conformal transformations
onM .

The following existence theorem forn-harmonic maps is known.

THEOREM 0.Let M,N be compact Riemannian manifolds. Letn denotes the
dimension ofM , and suppose thatπn(N) = {0}. Then each homotopy class of
C1(M, N) contains ann-harmonic map which minimizes then-energy functional
in the homotopy class.
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34 SHIGEO KAWAI ET AL.

Theorem 0 follows from the result of White [19] and the regularity theory. This
was first proved in the unpublished paper by J. Jost [8]. He constructed, using
a generalized Courant–Lebesgue lemma, a converging minimizing sequence in
C0(M,N) ∩ L1,n(M,N).

Whenπn(N) 6= {0}, we cannot expect that each homotopy class contains an
n-harmonic map. In this case we need to consider the bubbling phenomena. The aim
of this paper is to prove the following existence result forn-harmonic spheres using
the bubbling argument of Sacks and Uhlenbeck [13]. Note that ifπ1(N) = {1},
we can identifyπn(N) with the totality of free homotopy classes of C1(Sn,N).
We denote by[u] for u ∈ C1(Sn,N) the free homotopy class represented byu.
From now on, the word ‘sphere’ means the sphere with the standard metric, and
we assume that the target manifoldN is connected.

THEOREM 1.LetN be a compact simply connected Riemannian manifold. Then
for anyu ∈ C1(Sn,N) (n > 2), there exist a finite number ofn-harmonic maps
u(1), . . . , u(k) ∈ C1(Sn,N) which satisfy the following conditions:

(1) [u] = [u(1)] + · · · + [u(k)].

(2) infw∈[u] En(w) = En(u(1)) + · · ·+ En(u(k)).
(3) u(j) is a minimizer ofEn in [u(j)] (j = 1, . . . , k).

Remark.If N is not simply connected, the same result holds up to the action of
π1(N) onπn(N).

By an analogous method, as in Meeks and Yau [10], we get the following
theorem.

THEOREM 2.LetN be a compact simply connected Riemannian manifold. Then
for everyn > 2, there exist finite number ofn-harmonic mapsf (1), f (2), . . . ∈
C1(Sn,N) such that

(1) [f (1)], [f (2)], . . . 6= 0,
(2) [f (1)], [f (2)], . . . generateπn(N),
(3) En(f (1)) = inf {En(f) | [f ] 6= 0},

En(f (j)) = inf {En(f) | [f ] /∈ 〈 [f (1)], . . . , [f (j−1)] 〉 } (j > 2),

where the notation〈a, b, c, . . .〉 denotes the subgroup generated by the subset
{a, b, c, . . .}.

The organization of this paper is as follows: After preparing some lemmas in
Section 2, we prove Theorems 1 and 2 in Section 3. In the final section, we con-
sider a problem concerning manifolds with stronglypth moment stable stochastic
dynamical systems, and give an alternative proof for a result in Elworthy and
Rosenberg [5].
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2. Preliminaries

In this section, we collect several properties ofp-harmonic maps andn-energy
which will be used later in the proofs of theorems.

PROPOSITION 1.LetM andN be compact Riemannian manifolds, and letp >
n = dimM . Then each connected component ofC1(M,N) contains ap-harmonic
map which minimizes thep-energy functionalEp in this component.

Proof. This is a well-known fact and we only sketch the outline. By the assump-
tion p > n, the Sobolev embedding from L1,p(M,R`) to C0,δ(M,R`) is a compact
map for some smallδ > 0. Hence thep-energy Ep satisfies the Palais–Smale condi-
tion (C), and it attains its minimum in every connected component of L1,p(M, N).
From regularity results this minimizer belongs to C1(M, N). Since the two spaces
L1,p(M, N) and C1(M, N) have the same homotopy type, we get the desired
conclusion. 2
PROPOSITION 2.LetM andN be compact Riemannian manifolds. Assume that
M has nonnegative Ricci curvature and2 6 p 6 n wheren = dimM . Then there
exists a positive constantε1 which depend only onn, p and the Sobolev constant
ofM , such that if ap-harmonic mapu: M → N satisfies

∫
M ‖du‖n < ε1, thenu

is a constant map.
Proof. This is Theorem 1 in Nakauchi and Takakuwa [11]. The manifoldM is

assumed to be complete and noncompact with infinite volume in [11]. However,
the proof can be easily modified whenM is compact. (See the proof of Proposition
1 in [11].) 2
PROPOSITION 3.Let M andN be compact Riemannian manifolds, and a se-
quence{pj} satisfypj > n, limj→∞ pj = n, wheren = dimM . If a sequence of
pj-harmonic mapsuj : M → N of classC1 satisfies

∫
M ‖duj‖n 6 C, for some

constantC, then there exists a(possibly empty) finite subsetS ofM and a positive
constantε2 such that

(1) a subsequenceof{uj} converges to ann-harmonic mapu∞: M → N of class
C1 uniformly on any compact subset ofM \ S,

(2) each pointx ∈ S is characterized by the inequalitylim inf j→∞
∫
Bρ(x) ‖duj‖n >

ε2 for anyρ > 0.

Proof. If pj is a constant not greater thann, this is Theorem 2 in Nakauchi and
Takakuwa [11]. We have only to note that the proof, which uses Moser’s iteration
method, also works well in our case. In addition, a weaklyn-harmonic mapu∞
which is stated to be of classC1 on M \ S in [11] is in factC1 on M by the
removable singularity theorem of Duzaar and Fuchs [1]. 2
In the rest of this paper, we setε∗ = min{ε1, ε2}.
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36 SHIGEO KAWAI ET AL.

LEMMA 1. LetN be a compact manifold andn be a positive integer. Suppose that
for {pj} with pj > n andpj → n, a sequenceuj: Sn → N of pj-harmonic maps
with uniformly boundedn-energy is contained in a homotopy classα. If S 6= ∅,
then there exist a nontrivialn-harmonic mapu(1) and a sequencēuj ofC1-maps
such that for an arbitrary small constantε3,

α = [u(1)] + [ūj], En(u(1)) + En(ūj) 6 En(uj) + ε3,

for largej.
Proof. From Proposition 3, after passing to a subsequence, we conclude that

{uj} converges in C1loc(S
n \ S,N) to ann-harmonic map. SinceS is not empty,

we setS = {x1, x2, . . . , xl} (l > 1).
Let us take a small ballBr1(x1) of radiusr1 centered atx1 ∈ S, wherer1 is

so small thatx2, . . . , xl 6∈ B2r1(x1). We setρj = sup{‖duj‖(x) |x ∈ Br1(x1)},
and takex(j) ∈ Br1(x1) with ‖duj‖(x(j)) = ρj. If ρj is bounded, then‖duj‖ is
uniformly bounded in a neighborhood ofx1, which contradicts the factx1 ∈ S
and the characterization of the subsetS in Proposition 3. Hence we get, passing to
a subsequence, limj→∞ ρj = ∞. Furthermore, we may assumex(j) converges to
some point inBr1(x1). Sinceuj converges inC1 topology on every compact set in
Br1(x1) \ {x1}, we havex(j) → x1.

For this sequence of numbersρj, we take Euclidean ballsBρj (O) inRn of radius
ρj centered at the originO, and define a sequence of mapsûj ∈ C∞(Bρj (O), N)
by

ûj(x) = uj

(
expx(j)

(
r1

ρj
x

))
,

where expx(j) denotes the exponential map atx(j). Then it follows thatûj is a
critical point of the functional

Êj : {g ∈ L1,pj(Bρj (O),N)
∣∣∣ g|∂Bρj (O) = ûj |∂Bρj (O)} → R

defined by the equation̂Ej(g) =
∫
Bρj (O) ‖dg‖

pj
j dVj. In this definition,‖ ‖j (resp.

dVj) denotes the norm (resp. the volume form) in the metricĥj = ρ2
j( expx(j) ·J)∗h

whereJ : Bρj (O) → Br1(O) is the mapJ(x) = (r1/ρj)x, andh is the standard
metric of Sn. In addition we have

sup{‖dûj‖j(x)
∣∣∣x ∈ Bρj (O)} 6 1, ‖dûj‖j(O) = 1.

Becauseρj →∞, the sequence of metrics{ĥj} converges to the flat metric on
every fixed diskBR(O) asj →∞. Hence this uniform estimate of‖dûj‖j implies
that a subsequence of{ûj} converges to ann-harmonic map with respect to the
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flat metric on every fixed diskBR(O). Then we conclude by a diagonal argument
that a subsequence of{ûj} converges to a C1 n-harmonic mapv0 in C1-topology
on every compact subset ofRn. This mapv0 is nontrivial because‖dûj‖j(O) = 1.

Since the Euclidean spaceRn is conformally diffeomorphic to Sn minus the
north polePN , we are able to regard the mapv0 as ann-harmonic map from Sn\PN
to N . Since

∫
Sn ‖dv0‖n < ∞, from the removable singularity theorem of Duzaar

and Fuchs [1], this mapv0 extends to a nontrivialn-harmonic mapu(1): Sn → N
of classC1. From Proposition 2, we have En(u(1)) > ε∗.

To construct C1 mapsūj , let us fix an arbitrarily small numberε4, and proceed
as follows. For a numbera with 0 6 a < 1, we define a subset Sa of Sn =
{(x1, . . . , xn+1) |x2

1 + · · · + x2
n+1 = 1} by Sa = {(x1, . . . , xn+1) ∈ Sn |xn+1 6

a}. Then there exists a numbera sufficiently close to 1 such that

|En(u(1)
|Sa)− En(u(1)) | 6 ε4/2,

∫
∂Sa
‖∇u(1)

|∂Sa‖n dVa 6 ε4/d(a),

where dVa, d(a) denotes the volume form on∂Sa and the spherical distance from
∂Sa to the North PolePN respectively. For this fixed numbera, the sequence
{ûj}, considered as mappings from Sn \ PN to N , converges tou(1) on ∂Sa in
C1-topology.

From the definition, the map̂uj on ∂Sa is nearly equal touj on the boundary
of some small geodesic diskBj centered atx1. We now identify two spheres, one
the domain ofu(1) and the other the domain ofuj , by conformal transformations
Ψj which map Sa to Sn \ Bj . Thenuj ◦ Ψj converges tou(1) in C1 on ∂Sa, and
corresponding points of imagesu(1)(∂Sa) and(uj ◦ Ψj)(∂Sa) are connected by
unique shortest geodesicsc(s) of N for largej. In addition, we can assume that
these geodesics are defined on the interval[0, τj] and satisfy‖ċ(s)‖ 6 1. Note also
that limj→∞ τj = 0.

Let us chooseaj (> a) so that the spherical distance of two boundaries of∂Sa
and∂Saj is equal toτj. We consider a C1 maptj: Saj \ Sa → N which satisfies

tj|∂Saj
= u(1)|∂Sa , tj|∂Sa = uj ◦Ψj|∂Sa

and maps the ‘meridian curves’ connecting two boundaries to geodesic curvesc(s).
Then we have

∫
∂Sb
‖∇tj |∂Sb

‖n dVb 6 2ε4/d(a) for everyb with a 6 b 6 aj and
for largej. Hence we obtain∫

Saj\Sa
‖ċ(s)‖n 6 vol (Saj \ Sa) 6 vol (Sn−1) τj

and ∫
Saj\Sa

‖∇∂tj‖n 6 (2ε4/d(a))τj ,
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where vol( · ) and∇∂ denote the volume and the derivative in the direction of∂Sb
respectively. Thus then-energy oftj becomes small asj →∞.

Now we definēuj : Sn → N by the following equation:

ūj =


uj ◦Ψj on Sa,

tj on Saj \Sa,
u(1) ◦Φj on Sn\Saj .

Here the mapΦj is a conformal transformation from Sn \Saj to Sn \Sa, such that
the points of∂(Sn \ Saj ) are mapped along the ‘meridian curves’. We remark that
the mapu(1) on∂Sa coincide with the map̄uj on∂(Sn \Saj ). Then it follows that
[u(1)] + [ūj ] = [uj ]. In addition for largej, En(u(1)) is nearly equal to En(uj |Bj ),
and En(ūj) is nearly equal to En(uj |Sn\Bj ). Hence we have the estimate

En(u(1)) + En(ūj) 6 En(uj) + ε3

for largej which completes the proof. 2
LEMMA 2. Letφ1 andφ2 beC1 maps fromSn to a Riemannian manifoldN , and
ε be an arbitrary positive number. Then there exists aC1 mapφ: Sn → N such
thatEn(φ) < En(φ1) + En(φ2) + ε, [φ] = [φ1] + [φ2] hold.

Proof. In the beginning, we consider the connected sums of two spheres by
long thin tubes, and show that they are conformally equivalent to Sn. Fix a point
P of Sn and consider the polar geodesic coordinate(r, θ) ∈ R+ × Sn−1 in a
neighborhood ofP whereR+ and Sn−1 denote the set of positive real numbers and
(n − 1)-dimensional unit sphere respectively. With respect to this coordinate, the
standard metricg0 on the unit sphere is written asg0 = dr2 + (sinr)2 dθ2. For
every smallr0 > 0, the metricg1 in a neighborhood of the origin (origin deleted)
defined by

g1 =
(

sinr0

sinr

)2

g0 =
(

sinr0

sinr

)2

dr2 + (sinr0)2 dθ2

is conformally flat and isometric to the product ofR and the sphere of radius sinr0.
Indeed an isometry is given by

(r, θ) 7→ sinr0

(∫
dr

sinr
, θ

)
.

Let us take the following continuous function̄f on Sn \ P :

f̄ =

 1 on Sn \Br0(P ),
sinr0

sinr
onBr0(P ) \ P
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and approximate it inC0 sense by a smooth functionf so thatf = f̄ onBr0(P )\P .
Then the metricf2 g0 on Sn \ P is conformally flat, and we can cut and paste the
infinite tubes of these two objects to obtain a new manifold S∗ which is also
conformally flat. Note that we can make the tube as thin and long as possible.

Since S∗ is simply connected and conformally flat, there exists a development
ψ, i.e., a conformal immersion from S∗ to Sn. Compactness of S∗ implies that this
mapψ is a conformal equivalence.

Now join the two images ofφ1 andφ2 by a curve inN . Let us consider a map
φ0: S∗ → N which is equal toφ1 andφ2 on the two punctured spheres, and maps
the tube along this curve. If the tube is sufficiently thin and long, we have

En(φ0) < En(φ1) + En(φ2) + ε, [φ0] = [φ1] + [φ2].

This is because the norm of the derivative ofφ0 in the axial direction of the tube
becomes arbitrarily small at each point, and the volume of the tube does not increase
as we make the tube thin and long. By the conformal invariance ofn-energy, we
obtain the desired mapφ = φ0 ◦ ψ−1. 2

3. Proofs of Theorems

Proof of Theorem1. For any givenu ∈ C1(Sn, N), we take a nonnegative
integerm with

ε∗

2
m 6 inf

v∈α
En(v) <

ε∗

2
(m+ 1) ,

whereε∗ is the constant defined in the preceding section, andα is the homotopy
class ofu.

By Proposition 1, we can find a sequence{uj}∞j=1 of minimizing pj-harmonic
maps (pj > n, pj → n) in the classα. This one is an En-minimizing sequence
in α for the following reason: Let us takev0 ∈ α with En(v0) 6 infα En + ε, and
denote byω the volume of Sn. Then we have for largej,

En(uj) 6 (Epj(uj))
n/pjω1−(n/pj)

6 (Epj(v0))n/pjω1−(n/pj)

6 (En(v0) + ε)n/pjω1−(n/pj)

6 (inf
α

En + 2ε)n/pjω1−(n/pj).

Consequently En(uj) converges to infv∈α En(v) asj →∞.
If m = 0, we obtainS = ∅ and a subsequence converges to ann-harmonic map

in C1(Sn, N). Indeed ifS 6= ∅ we get from Lemma 1, mapsu(1) andūj with

α = [u(1)] + [ūj], En(u(1)) + En(ūj) < ε∗.
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Since this mapu(1) is a nontrivialn-harmonic map, we have En(u(1)) > ε∗ which
is a contradiction. On the other hand then-harmonic map to which a subsequence
converges is a constant map from Proposition 2. Henceu is nulhomotopic and we
complete the proof of Theorem 1 takingk = 1,u(1) ≡ constant.

Whenm > 0, we assume that the conclusion is true for any homotopy classγ
with infv∈γ En(v) < (ε∗/2)m and show that it also holds forα. For this purpose
we apply Lemma 1 and obtain mapsu(1) andūj. In the following, it is shown that
the map̄uj satisfies the inequality En(ūj) < (ε∗/2)m. Since the sequence{ūj} is
contained in a fixed homotopy class, we denote this class byβ. From Lemma 1,
we have

En(u(1)) + En(ūj) 6 En(uj) + ε3

for largej. Since{uj} is a minimizing sequence for En in α, the inequality

En(u(1)) + inf
v∈β

En(v) 6 inf
v∈α

En(v)

holds.
If we assume that the strict inequality

En(u(1)) + inf
v∈β

En(v) < inf
v∈α

En(v)

holds, then taking somev1 ∈ β and applying Lemma 2 foru(1) andv1, we obtain
a mapv2 ∈ α which satisfies En(v2) < infv∈α En(v). This is a contradiction and
we have the equality

En(u(1)) + inf
v∈β

En(v) = inf
v∈α

En(v).

The same argument shows that the mapu(1) is a minimizer of En in [u(1)].
On the other hand, for sufficiently largej and smallε3, we get

En(ūj) 6 inf
v∈α

En(v)− En(u(1)) + ε3

6
ε∗

2
(m + 1)− ε∗ + ε3

<
ε∗

2
m.

Consequently, by the inductive assumption,n-harmonic mapsu(2), . . . , u(k) of
classC1 exist such that

β = [u(2)] + · · · + [u(k)],
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inf
v∈β

En(v) = En(u(2)) + · · ·+ En(u(k))

andu(i) (2 6 i 6 k) is a minimizer of En in [u(i)]. Hence we conclude that

α = [u(1)] + β = [u(1)] + [u(2)] + · · ·+ [u(k)],

and

En(u(1)) + En(u(2)) + · · ·+ En(u(k))

= En(u(1)) + inf
v∈β

En(v)

= inf
v∈α

En(v).

Thus the proof of Theorem 1 is completed. 2
Proof of Theorem2. To show the existence off (1), let {fj} be a sequence

in C1(Sn,N) so that[fj] 6= 0, En(fj) → inf{En(f) | [f ] 6= 0}. We may take a
sequence{pj} with pj > n andpj → n, and assume that eachfj is apj-harmonic
map which minimizes Epj in [fj]. If a subsequence of{fj} converges inC1-
topology to ann-harmonic map, we can take this map asf (1). If it is not the case
we obtain from Lemma 1, a sequence of maps{hj} inC1(Sn,N) and a nonconstant
n-harmonic mapg(1): Sn → N such that[g(1)] + [hj ] = [fj], En(g(1)) > ε∗ and
for every smallε4, the inequality En(g(1)) + En(hj) < En(fj) + ε4 holds for large
j. Moreover the mapg(1) gives the minimum of En in its free homotopy class.
Clearly[g(1)] 6= 0 and we definef (1) = g(1).

Next we choose a sequence in{[f ] | [f ] /∈ 〈[f (1)]〉}and repeat the same argument
to definef (2). In the same manner, we can definef (3), etc. SinceN is simply
connectedπn(N) is finitely generated. Hence this process has to stop in finite
steps, and the proof of Theorem 2 is completed. 2
4. Application

With regard to this section we refer to Elworthy and Rosenberg [5] for details.
Let{Ft}t>0 be the solution flow of a stochastic dynamical system on a compact

Riemannian manifold and{TFt} the derivative flow. This system is said to be
‘stronglypth moment stable’ if the inequality

lim sup
t→∞

1
t

log sup
x∈M

E‖TxFt‖p < 0

holds. In [5] the topological implications of the existence of such systems are
considered.
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THEOREM 3 (Corollary 2B1 in [5]).If a compact manifoldN admit a stronglyp-
th moment stable stochastic dynamical system, thenπk(N) = 0 for k = 1,2, . . . , p.
In particular for p > dimN/2, a pth moment stable stochastic dynamical system
can only exist on homotopy spheres.

To prove this they first consider the integral homology group. By the result of H.
Federer and W. Fleming, each homology class is represented by a mass minimizing
integral current. From the assumption of the theorem every integral current can
be deformed to one with arbitrary small mass. Hence we haveHk(N) = 0 for
k = 1,2, . . . , p. Then homotopy groups vanish from algebraic topology.

This can be also shown considering homotopy groups directly. Indeed the fol-
lowing is already proved in [5] (Theorem 1B).

If a compact Riemannian manifoldN admits a stronglypth moment stable stochast-
ic dynamical system, then everyC1 map from a Riemannian manifold toN of finite
p-energy is homotopic to a map with arbitrary smallp-energy.

Using this and Theorem 1, we easily get an alternative proof of Theorem 3.
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