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Quantum Unique Ergodicity on Locally
Symmetric Spaces: the Degenerate Lift

Lior Silberman

Abstract. Given a measure fioo on a locally symmetric space Y = I'\G/K obtained as a weak-* limit
of probability measures associated with eigenfunctions of the ring of invariant differential operators,
we construct a measure fio. on the homogeneous space X = I'\G that lifts fioo and is invariant by a
connected subgroup A; c A of positive dimension, where G = NAK is an Iwasawa decomposition.
If the functions are, in addition, eigenfunctions of the Hecke operators, then i is also the limit
of measures associated with Hecke eigenfunctions on X. This generalizes results of the author with
A. Venkatesh in the case where the spectral parameters stay away from the walls of the Weyl chamber.

1 Introduction

Previous work of the author with A. Venkatesh [17] investigated the asymptotic be-
haviour of eigenfunctions on high-rank locally symmetric spaces, under the assump-
tion that the spectral parameters (see below) were non-degenerate, in that their imag-
inary parts were located away from the walls of the Weyl chamber (in particular, this
forced the spectral parameters to lie on the unitary axis). This paper removes this as-
sumption at the cost of a weaker invariance statement for the limiting measures. In
addition, it obtains a useful bound on the norm of vectors in a unitarizable principal
series representation with non-unitary parameter.

1.1 The Problem of Quantum Unique Ergodicity: Statement of the Result

Initially, let Y be a (compact) Riemannian manifold. To a non-zero eigenfunction
Y, of the Laplace-Beltrami operator A with eigenvalue —A,, we attach the probability

measure
- 1
in(9) = — [ () 9() dy.
lyal™ 7Y
Classifying the possible limits (in the weak-* sense) of sequences {/,}..,, where

Au — oo is known as the problem of “Quantum Unique Ergodicity” (specifically,
“QUE on Y”). Nearly all attacks on this problem begin by associating with each mea-
sure fi, a distribution (“Wigner measure” or “microlocal lift”) 4, on the unit cotan-
gent bundle S*Y that projects to i, on Y, in such a way that any weak-* limit of the
Un is a probability measure, invariant under the geodesic flow on $*Y. This approach
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(due to Schnirel’'man, Zelditch, and Colin de Verdiére [6,18,22]) leads to a reformu-
lation of the problem (“QUE on S$*Y”), where one seeks to classify the weak-* limits
of sequences such as {y, } .. Here results from dynamical systems concerning mea-
sures invariant under the geodesic flow can be brought to bear. In particular, under
the very general assumption that the geodesic flow on S*Y is ergodic, it was shown
by these authors that the Liouville measure on S$*Y (the Riemannian volume asso-
ciated with the natural extension of the metric from Y to $*Y) is the limit measure
for a sequence of eigenfunctions of density 1. Thus the Riemannian volume on Y,
being the projection of Liouville measure, is always a limit of a sequence of measures
fn, and other limit measure are an exception and must correspond to sparse subse-
quences of eigenfunctions. The most spectacular realization of this approach to QUE
is in the work of Lindenstrauss [13] on congruence hyperbolic surfaces, showing, for
eigenfunctions v, which are also eigenfunctions of the so-called Hecke operators, that
the Riemannian volume is the only limiting measure." In fact, Rudnick and Sarnak
[15] conjecture that this phenomenon (uniqueness of the limit) holds for all compact
manifolds Y of (possibly variable) negative sectional curvature. Results in that level
of generality have also appeared recently, starting with the breakthrough of [1].

In this paper we consider a technical aspect of the problem on locally symmetric
spaces Y = I'\G/K of non-compact type. Here G is a semisimple Lie group with finite
centre, K is a maximal compact subgroup, and I' < G is a lattice (thus Y is of finite
volume but not necessarily compact). On such spaces there is a natural commutative
algebra of differential operators containing the Laplace-Beltrami operator, the algebra
of G-invariant differential operators on G/K, and it is more natural to consider joint
eigenfunctions v, € L*(Y) of this algebra.

In [17], generalizing the works of Zelditch [23] and Wolpert [20] for hyperbolic
surfaces (see also [12]), a representation-theoretic approach to the microlocal lift on
Y is given under a genericity assumption (“non-degeneracy”), that the sequence of
spectral parameters v, € af. (here a = Lie(A), where G = NAK is an Iwasawa de-
composition) associated with the v, be contained in a proper subcone of the open
Weyl chamber in iap. Under that assumption, and any weak-* limit ji, of a se-
quence as above was seen to be the projection of an A-invariant positive measure
too 0n X = T\G. In this paper the non-degeneracy assumption is removed.

Theorem 1.1  Assume that

o owk-* L
- .
‘btn n—oo #oo

Then there exists a non-trivial connected subgroup A; c A and an A,-invariant positive
measure 0o, on X projecting to floo.

In more detail, let C2°(X)k be the space of right K-finite smooth functions of com-
pact support on X = T\G. By a distribution we shall mean an element of its algebraic
dual. Then, after passing to a subsequence, we obtain distributions p, € CZ(X)} and
functions §,, € L*(X) such that the following hold.

(i) (Lift) The distributions u, project to the measures ji, on Y. In other words, for
¢ € C(Y) we have () = fin(9).

IFor non-compact surfaces this statement requires the result of [19].
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(ii) Let 0, be the measure on X such that do,(x) = |¥,(x)|* dx. Then

(a) (Positivity) {an}:’:l converges weak-* to a measure 0, on X, necessarily a
positive measure of total mass < 1.
(b) (Consistency) For any ¢ € C°(X)k, |00 (d) — pn(¢)| > 0 as n > oo.

(iii) (Invariance) Let the normalized spectral parameters® v, converge to a limiting
parameter Vo, in the closed positive Weyl chamber of iag. Then o is invariant
by A1Zx (A1), where Ay c A is the set of elements fixed by the stabilizer Wy =
Staby (Ve ) (here W = Ng(A)/Zg(A) is the Weyl group of G; it acts naturally
on A and ag).

(iv) (Equivariance) ¥, belongs to the irreducible subrepresentation of G in L*(X) gen-
erated by v, (the latter thought of as a K-invariant function on X). In particular,
if H is a commutative algebra of bounded operators on L*(X) that commute with
the G-action and v, is a joint eigenfunction of H, then so is ¥, with the same
eigenvalues.

Remark 1.2 It is important to note that (if Y is compact) the microlocal approach
of Schnirel'man, Zelditch, and Colin de Verdiere can also be generalized to this set-
ting: there is an equivariant microlocal calculus on the globally symmetric space G/K
using the Helgason Fourier Transform (replacing the usual Fourier transform used in
the usual microlocal calculus on R"). This construction may be found in [2] and
(somewhat differently) in the work of Hansen-Hilgert-Schroder [9]. This microlo-
cal approach lifts the measures on Y to distributions on $*Y, but in fact all limits
of these measures are supported on singular subsets there, which are isomorphic to
submanifolds of the form T'\G, and moreover are M;-invariant for appropriate com-
pact subgroups M;. The lift here is directly supported on the “correct” target I'\G/M;.
The approach given here has the advantage of applying equally well to finite-volume
quotients, and in the congruence setting it is desirable to have the lift be manifestly
equivariant with respect to the action of the Hecke algebra, something that is not ob-
vious in the microlocal approach. Further discussion of the connection between the
representation-theoretic and microlocal approaches may be found in Section 5.

Remark 1.3 When Y is compact, (ii)(a) can be strengthened: the limit measure
must be a probability measure. However, in the non-compact case the methods of the
present paper can only prove the theorem as stated and cannot rule out the possibil-
ity of escape of mass: that the limiting measure has total mass less than 1 (perhaps it
vanishes entirely). Conjecturally, mass does not escape; this was recently shown for
Hecke eigenfunctions on the modular surface in [19].

As an aside, when Y is non-compact, the spectral decomposition of L*(Y') with
respect to the algebra of invariant operators contains both a discrete part and a con-
tinuous part. We will only consider eigenfunctions in L?(Y) (that is, eigenfunctions
in the discrete spectrum), ignoring the continuous spectrum. There is also a further
partition of the discrete spectrum into its so-called cuspidal and residual parts, but

2For G simple, these are v, /|v,|. For G semisimple see the discussion in [17, §5.1], which also
discusses the generalization to groups with infinite centre.
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this distinction is immaterial to our discussion; we only use the assumption that the
eigenfunctions belong to L*(Y).

1.2 Sketch of the Proof

As can be expected, we shall trace a path similar to that of the previous work. Given
vn € L*(X) lety/,, v/ € L*(X) be two other elements in the irreducible subrepresen-
tation of L?(X) generated by y,,. Then for test functions g € C°(X), the integral

(L) g f ¥, i g dvol
X

defines a measure on X (fi, is the case where v/, = v/, = y,,), and we will study lim-
its of this larger family of measures. We construct an asymptotic calculus for these
measures by uniformizing the representation via the compact picture of a principal
series representation induced from a potentially non-unitary character (we denote
these representations (I,, V), where Vi is the space of K-finite functions on M\K
and v € ag is the parameter; for the precise definition see Subsection 2.3). A prerequi-
site for taking limits in this setting is the following a-priori bound on these measures
with respect to the uniformization, a technical contribution of this paper.

Theorem 1.4 Let (71, Vy) € G be spherical, and let R: (I, Vi) — (1, V) be an®
intertwining operator with the real part of v € a¢ in the closed positive chamber €,
normalized such that |R(¢o)| v, =1, where g € Vi is the constant function 1. We then

have [R(f) v, < | fll2(x) for any f € Vi.

Surprisingly, this useful fact is missing from the literature and was unknown to
several experts consulted. It is proved in Section 3 as a consequence of the rationality
of K-finite matrix coefficients by bounding the analytical continuation of the normal-
ized intertwining operators A(v;w): (I, Vk) — (L, Vi) associated with elements
w of the Weyl group W.

With this bound in hand we extend the asymptotic calculus of [17] to our setting.
We construct the distributions y,, in Section 4.1 (see Definition 4.3) by letting y/, = v,
be the spherical vector and letting v/, be a distributional vector of the representation,
specifically the one corresponding to the singular measure &; supported on M\ M; c
M\K, where M; = Zx(A;).

Integration by parts on X shows that the measures (1.1) are roughly unchanged if
v, v, are changed in compatible ways (if they correspond to ¢', ¢" € Vi and at least
one of ¢’, ¢" is left- M, -invariant), then (in the limit of large spectral parameters) the
measure in (1.1) approximately only depends on the product ¢’¢”. We have made the
choice ¢’ = ¢y, ¢" = 8, so that the product ¢(d; is a positive measure on M;\K. We
can approximate this measure by the function |¢|* for some ¢ € V, and going back
to (1.1) we have approximated our distribution by the one where v, = y|, correspond
to ¢, which is a positive measure on X. It follows that any limit of the y, is a positive
measure.

3Such R always exist; of course v depends on 7.
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A; invariance is obtained by finding a family of explicit differential equations sat-
isfied by the distributions. The ring of invariant differential operators has an explicit
isomorphism to the ring of polynomials in dim A variables (the Harish-Chandra iso-
morphism). Each invariant operator acts as a scalar on the representation generated
by y,,, which gives an explicit differential equation satisfied by y,. Examining the
highest-order terms shows that each generator of the ring gives invariance of the limit
in a single direction in A (depending on v, ). When v, is non-degenerate (in the inte-
rior of the Weyl chamber), these directions are linearly independent and the measure
is A-invariant. In the degenerate case these directions become dependent; we call the
subgroup generated by them A;.

1.3 A Measure Rigidity Problem on Locally Symmetric Spaces

An introduction to the relations between the general problem of Quantum Unique
Ergodicity and the cases of manifolds of negative curvature and locally symmetric
spaces of non-positive curvature may be found in [17]. We consider here only the
latter case, where again we have the following conjecture.

Conjecture 1.5 (Silberman-Venkatesh) The sequence {fi,},., converges weak-* to

dvoly
vol(Y)*

the normalized volume measure

We recall the strategy pioneered by Lindenstrauss toward the “arithmetic” case of
such conjectures, that is when I' is a congruence lattice and y,, are also eigenfunctions
of the algebra H{ of Hecke operators on L?(X). Assume the sequence i, converges to
a measure fe.

(a) Lift: Passing to a subsequence, lift ji to a positive measure g, on X that projects
to fie under averaging by K and is invariant under a subgroup H < G, in a way
that respects the H-action.

(b) Extra smoothness: Using the geometry of the action of J(, show that any mea-
sure o, thus obtained is not too singular (for example, that the dimension of its
support must be strictly larger than that of H).

(c) Measure rigidity: Using classification results for H-invariant measures on X, show
that the additional information of Step (b) forces o to be a G-invariant measure
on X.

The result of this paper extend Step (a) of the strategy to the degenerate case; the
methods used for Step (b) in [5] and [16] rely on the Hecke algebra alone. Realizing
Step (c) then requires higher-rank measure classification results for A;-invariant mea-
sures. Such results are now becoming available (see [7], but note the counter-example
[14]). The results of this paper provide one of the few “natural” sources of A;-invariant
measures on I'\G and raise the following challenge.

Problem 1.6 LetT < G be a congruence lattice associated with a Q-structure on G
and let A; c A be a non-trivial one-parameter subgroup fixed by a subgroup of the
Weyl group. Let ¥, € L*(X) be eigenfunctions of the Hecke operators on X = I'\G
such that their associated probability measures o,, converge weak-* to an A,-invariant
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measure 0. Is it true that 0 is then a (continuous) linear combination of algebraic
measures on X?

2 Notation and Preliminaries
2.1 Structure Theory: Real Groups

Let G be a connected almost simple Lie group,* and let be g = Lie(G) its Lie algebra.
Let © be a Cartan involution for G, let 8 be the differential of ® at the identity and let
g = p@tbe the associated polar decomposition. We fix a maximal Abelian subalgebra
a c p. Its dimension is the (real) rank rk G.

The dual vector space to a will be denoted ag, and will be distinguished from the
complexification ag §fuﬁ§ ®r C. For a € ag, set

o= (X e VH s [H.X] o).

Let A = A(g:a) denote the set of roots (the non-zero & € aj such that g, # 0). Then
9 =00 ® Dyea Ga> and go = a @ m, where m = Z¢(a). For « € aj we set p, = dimg,,
Qo = dim 92a-

The Killing form B induces a positive-definite pairing (X,Y) = -B(X,0Y) on
g that remains non-degenerate when restricted to a. We identify a and a via this
pairing, giving us a non-degenerate pairing (-, -) on ay and letting H, € a denote
the element corresponding to & € A. With this Euclidean structure on ag, the subset
A is a root system, and we denote its Weyl group by W(g:a). A root a € A is reduced
if 2 ¢ A. The set of reduced roots A" ¢ A is a root system as well. With w € W we
associate the subset @,, = A" 0 A* n w™ A~ of positive reduced roots 8 such that wf3
is negative.

We fix a simple system IT c A, giving us a notion of positivity, and let A* (A7)
denote the set of positive (negative) roots, p = 2 3 ca+ paa € a. For f € A" and

v eag, weset vg = 2&;5)) Then

¢ ={veay|VBell:vs>0}

is the open positive Weyl chamber. Its closure will be denoted %". We will also consider
the open domain

Q=% +ias = {veaiR(v)e?}
and its closure Q. More generally, for w € W, we set

Cw={veay|VBed, :vs>0}

leading in the same fashion to %, C agp and Q,, c Q, c ag.

4The results of this paper hold (with natural modifications) for reductive G. The details may be
found in [17, §5.1].
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Returning to the Lie algebra we set n = @ycp+ga, 1t = On = @yen-gq and obtain
the Iwasawa decomposition g = n @ a @ £. On the group level we set

K={geG|0(g)=g}, A=expa, N=expn, N =expi.

These are closed subgroups with Lie algebras €, a,n, it respectively; K is a maximal
compact subgroup, A a maximal diagonalizable subgroup, and N a maximal unipo-
tent subgroup. With these we have the Iwasawa decomposition G = NAK. Another
important subgroup is M = Zx(a) which normalizes N, N. Although M is not nec-
essarily connected, m = Lie(M) holds. The action of W = Nx(a)/Zk(a) on aj, gives
an isomorphism of W and the algebraic Weyl group W(g:a) defined above.

Let dk be a probability Haar measure on K, da, dn Haar measures on A and N.
Then dn - a*’da - dk is a Haar measure on G. The linear functional f — [ f(k)dk
on the space J? = {f € C(G): f(nag) = a** f(g)} is right G-invariant.

2.2 Complexification

Let b be a maximal torus in the compact Lie algebra m, h = a® b. Then b is a maximal
Abelian semisimple subalgebra of g, that is, a Cartan subalgebra.

Now gc is a complex semisimple Lie algebra of which h¢ is a Cartan subalgebra.
We let A(gc:he) denote the associated root system, and W(gc:hc) its Weyl group.
The restriction of any « € A(gc:he) to a is either a root of g or zero. We fix a notion
of positivity on A(gc:hc) compatible with our choice for A(g:a), and let p, € b
denote half the sum of the positive roots in A(gc:hc). Once py, makes its appearance
we shall use p, for p defined before.

The image of N () in W(gc:he) is W = Ng(h)/Zy(b), since any k € N (h)
must normalize a, b separately.

Lemma 21 W(m:b) ~ Ny (b)/Zy(b) is normal in W; the quotient is naturally
isomorphic to W(g:a).

Proof That Ny (b) = Ng(h) n Zg(a) gives the first assertion, and shows that the
quotient embeds in W(g:a) since Nx(h) c Nk(a). To show that the embedding is
surjective let w € Nx(a) and consider Ad(w)b. This is the Lie algebra of a maximal
torus of M (Ad(w) is an automorphism of M), hence conjugate to b in M. In other
words, there exists m € M such that Ad(w)b = Ad(m)b and hence m™'w € Ng(b).
This element also normalizes a, and hence wM € W has a representative in Nx(h).

|

Corollary 2.2 Under the identification af. = {v € h¢ | v 1o= 0} (dual to the identifi-
cation a ~ h/b) the group W ¢ W (gc:hc) acts on af. via its quotient map to W.

We let U(gc) denote the universal enveloping algebra of the complexification of
g (and similarly U(ac), U(ng),...). In such an algebra we let U(gc)*? denote the
subspace generated by all (non-commutative) monomials in gc of degree at most d.
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2.3 Representation Theory

For any continuous representation of K on a Fréchet space W and 7 € K, we let W,
denote the t-isotypical subspace, and we let Wx = @&, W, denote the (dense) sub-
space of K-finite vectors. We let Wy = [1, W, denote the completion of Wx with re-
spect to this decomposition. This is the space of formal sums Y, w,, where w, € W..
We endow Wy with the product topology, which is also the topology of convergence
component-wise.

We specifically set V = C(M\K) with the right regular action of K and let Vi
denote the space of K-finite vectors there. We also have Vi = L}*(M\K); Vi can
be identified with the algebraic dual Vi via the pairing (f, Y, ¢:) = X, /| xS P
the product topology is the weak-* topology. We let ¢g € Vi denote the function
everywhere equal to 1.

Definition 2.3 For v € ag. let G act by the right regular representation on
F'={¢eC®(G)|VneN,acAmeM,geG: f(namg)=a""f(g)}.

This induces a (g, K)-module structure on the space of K-finite vectors Fy. By the
Iwasawa decomposition the restriction map J} — Vi is an isomorphism of algebraic
representations of K, giving us a model (I,, Vi) for Fj. Given ® = ¥, ¢, € Vi and
X e g, weset [,(X)® = ¥, I,(X)¢,. The sum is locally finite: for 7’ € K, the only
summands having 7'-components are those corresponding to finite set of K-types
7 such that the contragradient 7 occurs in the tensor product of 7/ and the adjoint
representation of K on g. Let 1 denote the trivial representation of (g, K), where the
complex number z acts by multiplication by z. Let (I, VK) =(1,, \71() 1.

Notation 2.4 Let (J,,Vi) denote the (g, K) module (I, ® I,, Vk ® V).

Fact 2.5 (Induced Representations)

(i) The pairing (f,g) ~ fM\K fg is a G-invariant pairing on 3¥ ® F~". Equiva-
lently, (f,g) ~ [M\K f g is an invariant Hermitian pairing between (I,,, Vg ) and
(I_3, Vk). For v € iag (the unitary axis), it follows that (I,, Vx) is unitarizable,
its invariant Hermitian form given by the standard pairing of L*( M\K).

(ii) The induced representation is irreducible for v lying in an open dense subset of iag.

(iii) Every irreducible spherical (g, K)-module (7, V;;) can be realized as a quotient
via an intertwining operator R: (I,,, Vi) — (1, V), for some v € €.

2.4 Intertwining Operators

Given w € W and v € ag, we can uniquely extend any ¢ € Vi to an element of
(also denoted ¢). For v € €, we can then define an endomorphism A(v; w) of Vi by

(Asw)$) (K) = [ gliwk)di

(the integral converges absolutely in this case). This operator is manifestly K-equi-
variant, and it is easy to check that it intertwines the representations (I,, Vx) and
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(Iwv, Vk), and that it is holomorphic in the domain Q,,, as a sum of maps Q,, —
End(V{¢).

Fact 2.6 (Intertwining Operators)

(i)  [10, Prop. 60(i)] The operators A(v;w) admit a meromorphic continuation to all
of ag., intertwining the representations (I, Vx) and (I,,y, V). For v € iag, they
are unitary operators.

(i) [11, SVIL5] For v € ag and f € A, set vg = 2(({;,5)). Forw € W set

O, ={peA2A|BeA nw AT},

Then A(viw)¢o = r(v;w)do, where

rvwy= 10 | T(ps+dp) _ T(zvp) I(;(vs + pp)) ]
) pea, L T(3(pp+ap)) TG (vp+ pp)) T(5(vp + pp) + 3qp) 4

We set A(v;w) = 1 (v;w)A(v; w).

(iii) [11, Ch.XVI] If the spherical representation (7, V) is unitarizable and realized as
a quotient of (I,,, Vi) as before, these exists w € W withw? = 1such that wv = —v;
furthermore, R(v) belongs to a fixed compact set.

(iv) Conversely, let w € W satisfy w* =1, and let v € a. such that wv = —v. Then

(f.8)r~ <A(V5W)f’g)m(1<)

defines a non-zero (g, K)-equivariant Hermitian pairing on (I,, Vk); the sub-
space where the pairing vanishes is the kernel of A(v;w) and the quotient is irre-
ducible. The quotient is unitarizable if and only if the pairing is semidefinite, and
every unitary spherical representation arises this way.

(v) [4, Thm. 2.1(6)] For fixed ¢,y € Vi the matrix coefficient

V> <A(v;w)¢, 1//> L2(K)
is a rational function of v where we identify a5 with CY™® via the map v

(v(Hq) ) qert-

Remark 2.7 Since Vi contains a unique copy of the trivial representation of K, we
must have A(v;w)¢o = r(v; w)¢o for some meromorphic function r(v; w). Showing
that the integral defining r(v; w) converges absolutely for v € €, proves the absolute
convergence claim above.

Since r(v; w) does not vanish in the open domain Q,,, A(v; ) cannot have zeroes
or poles there.

3 Interpolation Bounds on Intertwining Operators

Lemma 3.1 Let f € C(z) be a rational function of one variable. Suppose that f is
bounded on the line R(z) = 0 and has no poles to the right of the line. Then

sup{ f(2) | R(2) > 0} = sup{ £(2) | 9(z) = 0}..
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Proof Composing with a Mobius transformation we can instead consider the case
of a rational function f holomorphic in the interior of the unit disk D and bounded
on 0D \ {1}. The singularity of f at z = 1 is at most a pole since f is rational. The
boundedness on the rest of the boundary then shows the singularity is removable so
that f is continuous on the closed disk. Finally, apply the usual maximum principle.

|

Proposition 3.2 Letw € W, and let %:(v;w):(l,,,VK) — (Iyy, Vi) be the in-
tertwining operator, normalized such that A(v;w)¢o = ¢o. Then the operator norm
[ACv; w) |l L2 (k)>12(k) is at most 1 for v € Q.

An immediate corollary is that the normalized operator has no poles on the bound-
ary of Q,, (the un-normalized integral A(v;w) does have such poles).

Proof By duality, it suffices to show that

(AV(V; W)¢’ W) L2(K) < HngLZ(K) HVJHLZ(K)

holds for all non-zero ¢, ¢ € Vk and all v as above. As the left-hand side is a mero-
morphic function of v, it suffices to establish the inequality for 98(v) € %,,, which we
assume henceforth.

We restrict the left-hand side to a one-parameter family of spectral parameters by
considering the meromorphic one-variable function

f(2) :

- m( A(iT(v) + 2R (v);w) ¢, v) (k)

It will be convenient to write v, = iJ(v) + z93(v) so that v; = v, and note that the
parameters in our family satisfy R(v,;) = R(z)R(v) and in particular R(v,) € G,
when R(z) > 0. Arthur’s result quoted above (Fact 2.6(iv)) says that f(z) is a rational
function of z. It has no poles in the domain 23(z) > 0, since the intertwining operator
has no poles in Q,,. When z = it € iR, the parameter v, € iap is unitary and hence
A(v,;w) is a unitary operator, which implies |f(z)| < 1 by Cauchy-Schwartz. In
particular, f has no poles on this line, and the claim now follows from the lemma. W

Proof of Theorem 1.4 Let (7, V;) € G be spherical, and let R: (I,,, Vi) — (7, V)
be a non-zero intertwining operator with the real part of v € ag. in the closed positive
chamber %, normalized such that | R(¢)|v, = 1.

By Fact 2.6(iii) there exists an involution w € W such that wv = —7¥ and such
that (¢, A(v;w)y)12(k) is a G-equivariant Hermitian pairing on (I,, V). Also, the
image of A(w, v) is irreducible (in fact, isomorphic to 7). By Schur’s Lemma there
is ¢ > 0 such that for all K-finite ¢ we have |R(¢)|v, = c(A(v;w)¢, ¢)r2(x) - Our
normalization implies that the constant of proportionality is 1, and the bound on the
intertwining operator gives the claim [R(¢)|v, < ¢ 12(x)- [ |

4 Degenerate Lift

In this section we establish Theorem 1.1.

https://doi.org/10.4153/CMB-2015-023-0 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2015-023-0

642 L. Silberman

4.1 The Basic Construction

One eigenfunction Let y € L?(Y) be a normalized eigenfunction with the parame-
ter v € Q,; let R: (I, Vi) — (R, L*(X)x) be an intertwining operator with R(¢o) =
y. Note that the image of R is the subrepresentation generated by y, which is irre-
ducible. Given fi, f, € Vg and g € C°(X)g, we set

pn(ho £)(8) % [ RGDR()gdvolx.

By the Cauchy-Schwartz inequality and Theorem 1.4,
|[‘R(f1’f2)(g)| < HfIHLZ(K) | f2 HLZ(K) Hg”Lw(X) :

In particular, the pgr(fi, f2) extend to finite Borel measures on X (positive measures
when f; = f,), but the key fact is that the bound on the total variation of these mea-
sures depends on f; and f, but not on v or R.

This construction extends to the case where one of the two test vectors is not
K-finite. Given ® = Y.z ¢+ € VK, we set

ur(f,®)(g) = X ur(f> ¢:)(8)

1eK

noting that only finitely many 7 can contribute. Letting CZ° (X ) denote the algebraic
dual of CZ° (X)k, we have obtained the map

pr: Vi x Vi — C&(X)k»

which is linear in the first variable and conjugate-linear in the second. Integration by
parts on I'\G shows that the extension yg: (J,, V) = C&(X)% is an intertwining
operator for the (g, K)-module structures.

Remark 4.1 By CZ°(X)% we denote the algebraic dual of our space C° (X ) of test
functions, whose elements we call distributions by abuse of terminology. Convergence
of such “distributions” will be in the weak-* (pointwise) sense. Apart from limits of
uniformly bounded sequences of measures, the limits we shall consider will be positive
distributions (that is, take non-negative values at non-negative test functions), and
such distributions are always Borel measures (finiteness will require an easy separate
argument). For completeness we note, however, that when @ defines a distribution on
M\K in the ordinary sense (as is the case with &), yr(f, @) is bounded with respect
to an appropriate Sobolev norm and hence ug(f,®) is a distribution on X in the
ordinary sense. Moreover, the bound depends on f and on the dual Sobolev norm of
® but not v or R.

Sequences of Eigenfunctions

Let {v,}.., © Qsuch that |v,| - oo, and let R,: (I,,, Vk) = (R,L*(X)x) be in-
tertwining operators with | R, (¢o)||z2(x) = 1. For fi, f € Vi the construction of the
previous section gives a sequence of Borel measures y,(fi, f2) = ur, (fi, f2) of total
variation at most || fi| .2y |f2ll 2 (k) Assume that 2, = p15 (¢, $o) converge weak-*
to a limiting measure jio,, which we would like to study. By the Banach—Alaoglu the-
orem, for each pair fj, f, there exists a subsequence {ny } 32, ¢ Nsuch that u,, (f1, f>)
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converge weak-*. Fixing a countable basis {¢;}$2, ¢ Vk, the standard diagonaliza-
tion argument shows we may assume (after passing to a subsequence) that for any
fi» f2 € Vi there exists a measure o (fi, f2) such that for all g € C°(X)k,

lim p,(fi, £2)(8) = teo (1> £2)(8)-

As before, given fi and g, the value of po (f1, f2)(g) only depends on the projection
of f, to a finite set of K-types. We can thus extend yo to all of Vg = Vg ® Vk, and
it is clear that y,, converge weak-* to y in the sense that for any fixed F € V and
g€ CZ(X)r limyoo i (F)(g) = thoo (F)(g)-

The asymptotic properties of y, are governed by the normalized spectral parame-
ters v, = m Passing to a subsequence again we assume v, — Vo, as # — co. Since
the ?M(v,) are uniformly bounded (we are dealing with unitary representations), the
limit parameter v, is purely imaginary.

Definition 4.2  Call the sequence of intertwining operators {R, };2, conveniently
arranged if V,, converge to some Vo, € iay and if for any f;, f, € Vk, the sequence of
measures {4, ( f1, f2) } o2, converges in the weak-* topology.

Given our limiting measure fi., we now fix once and for all a conveniently ar-
ranged sequence R, such that y,(¢o, §o) converges to fio, and set M; = Zg (V).
The motivation for the following choice will be come clear in the following section.

Definition 4.3 Let §; € V{, be the distribution 6;(f) = fM\Ml f(my)dm;. Set

Un = ﬂn(¢0 ® 61))
which converge to the limit po = poo (0 ® 61).
Note that for a K-invariant test function g, 4, (g) = 1, (g) since the spherical part

of 8; is exactly . It follows that the y,, indeed are lifts of the measures ji, to X = I'\G,
which is Theorem 1.1(i).

Remark 4.4 Note that our definition of y, (and hence po,) depends on the limit
point V.., and not only on the limiting measure ji.

4.2 Integration by Parts: Positivity

Pointwise addition and multiplication give an algebra structure to Vx. Our asymptotic
calculus for the measures y,(fi, f») will depend on the following elements of this
algebra.

For X € g and k € K we write the Iwasawa decomposition of Ad(k)X as X,,(k) +
Xa(k) + Xe(k). Now for X € g and Voo € iag, set

px(k) = %(Xa(k),vw).

This is a left- M, -invariant function on K, in particular a left- M-invariant function on
K. It is K-finite, being a matrix element of the adjoint representation of K on g.
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Lemma 4.5 The subalgebra of Vi generated by {¢o} U{px } xeq under pointwise ad-
dition and multiplication is precisely F1 = C(M;\K) k., the algebra of left-M; invariant,
right K-finite functions on K.

Proof This follows from the Stone-Weierstrass Theorem, by which it suffices to
check that the functions py separate the points of M;\K. Indeed, if px (k) = px (k')
for all X, then Mk’ = M, k; recall that M; was defined as the centralizer of V... W

Our calculation depends on the following basic formula, obtained by integration
by parts.

Lemma 4.6 ([17, Lem. 3.10])  There exists a seminorm | - | on C2°(X) g such that for
any fi, fo€e Vg and X e g,

[n (Pxfi (&) = (s P L)@ < 11T = Foo |+ vl ]
Combining the two lemmata gives the following corollary.
Corollary 4.7 Let f € Fy and fi, > € Vk . Then, for any g € CZ(X)«,
| n(f fi> £2)(8) = tn(fos £ £2)(&)| <poginte 181 (17 = Voo | + lwa ']

Claims (ii) and (iv) of the main theorem now follow from the following proposi-
tion.

Proposition 4.8  We can choose f, € Vi so that the measures 0, = pn(fu, fn) con-
verge weak-* 10 lo, (in the notation of the main theorem, we set ¥, = R, (fn))-

Proof Let {hi}2, € J be real-valued functions such that h} converge weak-* to &,
and let hg = ¢o (it is easy to see that such a sequence exists). By Corollary 4.7 there
exists constants Cj, depending only on the choice of f; such that for any g € C° (X)x
and n,

| tn (0, 1) (€) = ttn (s i) (£)] < CillgI[ [ = Voo | + val ']

Noting that Cy = 0, given n > 1let k(n) be the maximal k € {0,...,n} such that

Cr < [[Wn = Vool + [va 172, and set fu = hi(ny» On = pin(fu> fa). The sequence

k(n) is monotone and tends to infinity; it follows that f? converge weakly to d;.
Finally, we have

|1n(2) = 00(2)] < | (90,61 = £2)(@)| + [ 1T = oo + ¥4 1] 2]

Let T c K be a finite subset such that g € 3,7 C®°(X),. Let d, € ¥ o7 Vs be the
projection of 8; — f2 to that space. Then R(§8), — f2 —d,) has trivial pairing with
R(¢0)g, since they do not transform under the same K-types. We may thus bound
the first term in the inequality above by |, (¢o, dn)(g)| < |dn | 12(x) [ gl L= (x)- Since
> et Vr is finite-dimensional, that d, — 0 weakly implies that d, — 0 in norm. Since
Un(g) = poo(g), we conclude that 0, (g) = poo(g) as well. [ |
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Corollary 4.9  We have that p., extends to a non-negative measure on X of total
mass at most 1. When X is compact ji is a probability measure.

Proof The g, extend to positive measures, hence y, extends to a non-negative mea-
sure. To bound the total mass it suffices to consider K-invariant test functions, for
which p., agrees with i, which is a weak-* limit of probability measures. [ |

Corollary 4.10 When y,, are eigenfunctions of an algebra 3 of operators that com-
mute with the G-action, then so are ,,.

Proof By Schur’s Lemma each element of J{ acts as a scalar on the irreducible rep-
resentation generated by ,,; ¥, belongs to this representation. ]

4.3 Aj-invariance.

Let 8 € Vi ~ Vi be the delta distribution, that is, 8(f) = f(1). Since a is a quo-
tient of m ® a @ n by a Lie ideal, we can consider any A € af as a Lie algebra ho-
momorphism ac & mg & ng - C. It thus extends to an algebra homomorphism
U(ac @ mg @ nc) — C, and there exists a unique algebra endomorphism 7,: U(ac ®
mc 69‘(1@) - U(Cl(c dmc @ nc) such that T,\(X) =X+ A(X) for X e ac ® m¢ @ nc.

Lemma 4.11 Letveaf, uc U(ac ® mg @ ng).
i L(uw)d=(-p+v)(u)-4.
(i) Iy (Tpsv-20¢(v) (u))(f ® &) = (I, (u) f) ® 8.

Proof By induction, it suffices to prove both assertions foru = X e m @ a & n.
The first claim follows from the invariant pairing of F¥ with F~". Taking complex
conjugates, this implies that

1,(X)(f®0) = (I.(X)f) ®38+(~pa+ ¥, X)(f ® ),

which is the second assertion. ]

We next summarize the analysis of the centre of the universal enveloping algebra
done in [17, §4].

Proposition 4.12  Let P € U(hc)W(9c79¢) be homogeneous of degree d. Then there
exist elements b = b(P) € U(ng)U(ac)** 2 and ¢ = ¢(P) € U(gc )¥c so that

z=17, (P)+b+c
belongs to the centre of the universal enveloping algebra. Furthermore, z acts on (I, Vi)

with the eigenvalue P(v + pq — pp ).

It follows that for such P we have

To( Tpampy +v-280) (P) + Tpovoani(v) (B) = P(v + pa = py)) ($o ® ) = 0

(to see this, unwind the definitions, using the fact that I,,(¢)¢o = 0).
Thinking of P as a function on b, let P’(v) denote its differential at v € ag.. This
is an element of the cotangent space to b, that is, an element of hc.
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Proposition 4.13 Let P ¢ U(bc)"(8c:9¢)  Then there exists a polynomial map
Jrat = U(gc) (ag thought of as a real vector space), of degree at most d — 2 in the
parameters J(v), such that for any unitarizable parameter v € af’,

1u(#) + 1)

(i

) (¢a®9) =0.

Proof Since P’ is a homogeneous polynomial of degree d —1, it suffices to show that
Tpa—py+v—208(v) (P) + Tpsv-2m(v) (b) = P(v + pa = py) — P'(v) is a polynomial of
degree at most d — 2 in v. It is clear that J;(v) = 7, 1,_20(v) (b) is such a polynomial,
as is

J2(v) = Tppysv-2:(n) (P) = P(v + pa = py = 2R(v)) =P (v + pa = py = 2R(v)).

Since?’ is a polynomial of degree d — 1 (valued in ac), J3(v) = P'(v + pqa — py —
293(v)) — P'(v) is also of degree at most d — 2. It remains to consider

Ja(v) = P(v+ pa = py = 2R(v)) = P(v+ pa = pp)>

which is a polynomial map of degree d — 1in v.

The first two terms are the difference of the values of a polynomial at two points;
we may write this in the form (P’ (v+pq — py ), —29R(v)) + J5(v) where Js(v) includes
the terms of degree d — 2 or less and the pairing is the one between hcand ag. Finally,
P'(v+pa—py)—P'(T(v)) has degree d — 2 in T(v). Setting

Js(v) = (P (v + pa - py) = P (3(1)), ~2R(v)),
we see that ¢ ® J is annihilated by

P'(v) + é]i(v) -2(P'(3(v)), R(v)).

We conclude by showing that the final scalar vanishes. By assumption, there exists
w € W such that wv = —7. By Corollary 2.2 there exist w € W(gc:hc) such that
Wwv = —. Applying the chain rule to P = P o W we see that P'(J(v)) is fixed by w,
while WR(v) = —-wR(v). [ |

Corollary 4.14  Let {R,,} 2, be a conveniently arranged sequence of intertwining op-
erators from (I,,, Vi) to L*(X). Then the limit distribution poo = poo(po ® 81) is
H-invariant for any H = P'(Vs, ), where P € U ()W (8c:be),

Proof By additivity, it suffices to prove this when P is homogeneous. Next, since
Un = pn(po ® 81) are M;-invariant distributions (in fact, we are lifting to I'\G/M;,
not to '\G), it suffices to consider M;-invariant test functions g € C°(X )f‘ For
these we have p,(¢do ® 81)(g) = tn(do ® 8)(g). We conclude that it is enough to
show that o (¢o ® 8) are P’ (V. )-invariant for homogeneous P, but this follows
immediately by passing to the limit in the proposition. |

Since the W (gc: b )-invariant polynomials on hc are dense in the space of smooth
functions on the sphere there, it is clear that {P’(v. )} is precisely the set f)g ! where
WY = Stabyy(g..: ) (Voo ). Theorem 1.1(iii) is then contained in the following lemma.
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Lemma 4.15 Let W; = Staby (Vo). Then a' = hgl Nnac.

Proof The subgroup of a Weyl group fixing a point in a (or its dual) is generated by
the root reflections it contains. It follows that W is generated by the root reflections
sa Where a € A(g:a) satisfies B(a, Vo) = 0 (pairing given by the Killing form on
g) while W} is generated by the root reflections s, where o’ € A(gc:hc) satisfies
B'(a',Vs) = 0 (Killing form on g¢). Now B'(a’,Vs) = B(a' I4,Veo), since b is
orthogonal to a, where the restrictions are either roots (or zero). Since s, fixes H if
and only if «(H) = 0, while s, fixes H if and only if &’ (H) = 0, it follows that

f)g‘,ma(c: N Ker(a)=al". [ |
B(a,7e )=0

5 Comparison of the Representation-Theoretic and Microlocal
Approaches in the Degenerate Case

Zelditch’s proof [22] of Schnire'man’s Theorem for hyperbolic surfaces uses the mi-
crolocal calculus developed in [21]. First, an the equivariant microlocal calculus on
the hyperbolic plane H is given by using the Helgason Fourier Transform instead of
the usual Fourier transform, and this is then projected using averaging with respect
to I' to a microlocal calculus on compact Y = T\H. A similar calculus can be devel-
oped on any compact locally symmetric space of non-compact type; this is described
in [2, Sec. 3] and in a different form in [9, Sec. 6]. Both papers continue to construct a
microlocal lift (Wigner measure) and prove its positivity, as well as the flow-invariance
as in Corollary 4.14 (see [2, Thm. 1.3, Eq. (1.3)] and [9, Thm. 6.7]).

Following [17, Sec. 5.4] (which discusses the non-degenerate case) we sketch a
proof that the microlocal and representation-theoretic lifts agree asymptotically in
the degenerate case as well. We need to show that limits of the lifts obtained by mi-
crolocal methods will be M;-invariant, supported on submanifolds of the form T'\G,
and agree with limits of the lifts constructed in this paper.

5.1 On the Quantization Scheme

Is essentially shown in [22] (but not in this language) that in the case of a compact
hyperbolic surface and for pseudodifferential calculus of [21], we have

(5.1) #r(do ® 8)(g) = (Op(g)w, ),

where y = R(¢), and 9§ is the Dirac delta on the circle K = SO(2). More generally,
Zelditch shows that if y,,, y,, are two eigenfunctions, then

(OP(g) ¥ ¥im) :fXRn(a)mgdvol.

It is tempting to believe that the same is true in our case: that we can define a
microlocal calculus on Y by

(5.2) (Op()¥m¥m) = [ Ra(8)Rn($o)gdvol.
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Unfortunately, our choice of §; depends on the limiting parameter v, and not only
on the parameter v,,. That would not be an obstacle in the non-degenerate case (espe-
cially in rank 1) but it would an issue in general. It is probably possible to generalize
the equivariant calculus of Zelditch to general locally symmetric spaces and then hope
for an exact identity like (5.1) or even (5.2), but this has not been done.

We sidestep this issue in the rest of this section by considering only diagonal matrix
coefficients, and by giving up on the exact identity. Instead we show that ygr(¢o ®
01)(g) and (Op(g)v, y) are approximately equal for any quantization scheme Op.

5.2 Equivalence of the Microlocal and Representation-Theoretic Constructions

Fix a “quantization scheme” a — Op(a) coming from a microlocal calculus on Y.
“Step one” of the argument in [17, Sec. 5.4] shows, without using the non-degeneracy
assumption, that under a natural identification T*Y =~ X xg p*, any limit of the dis-
tributions

ar— (Op(a)ll’m‘//n)

must be supported on the submanifold X x {V.}. This is a special case of a much
more general fact (see [8, Thm. 5.4], as noted by [9, Sec. 6]),

We stop here to see how Proposition 4.12 above connects the microlocal and rep-
resentation-theoretic proofs of flow invariance (see also [2, Lem. 3.3]). Suppose for
simplicity that G is R-split, so that a = h and a/W = p/K. Each element of P(ac)"
can also be thought of as an element of P(pc)X, that is, a K-invariant polynomial
function on p* or equivalently, a symbol on T*Y = X xg p* depending only on the
second coordinate. Now both approaches show that, the limiting measure is invariant
by P'(V. ), where P’ is the gradient of P, an element of a.

That gives A;-invariance of the limit measure by Lemma 4.15.

“Step two” of the argument there considers a symbol of the special form a(x, v) =
1/Hv\|d Jx o(xk)uq(k™'vk) on X x p, defined using a K-finite function o € C*(X)x
and a degree-d element u,; € U(g) (thought as a polynomial function on g*, and as a
differential operator, as appropriate). Combining [17, Eq. (5.4),(5.5),(5.11)] gives

(Op(a)yn, yu) :fan(x)Rn(pu)(x)a(x)dx+o(1)
= tn(Pus> $0)(0) +o(1),

where p, (k) = ug(k™Voo k), notably a function on M;\K. Setting g(x) = a(x, Voo ),
we then have

tn (90, 1) (a(x,va)) = (o, 01)(g)

(5.3) = tn(0,0)(g)

(54) = (¥a(x)0 (%), Ru(Pu)) 12
= tn (90, pu)(0)

(5.5) = tn(pus $0)(0) +o(1),
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where (5.3) follows from the M;-invariance of g by averaging, (5.4) is [17, Eq. (5.6)],
and (5.5) is an application of Corollary 4.7. Comparing the last two calculations, we
conclude that

{OP(@)ym> ¥n) = a0, 81)(g) +0(1).

Finally, to prove equality of the distributions we need to show that the functions g
considered in step two span the space C*° (X /M ) x of K-finite M, -invariant functions
on X. However, a being defined by convolution, this amounts to checking that the
functions p, (k) span C*(M;\K)x, which is the content of Lemma 4.5.

5.3 Possible Connection to Patterson-Sullivan Distributions

Papers [3,9] use the boundary values of (non-degenerate) eigenfunctions y,, to con-
struct “Patterson-Sullivan” distributions PS, on I'\G/M (G = SL,(R) in the first
paper, general in the second). These distributions are A-invariant by construction,
and are shown to be asymptotically the equal to the Wigner distributions a ~
(Op(a)yn, wy) (which are invariant by the “Schrédinger flow” of conjugation by the
propagator for the appropriate Schrodinger equations), giving a different proof of
the A-invariance of quantum limits. The distributions y, (¢, d;) considered here
are an intermediate family between the two. They are not explicitly invariant by
either the classical or the quantum flow. However, in the case of G = SL,(R),
Anantharaman-Zelditch discovered a surprising connection between the Wigner and
Patterson-Sullivan distributions via an explicit integral transform, and it is natural
to ask whether the applying the integral transform to the Patterson-Sullivan distri-
bution gives a distribution related to y,(¢o,d). Finding such a relation would per-
haps permit a generalization of this integral transform beyond hyperbolic surfaces
and would assist in constructing Patterson-Sullivan distributions in the degenerate
case. We leave this question for future work.
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