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A Note on Cyclotomic Euler Systems
and the Double Complex Method

Greg W. Anderson and Yi Ouyang

Abstract. Let IF be a finite real abelian extension of Q. Let M be an odd positive integer. For ev-
ery squarefree positive integer r the prime factors of which are congruent to 1 modulo M and split
completely in F, the corresponding Kolyvagin class #, € F* /F*M satisfies a remarkable and crucial
recursion which for each prime number ¢ dividing r determines the order of vanishing of s, at each
place of IF above £ in terms of #, ;. In this note we give the recursion a new and universal interpretation
with the help of the double complex method introduced by Anderson and further developed by Das
and Ouyang. Namely, we show that the recursion satisfied by Kolyvagin classes is the specialization of a
universal recursion independent of I satisfied by universal Kolyvagin classes in the group cohomology
of the universal ordinary distribution a la Kubert tensored with /M. Further, we show by a method
involving a variant of the diagonal shift operation introduced by Das that certain group cohomology
classes belonging (up to sign) to a basis previously constructed by Ouyang also satisty the universal
recursion.

1 Introduction

Let IF be a finite real abelian extension of Q.. Let M be an odd positive integer. For ev-
ery squarefree positive integer r the prime factors of which are congruent to 1 modulo
M and split completely in I, the corresponding Kolyvagin class x, € F*/F*M sat-
isfies a remarkable and crucial recursion which for each prime number ¢ dividing r
determines the order of vanishing of «, at each place of IF above ¢ in terms of &, ;.
See Proposition 2.4 of the Rubin appendix to Lang’s text [4] for a formulation of
this recursion commonly employed in the literature. In this note we actually work
with a formulation of the recursion slightly different from but equivalent to Rubin’s
formulation (see Proposition 2.5 below).

The purpose of this note is to give the recursion satisfied by Kolyvagin classes a
new and universal interpretation with the help of the double complex method in-
troduced by Anderson [1] and further developed by Das [2] and Ouyang [5]. We
show that the recursion is the specialization of a universal recursion independent of
IF satisfied by universal Kolyvagin classes in the group cohomology of the universal
ordinary distribution a la Kubert tensored with /M. (see Proposition 4.5). Further,
we show by a method involving a variant of the diagonal shift operation introduced
by Das [2] that certain group cohomology classes belonging (up to sign) to a basis
previously constructed by Ouyang [5] also satisfy the universal recursion (see Corol-
lary 5.9). Taken together, our results show that it is possible to construct classes in
IF* /IF*M satisfying a useful recursion of Kolyvagin type by methods somewhat more
conceptual than have heretofore been employed.
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It is natural to expect that results similar to those presented in this note hold for
general universal Euler systems. Indeed, the many beautiful results proved in Chapter
4 of Rubin’s book [6] strongly suggest the existence of a general theory of universal
Kolyvagin recursions. But since there are significant technical difficulties to deal with
before the double complex method can be brought to bear on the general theory of
Euler systems, we can for now but affirm our hope to generalize the results of this
note. In any case, we hope that our point of view might prove helpful to others in the
search for new applications and new examples of Euler systems.

2 A Brief Review of Cyclotomic Euler Systems
2.1 Notation and Setting

Let I be a finite real abelian extension of the field Q) of rational numbers and let
be an algebraic closure of F. Let M be an odd positive integer, and for every abelian
group A let the M-torsion subgroup be denoted Ay. Let r be the formal product of all
odd primes £ = 1 mod M that split completely in IF. In the sequel we refer to formal
products of prime numbers as supernatural numbers. Let G be the Galois group over
I of the field generated over I by all roots of unity in I of order dividing r. For each
prime number ¢ dividing r:

e Let Gy C G be the inertia subgroup at some place (hence all places) above ¢.

— Note that Gy is cyclic of order ¢ — 1.

¢ Let oy be a generator of Gy.

o LetN;:= Y20l € 2[G/l and N/ := Y\ "} ol € 7[Gy].
— Note the crucial identity N/ (o, — 1) = ¢ — 1 — N,.

e Let Frob; € G/Gy be the arithmetic Frobenius automorphism at some place
(hence all places) above /.
Let ord, be the normalized additive valuation of Q) corresponding to /.

For each positive integer r dividing r:

e Let G, C G be the subgroup generated by Ué|r Gy.
— Note that the evident homomorphism He\r Gy — G, is bijective.

* LetN/:=[],, N; € Z[G/].
e Let I, be the extension of IF generated by the r-th roots of unity in IF. Put IF, :=

Ur|r ]Ff
¢ Let O, be the ring of algebraic integers of F,. Put O := O; and O, := Ur|r O,.

For each positive integer r dividing r and prime number ¢:

e Let O,y be the localization of O, by the multiplicative system of elements prime
to £. Put O := Oy,(p) and Oy ) := Ur|r Oro)-

We fix a collection
{gr € Or>< }r|r

https://doi.org/10.4153/CJM-2003-028-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2003-028-5

Note on Cyclotomic Euler Systems 675

of global units such that for all positive integers r dividing r and prime numbers ¢
dividing r the following relations hold:

, Frob, —1
A

* & = & modulo the radical of the ideal of O, generated by /.

Such a collection {&,} is called an Euler system.

Lemma 2.2  Let r be any positive integer dividing r. The sequence

oM
1= B 22 F S B M

is exact and so is the sequence

1o FX 28 M g6 X JEXM) 1
of G,-invariants. Via the latter sequence make now the identification
HY(G,, X JEMy = X /M,
We have
(image of H'(G,, 0 JO;™) in H(G,, ) /EM)) € OFf /o
for all prime numbers £ not dividing r.

Proof The first sequence is exact because under our hypotheses the field IF, contains
no nontrivial M-th roots of unity. The second sequence is exact by Satz 90. We turn
to the proof of the last assertion. Fix £ € O representinga class in H(G,, 9 /O;M)
and write

¢ =apMac X, B e M.

It suffices to verify that o up to a factor in F*™ belongs to ;- Since O is a princi-
pal ideal domain, it suffices to verify that for each prime P of O dividing ¢ the order
with which P divides « is divisible by M. But the latter is obvious because any prime
of O dividing ¢ cannot divide r and hence is unramified in O,. ]

2.3 Kolyvagin Classes

Fix a positive integer r dividing r. For each prime number ¢ dividing r one has

N/(1—o¢) _ NJNe _ N/ (Frob,—1) M
& =g :fr/é/ =1 mod O

by induction on the number of prime divisors of r and hence

&% mod OXM € HO(G,, 0 /XM,
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By Lemma 2.2 there exists a unique class
Ky € F* /M

such that

&Y = k, mod XM

and moreover we have
X XM
Ur)y=1=k, € O(/)/O(i)

for all prime numbers ¢. We call x, the Kolyvagin class indexed by r.

2.4 The Operations v, [-]; and exp,

Let a prime number ¢ dividing r be given. Let
ve: 075 /O — (0/0)5
be the unique homomorphism such that
v(x mod O(Xé)M) = x7 mod L0y

forallx € O ). Let

[-1¢: FX/F*M — (group of fractional O )-ideals ) ® (Z/MZ)
be the unique homomorphism such that
FXM)

[x mod | ¢ = (fractional O(y)-ideal generated by x)

mod (M-th powers of fractional O )-ideals)
for all x € F*. We claim that there exists a unique isomorphism
exp,: (group of fractional Oy -ideals) ® (Z/MZ)=(0/0)5;
such that
exp[((fractional O(r)-ideal generated by x¥) ® (1 mod M ))
= (x}79) 5 mod \/m

for all x € F) where /€0, ) denotes the radical of the ideal of Oy ) generated by
£. Now each maximal ideal of O ) is totally ramified in Oy ), hence every fractional
O(y-ideal is generated by x™ for some x € I, unique up to a factor in O Z(Z) and
hence exp, is well defined. Upon completing the extension F,/IF at any place of F;
above ¢, one obtains a Kummer extension with Galois group G, and hence exp, is an
isomorphism. The claim is proved.
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Proposition 2.5  For all positive integers r dividing ¥ and prime numbers ¢ dividing r
the identity

M ’
N/ ( 1y _ Nr ({—Froby)
exp[r,]e = \/ P = r/é// = vykp /e mod /00y )

holds, where the M-th roots are chosen to be the unique such existing in O and /{0,
denotes the radical of the ideal of O, ¢y generated by {. (This is a reformulation of Propo-
sition 2.4 of the Rubin appendix to Lang’s text [4].)

Proof Write ,
& = a,fM(a, € FX, B, € F)

and

’

N/,
5’/2/( = Oér/éﬂﬁ\;[(ar/( € Oé)vﬁr/( € O;;g?(g))-
Choose 7, € F* such that

4Nt and o, generate the same fractional O )-ideal.

One then has -

Further, one has

N/ (oi—1) M(op—1 Ny (l=1) HM(1—Frob
A =3 (o=1) _ =& Z @/é roby)

and hence
6;74 1 (fr r/é ) ﬁ,}// Frob,

because there are no nontrivial M-th roots of unity in IF,. Finally, one has

(’Yr 0'1) o= ﬂm 1 — O‘r/g f/{Frob[ = ar/’\; mod /for(g

which by the definitions proves the result. ]

2.6 The Kolyvagin Recursion

We say that a system of classes
{\ e FX /MY,

indexed by the positive integers dividing r satisfies the Kolyvagin recursion if for all
positive integers r dividing r and prime numbers ¢ the following hold:
« () =1=\€0f /05"
i €|r = expl[)\r]g = V()\r/g
In this language Proposition 2.5 and the discussion leading up to it can be con-

densed to the assertion that the system of Kolyvagin classes satisfies the Kolyvagin
recursion.
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3 Universal Constructions
3.1 The Free Abelian Group A

For each supernatural number s put
1 1
7 = -7,
L-U!
NE)

the union being extended over all positive integers s dividing s. Let A be the free
abelian group generated by the family of symbols of the form

1
[a] (a € —Z/Z) .
r
We equip A with an action of G by the rule

ola] = [b] & op(a) = ¢(b)

forall a,b € 17/Z, injective homomorphisms ¢: 17/7 — FX, and o € G. For
each supernatural number s dividing r, let A(s) be the subgroup of A generated by
symbols of the form

[a] (a € EZ/Z) .

Note that A(s) is stable under the action of G. Note that for each prime number ¢
dividing r the group A(r/¢) can be viewed as a G/G,;-module. Note that

A= UA(r)

r|r

where r ranges over the positive integers dividing r.

3.2 The Universal Ordinary Distribution
Given any supernatural number s dividing r, let U be the quotient of A(s) by the
subgroup generated by all elements of the form
14
[a] — Z[b] (f: a prime number dividing s, a € ;Z/Z) .
lb=a
Notice that the action of G on A(s) descends to Us. Note that for every prime number

¢ dividing r the group U, , can be viewed as a G/G;-module. The map

1
(a — (class in U, represented by [a])) : ;Z/Z — U,

is the universal example of a one-dimensional ordinary distribution of level s a la Ku-
bert. Put
U = U,.

https://doi.org/10.4153/CJM-2003-028-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2003-028-5

Note on Cyclotomic Euler Systems 679

Abusing language slightly, we call U the universal ordinary distribution. See Kubert
[3], Lang [4] or Anderson’s appendix to Ouyang’s paper [5] for background on the
theory of the universal ordinary distribution. By the classical results of Kubert [3],
for any supernatural number s dividing r, the map

Us— U

induced by the inclusion A(s) C A is an injective homomorphism of free abelian
groups with free cokernel and hence the induced map

H(G,U,/MU,) — H(G,U/MU)

is also injective.  Thus we may and we do henceforth identify U (resp.
H°(G, Us/MUg)) with a subgroup of U (resp. H(G, U/MU)). Note that we have

Us=JUu., HG,Uy/MU,) = | JH(G,U/MU,)

s|s sls
where the index s in both unions ranges over the positive integers dividing s.
Lemma 3.3  For every prime number { dividing r the equation
(¢ — Froby)x =0
has no nonzero solution x € Uyy.

Proof Fix a solution x € U, of the equation in question. Choose a positive integer
r dividing r/¢ such that x € U,. Choose ¢ € G, inducing the same automorphism of
A(r) as does Froby. Let m be the order of ¢ in the group G,. Then one has an identity

(0" — Dx = ("1 0" 2p 4+ 0" + ") (0 — P)x = 0.

It follows that x = 0 because U,/ is a torsion-free abelian group. ]

3.4 The Submodule I,

Let a prime number ¢ dividing r be given. We define
I, CcU

to be the subgroup generated by all elements of U represented by expressions of the
form

1 1
[a] — [b] (a, be-7/r.a-be ZZ/z) .
Note that since I, is G-stable and
(op —1U C Iy,

the quotient U /Iy can be viewed as a G/ G,-module.
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3.5 The Resolution L
Let L be the free abelian group generated by symbols of the form
[a,g] ( g: positive integer dividing r,a € %Z/ Z) .
We equip the abelian group L with an action of G by the rule
ola,g) = [a',g'l & od(a) = ¢p(a’) and g = ¢’
for all symbols [a,g] and [a’,¢’] in the canonical basis of L, injective homomor-

phisms ¢: 12/Z — F) and o € G. We equip the group L with a G-stable grading by
declaring that

(degree of [a,g]) = — Z ord; g = —(number of prime divisors of g).
¢

Here and in analogous summations below the indices ¢, £ and p are understood to
range over prime numbers dividing r, subject to further restrictions as noted. We
equip L with a G-equivariant differential d of degree 1 by the rule

dla,g) i= Y (=1)Ze< o< ([a,g /0] = > [b,g/0]).

g lb=a

Now let s be any supernatural number dividing r. Let L(s) be the subgroup of L
generated by symbols of the form

[a,g] (g: positive integer dividing s, a € ‘%Z/Z) .
Then L(s) is a G- and d-stable graded subgroup of L. It is known that
H(L(s),d) = U
via the isomorphism induced by the G-equivariant mapping
([a,1] +— [a]): (degree zero component of L(s)) — A(s)

and that
H"(L(s),d) =0 forn#0.

In other words, (L(s)7 d) is a resolution of Uy in the category of G-modules. See
Anderson’s appendix to Ouyang’s paper [5] for details and further discussion.

Proposition 3.6  The sequence

0 — Uy LFrob, Urjo — U/lp,—0

is exact where the map Uy, — U /I, is that induced by the inclusion Uy, C U.
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Proof Let
se: L — L(x/0)

be the unique homomorphism such that

g = { VB stagr il
8= otherwise

for all symbols [a, g] in the canonical basis of L. The homomorphism s, is of degree
1 and satisfies the relation
Sgd = —ng

as can be verified by a straightforward calculation. Now consider the sequence

St

¥:0— L(r/l) — L/L" = L(x/f) — 0

where L’ is the subgroup of L generated by all elements of the form
_ r g _pel
la.g) — [bg)(g | jabeSz/7,a-be 7/7)

and the map L(r/¢) — L/L’ is that induced by the inclusion L(r/¢) C L. It is easy
to verify that ¥ is short exact. Since L’ is a graded d- and G-stable subgroup of L and
(oy—1)L C L', it follows that 3 can be viewed as a short exact sequence of complexes
of G/Gy-modules. Because H*(L(r/{), d) is concentrated in degree 0, the long exact
sequence of G/Gy-modules deduced from X by taking d-cohomology has at most
four nonzero terms and after making the evident identifications takes the form

1—Frob, ' ¢
-—0—H YL/L',d) — Ur/e -5 Uyg — UJ/lg =0 — -

where the map Uy, — U /I is that induced by the inclusion U/, C U. By Lemma 3.3

we have
_ — Frob, ! (/—Froby)
H Y (L/L',d) = ker(Ugyy —————— Uyy) =0,

whence the result. [ |

Proposition/Definition 3.7  For every prime number { dividing r there exists a unique
homomorphism
Dy: H'(G,U/MU) — H'(G, Uyt /MUy()

such that

—1 —F
(U(M )x = (¢ ]\i[Ob()y mod Iy <= Dy(x mod MU) = y mod MU,/,

for all x € U representing a class in H(G,U/MU) and y € Uy, representing a class
in H(G, Ur/¢/MUy,,). Moreover one has

DH’(G,U,/MU,) C H(G,U,;s/MU, ;)

for all positive integers r dividing ¥ and divisible by .
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Proof Put
X := {x € Ulx represents a class in H*(G, U /MU)},
Y := {y € Uy(|(¢{ — Frob,)y € MU,;},

(o¢g — 1)x _ (¢ — Froby)y
M o M

Z:—{(x,y)eXxY modlé}.

Fix a positive integer r dividing r and divisible by £. To prove the proposition it is
enough to prove the following three claims:

1. ZN(MU xY) = MU x MU, /.

2. (0 = 1)ZC MU x MU, forallo € G.

3. Forall x € X N U, there exists y € Y N U, such that (x, y) € Z.

We turn to the proof of the first claim. Only the containment C requires proof;
the containment D is trivial. Suppose we are given (x,y) € ZN (MU x Y). Then
% € Iy N Uy, and hence by Proposition 3.6 there exists z € U,/ such that
(¢ — Froby)y = M({ — Froby)z. By Lemma 3.3 it follows that y = Mz. Thus the first
claim is proved. The second claim follows immediately from the first.

We turn finally to the proof of the third claim. Let

pez Alr) — A(r/0)
be the unique homomorphism such that
pela+b] == [a]
foralla € éZ/Z and b € %Z/Z For each prime number p dividing r, let
Vpi Alr/p) — Alr)

be the unique homomorphism such that

Yplal :=[al = > _[b]

pb=a

foralla € 27/7. Note that p; commutes with v, for p # ¢ and that the composite

homomorphism py7, induces the endomorphism (1 — Prob[1 £) of A(r/¢). Choose
alifting a € A(r) of x. By hypothesis there exists an identity

(0r—Da=Mb+ > y,b,(b€A(r),b, € Alr/p)),
plr
and hence also an identity
0 = Mpgb — (£ — Frob)(Frob; ' b) + Y 7,p/b,.

plf

Then the element y € U, , represented by Frob; ' by has the desired property, namely
that (x, y) € Z. Thus the third claim is proved and with it the result. ]
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3.8 The Universal Kolyvagin Recursion

We say that a family of classes
{c; € H'(G,U/MU)},;s

indexed by the positive integers r dividing r satisfies the universal Kolyvagin recur-
sion if the following conditions hold for all positive integers r dividing r and prime
numbers £:

e ¢ € HG,,U,/MU,) = H(G,U,/MU,) C H(G,U/MU).
* lr = Dy, = ¢

The terminology is justified by the next result.

Proposition 3.9  Let
& U — Of

be any G-equivariant homomorphism such that
Ly C 1+ \/for’(g)

for all primes £ dividing r where /{0y ) denotes the radical of the ideal of O, (¢) gener-
ated by (. Let

k: H(G,U/MU) — H(G,F} JF M) 22 px jpxM
be the homomorphism induced by €. Let
{c¢; € H'(G,U/MU)},;,

be any system of classes satisfying the universal Kolyvagin recursion. Then the corre-
sponding system of classes
{ke, € FX/FM},,

satisfies the Kolyvagin recursion.
Proof Fix a positive integer r dividing r and a prime number ¢. It suffices to prove
the following two assertions:

1. U,r) =1= ke, € O(Xé)/(‘)(xlz)l\/[.

2. Ur = expylrer]r = vikeyp.

We have U, C O by the G-equivariance of £, whence assertion 1 via Lemma 2.2.
We turn to the proof of assertion 2. By hypothesis £ divides r. Fix

& e U, Er/é € Ur/Z

representing the classes ¢, and c, /4, respectively. Write

€& = a,fM(a, € F*, B, € F))
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and
€6y = cuyeByj(anye € Of, By € 0J(y).
One then has
(o¢ — 1)é, o (= FrObé’)Er// D i Frob
g(T =87, € — ) =i B

since there are no nontrivial M-th roots of unity in O*. Choose 7, € IF* such that
7Nt and «, generate the same fractional O )-ideal.

One then has
—1
'YrM ﬂr € O:(/)-
Finally, one has

=1

o= pop1l 57 pl—Frob, 57
(Y=o = o 1:0[’/}\/2 /0 “’":ar/ME mod /40, )

where the crucial middle congruence holds by Proposition/Definition 3.7 and hy-
pothesis. Therefore assertion 2 holds and the proposition is proved. ]

4 Comparisons
4.1 The Universal Euler System

For each positive integer r dividing r, let
x €U, CU

be the class represented by

> ﬂ € A(r)

plr

where the interior sum is extended over all primes p dividing r. For all positive inte-
gers r dividing r and prime numbers ¢ dividing r the following clearly hold:

* Nyx, = (Frob, —1)x, /.
* X, = X,y mod I.

We call the family
{x, S U},‘r

the universal Euler system.
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4.2 Recovery of the Euler System by Specialization

One can easily verify the existence of a unique G-equivariant homomorphism
& U — O

such that

fxr - é-r

for all positive integers r dividing r. Thus the given Euler system {¢,} is recovered by
specialization via the homomorphism £ from the universal Euler system {x,}. Note

that
&y, C 1+ \/EO,,(@

for all primes ¢ dividing r.
4.3 Universal Kolyvagin Classes
Fix a positive integer r dividing r. We claim that
N/x, eU,CU
represents a class
¢ € H'(G,,U,/MU,) = H*(G,U,/MU,) c H(G,U/MU).
For each prime ¢ dividing r one has
(00 = 1)N/x; = —=N(N/,x, = —(Frob; —1)N/;x,/; = 0 mod MU,

by induction on the number of prime divisors of r. Therefore ¢, is indeed G,-invar-
iant. We call ¢, the universal Kolyvagin class indexed by r.

4.4 Recovery of the Kolyvagin Classes By Specialization

Let
ki HY(G,U/MU) — H'(G, ) /M) 2 px jpxM

be the homomorphism induced by &. For all positive integers r dividing r one has
§N,’x, = gf\]'/

and hence
KC = Ky.

Thus the system {x,} of Kolyvagin classes is recovered by specialization via the ho-
momorphism x from the system {¢, } of universal Kolyvagin classes.
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Proposition 4.5  The universal Kolyvagin classes satisfy the universal Kolyvagin recur-
sion.

Proof Fix a positive integer r dividing r. By definition the universal Kolyvagin class
¢, is represented by N/x, € U, and hence ¢, € H*(G, U,/MU,). One has an identity

— 1)N/ r {—1 (f—Frobg)Nr’ X, /0
(00 = DN/x _ N — ) J0%r/
M M r/l M
and hence Dyc, = c;/; by Proposition/Definition 3.7. ]

4.6 Remark

From Propositions 3.9 and 4.5 one recovers the Proposition 2.5 (the latter being a
reformulation of the well known Proposition 2.4 of the Rubin appendix to Lang’s
text [4]) by somewhat more conceptual means. We wonder if various well known
generalizations of Proposition 2.5 (we have uppermost in mind Theorem 4.5.4 on
p. 91 of Rubin’s book [6]) could be analogously recovered.

5 The Action of D, on the Canonical Basis For H°(G,U/MU)
5.1 The Bigraded 7Z[G]-Module K

Let K be the free abelian group on symbols of the form

g positive integer dividing r
[a,g,h] | h: positive integer dividing some power of r
actz/1

We equip the group K with a bigrading and associated total grading by declaring that
(bidegree of [a, g, h]) := (— Z ords g, Z ord, h) ,
¢ ¢

(total degree of [a, g, h]) := — Z ordy g + Z ordy h.
¢ ‘

We equip the group K with the unique structure of bigraded Z[G]-module such that
ola,g,h) =[a’,g’,h'] < (op(a) = ¢(b) andg = g’ and h = h')

for all symbols [a, g, h] and [a’, ¢’, k'] in the canonical basis of K, injective homo-
morphisms ¢: 17/7 — F} and o € G.
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5.2 The Differentials d and §

For each prime number ¢ dividing r we define a G-equivariant differential dy: K — K
of bidegree (1, 0) by the rule

. (_1)21'«Ofdf"gh([a,g/é,h] _Zéb:a[b7g/€7 h]) 1f€|g,
df[a7g7 h] T 1
0 otherwise,

and a G-equivariant differential §,: K — K of bidegree (0, 1) by the rule

(1 —oy)la,g,hl] ifordsh =0mod 2,

Sela, g, h] i= (—1)0rdeg+X o ordegh
(la,g, h]:==(=1) Nyla, g, W] iford;h = 1 mod 2.

One can verify by a straightforward calculation that any two distinct operators in the
family {d,} U {d/} anticommute. We equip K with anti-commuting differentials d
and ¢ of bidegree (1, 0) and (0, 1), respectively by the rules

dla,g,h) ==Y dila,g,h], dla,g,hl:=> dla,g hl.
14 l

Since the sums above contain but finitely many nonzero terms, in fact d and § are

well-defined. Thus we have defined a double complex (K, d, d) in the category of
G-modules.

5.3 Comparison With Ouyang’s Definitions
We define an involutive G-equivariant bigraded automorphism € of K by the rule
E[Cl,g, h) = (_1)21'<1(0fd1g)'(0rdw h)[a,g’ h.

By a straightforward calculation one finds that

(—D)Xer<odg((a, g/t h] — 3, [b,g/t,h]) ifllg
0 otherwise.

edeela, g, h] = {

and

edela,g,h] = (1) ordr g4 g ordy (1 —oy)[a,g, W] ifordsh =0mod 2,
e Nyla, g, hl] ifordgh = 1 mod 2.

It follows that d (resp. §) as defined in this paper is e-conjugate to d (resp. 4) as
defined by the rule appearing on p. 14 of Ouyang’s paper [5] and hence mutatis mu-
tandis Ouyang’s theory applies to the double complex (K, d, 9).
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5.4 ldentification of H°(K/MK,d + ¢) With H°(G,U/MU)

For any positive integer r dividing r let K(r) be the subgroup of K generated by all
symbols of the form

g: positive integer dividing r
la, g, h] | h: positive integer dividing some power of r
) &5 P g 8 P
actz/1

Then K(r) is G-, d-, and d-stable. It is explained in detail in Ouyang’s paper [5] how
to make the identification

H*(K(r)/MK(r),d+6) = H(G,,U,/MU,).

For our purposes in this note it is enough simply to know that the G-equivariant
homomorphism

((class represented by [a, 1, 1]) +— (class represented by [a]))
: (bidegree (0,0) component ofK(r)/MK(r)) — U,/MU,

induces an isomorphism

H°(K(r)/MK(r),d + 6) =H(G,,U,/MU,) = H(G,U,/MU,).
Then, passing to the limit over r, we find that the G-equivariant homomorphism

((class represented by [a, 1, 1]) — (class represented by [a]))
: (bidegree (0, 0) component of K/MK) — U/MU
induces an isomorphism
H°(K/MK,d + §)=H"(G,U/MU).

The latter fact can be also be verified directly by a straightforward spectral sequence
argument, the key observation being that the subcomplexes of K with fixed ordinate
are direct sums of copies of the complex (L, d) discussed in Section 3.5.

5.5 The Canonical Basis For H°(G,,U,/MU,)

Fix a positive integer r dividing r. Let S(r) be the bigraded G-, d- and §-stable sub-
group of K(r) generated by all symbols [a, g, h] of the canonical basis of K(r) of the
form

la, g, h](if a = 0, then g does not divide h).

By Proposition 5.4 on p. 20 of Ouyang’s paper [5], which is the main technical result
of that paper, the quotient map

(K(r),d+6) — (K(r)/S(r),d +6)
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is a quasi-isomorphism of complexes. Ouyang’s result is proved by verifying that the
induced map of spectral sequences is an isomorphism at E,. Clearly the family of
symbols of the form

(0, g, gh] ( g positive integer dividing r >

h: positive integer dividing some power of r

forms a graded basis for K(r)/S(r); moreover, it is easy to check that
dK(r) + 0K(r) C S(r) + MK(r).

The upshot is that there exists a unique Z/MZ-basis

{¢, € H'(G,U,/MU,)},,

indexed by the positive integers g dividing r such that the corresponding class ¢, is
represented by a 0-cocycle of the complex (K(r)/MK(r),d + &) congruent modulo
S(r) + MK (r) to the symbol [0, g, g]. Up to signs determined by the automorphism e
defined in Section 5.3, the canonical basis constructed here coincides with the canon-
ical basis provided by Theorem 5.5 on p. 22 of Ouyang’s paper [5].

5.6 The Canonical Basis For H°(G,U/MU)

Let S be the bigraded G-, d- and J-stable subgroup of K generated by all symbols
[a, g, h] of the canonical basis of K of the form

[a, g, h](if a = 0, then g does not divide k).

K=JKk@m), s=Jsm

rr rr

We have

where in both unions r ranges over the positive integers dividing r. Passing to the
limit over r in the obvious way, we find that there exists a unique 7Z/MZ-basis

{¢, € H'(G,,U,/MU,)}x

for H(G, U /MU) indexed by the positive integers r dividing r such that the corre-
sponding class ¢, admits representation by a 0-cocycle of the complex (K (r)/MK(r),

d+ 5) congruent modulo S(r) + MK(r) to the symbol [0, , r]. We call the family {¢, }
the canonical basis for H*(G, U /MU).

5.7 The Diagonal Shift Operator A,

For each prime number ¢ dividing r, we define the corresponding diagonal shift op-
erator Ay on K of bidegree (1, —1) by the rule

la,g/l,h/] if¥¢|gand{|h,
0 otherwise.

A/[aaga h] = {
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One has
Apdy, = dpNg,  Agdp = 0,0

for all prime numbers p distinct from ¢. One has
Avdp =diANp =0, (60Ap — Apdy)K C MK.
For every positive integer r dividing r one has

AK() K(r/e) ife divi'des r,
{0} otherwise.
The action of A, therefore passes to

H(K(r)/MK(r),d +6) = H(G,,U(r)/MU(r))

and in the limit to
HY(K/MK,d + ) = H(G,U/MU).

Our definition of the diagonal shift operation A is inspired by a very similar diagonal
shift operation defined on p. 3564 of the paper of Das [2] and exploited there to great
advantage.

Proposition 5.8 For each prime number (¢ dividing r the endomorphism of
H°(G,U/MU) induced by the diagonal shift operation A\, coincides with D.

Proof Fix a positive integer r dividing r and divisible by £. Fix a class

c € H(G,,U,/MU,).
It suffices to show that D, and the endomorphism of H*(G, U/MU ) induced by A,
applied to ¢ give the same result. Let ¢ be a 0-chain in K(r) reducing modulo MK(r)
to a 0-cycle representing c. Write

0=(d+d)c+Mb

where b is a 1-chain of K(r). For any positive integer g dividing r and positive integer
h dividing some power of r let

(ar—a®lg hl): Alr/g) — K(r)
be the unique homomorphism such that

[a] ® [g, h] := [a,g, h]

foralla € 87/7. Write

c= Z Ch @ [g h], Apc= Z ot @ [, h] (cgn € Alr/g))
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and
b= bey® g, 1] (bes € Alr/g))

where all the sums are extended over pairs (g, h) consisting of a positive integer g
dividing r and a positive integer h dividing a power of r. Let py: A(r) — A(r/f) and
Yp: A(r/p) — A(r) be as in the proof of Proposition/Definition 3.7. By hypothesis
one has an identity

0= (Z’chp,ﬂ) + YeCop — (Z ’Vpcp,/) + (1 —op)ern + Mbyy

plr plr
p<t p>t

and hence also an identity

0= (Z vppgcp_’g) — (- Frobg)(Frobé_1 cre) — (Z vppgcp_’g) + Mpeby .

plr plr
p<t p>t

Let x € U, be the element represented by ¢, ; and let y € U,/, be the element rep-
resented by ¢/ . One the one hand, the class of H(G,, U,/MU,) represented by the
0-cocycle ¢ mod M of the complex (K(r)/MK(r), d+6) is x mod MU, and the class
of HO(Gr/g, U,/¢/MU, ;) represented by the 0-cocycle A,c mod M of the complex
(K(r/0)/MK(r/),d + §) is y mod MU, . But on the other hand, one has

(o¢ —1)x _ (£ —Frob,)y
= m
M

od Ig

and hence
Dy(x mod MU) = y mod MU,

by Proposition/Definition 3.7. Therefore the results of applying D, and the endo-
morphism of H(G, U/MU ) induced by A, to the class x mod MU indeed coincide.
|

Corollary 5.9  The canonical basis {¢,} satisfies the universal Kolyvagin recursion.

Proof Clear. n

Corollary 5.10  Any system of classes {b, } satisfying the universal Kolyvagin recursion
and the normalization by = ¢, is a 2./ M/Z-basis of H*(G, U /MU).

Proof Fix a positive integer r dividing r and arbitrarily and let
r=4~0 -l
be the prime factorization of r. One then has

DZl "'Danr — bl = :Dfl . ..DgnC_r

and hence
Dy, D
b, — & € ker(H*(G,,U,/MU,) —— H(G,,U,/MU,)) = EBZ/MZ B,
r’|r
r'#r
whence the result. [ |
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5.11 Remark

From Corollary 5.10 it follows in particular that the system {c,} of universal Kolyva-
gin classes defined in Section 4.3 is a 7/ MZ-basis for H(G, U /MU ). More precisely,
it follows that for every positive integer r dividing r, the family {c,}, is a Z/MZ-
basis for H'(G,, U,/MU,). The latter fact is none other than Theorem B on p. 2 of
Ouyang’s paper [5]; our way of proving Theorem B here is simpler than Ouyang’s
original method.
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