
J. Austral. Math. Soc. (Series A) 59 (1995), 225-231

TWO COMMUTATIVE AMENABLE NON-SYMMETRIC BANACH
ALGEBRAS

B. E. JOHNSON

(Received 16 October 1992; revised 15 February 1993)

Communicated by I. Raeburn

Abstract

We show that a commutative amenable Banach algebra need not be symmetric by constructing suitable
examples.

1991 Mathematics subject classification (Amer. Math. Soc): primary 46J05; secondary 46M20.

1. Introduction

The standard examples of commutative amenable Banach algebras, the group algebra
of a locally compact abelian group and the algebra of continuous functions on a
compact space, are extremely well behaved. This raises the question of whether
various types of 'well behavedness' are actually implied by the assumption of amen-
ability. In this paper we show that a commutative amenable Banach algebra can be
non-symmetric.

DEFINITION 1.1. Let M > 0. A Banach algebra U is M-amenable if, for all
e > 0 and all finite subsets {au . . . , an} of U there is d G lt<g>lt with \\d\\ < M,
\\atd — da, || < € and ||a,7r(rf) — a, \\ < e (/ = 1 , . . . , n).

In this n is the product map n{a <g> b) = ab and li®U has the module structure
a(b <8> c) = ab <g> c, (b <8> c)a = b <g> ca. Note that slight variations in the above give
equivalent definitions. In particular, we can replace d e 11(2)11 by d e IX <2> It and we
can replace {a{,... , an} by finite subsets of E where £ is a subset of U such that U is
the smallest closed subalgebra of U containing E or even, although we shall not use
this, the smallest closed, adverse-closed subalgebra containing E. A Banach algebra
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is amenable in the usual sense [1, Section 1] if and only if it is M-amenable for some
M.

DEFINITION 1.2. Let It be a Banach algebra. An element d of 110U is a diagonal
if ad = da and a = n(d)a (a G 11).

Clearly if d is a diagonal then 11 is M amenable for any M > \\d\\. Conversely for
finite dimensional algebras, M-amenability implies the existence of a diagonal d with
\\d\\ <M.

DEFINITION 1.3. A commutative Banach algebra It is symmetric if for each a in U
there is b in It with

where It is the space of non-zero multiplicative linear functionals on 11 (the 'maximal
ideal space').

An equivalent definition is that the set of Gelfand transforms of elements of It is
closed under the involution f*(<p) = f(<t>)~ on C0QX).

If 11 is a commutative Banach * algebra with hermitian involution then it is sym-
metric in this sense (see [3, p. 189]). Conversely, if U is a semisimple symmetric
commutative Banach algebra, then b in Definition 1.3 is uniquely determined by a
and, denoting it by a*, we have an involution on It which is automatically continuous
and hermitian. Thus, although a commutative semisimple Banach algebra may have
many involutions, it has at most one hermitian involution and it is symmetric if and
only if it has a hermitian involution.

2. The norm || \\x on C2

With pointwise multiplication, C2 is a commutative algebra. We describe the
harmonic analysis on Z2 = {e, g], the group of order two. The group algebra
ll(I2) is the set of expressions a + 0g(a, 0 e C) with ||a + 0g||, = |a | + |0 |
and product {a + Pg)(a' + P'g) = (aa ' + 00') + (a0' + a '0)g. The characters
on the group algebra are a + fig i-> a + 0 and a + fig i-> a — 0 so the Fourier-
Gelfand transform is (a + 0g) = (a + 0, a — 0) e C2. The inverse of this is
(a, b) h-> (a + b)/2 + (a — b)/2. The norm ||||A on C2 corresponding under the
Fourier transform to ||j|i is ||(a, b)\\A = (\a + b\ + \a- b\)/2. On C2 we also have
the spectral radius norm ||(<z, b)^ — max{|<3|, \b\}. If a,b e U. then ||(a,6)|U =
(\a + b\ + \a — b\)/2 = max{|a|, \b\} = \\(a, b)||oo but this is not of course true
throughout C2.
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Suppose now that x e C2 with HxH^ = 1 and ||x3|U = 1. We put Z = £'(Z2) ©
l\12) ® l\12) (I1 direct sum) and define T : Z -+ C2 by

T(p ®q®r) = p + qx + rx2

Put y = Z / ker T with the quotient norm, let r = 7 ^ be the canonical factorisation
of T, where g is the quotient map Z —> Y, and define || |j ̂  on C2 = Im T by
\\T'y\\x = \\yh(yeY).

PROPOSITION 2.1. (a) The closed unit ball B in (C2, || ||,) is the absolutely convex
hull C of Co = {l,x,x2, v, vx, vx2} where 1 = (1, l),andv = ( 1 , - 1 ) .

(b) For allc^O, \\c\\x <\\c\\x <\\c\\A.

(c) || | |, /s an algebra norm on C2.

PROOF. B is the image under T of the unit ball in Z which is the closed absolutely
convex cover of the six elements p®q®r where one of p,q,r e {e, g] and the other
two are 0. This proves (a).

For (b) note that if c G Co then \\c\\ao < 1 so if c e B then \\c\\x < 1 by (a). Thus
Iklloo < IMI, (c e C2). The \\\\A unit ball is the absolutely convex hull of {1, v],
because the corresponding statement is true in lx(J-2), and so contains Co and hence
C. Thus | |cL < IklU (c € C2).

To show (c) it is enough to show that B is closed under multiplication and this
follows if we can prove that the product of two elements of Co is in C. Any such
product is of the form c = v'xs with r € {0,1) and s e {0, 1, 2, 3, 4}. This is in Co if
1 6 ( 0 , 1 , 2 ) . If 5 = 3, then ||c||A < ||W'|W|JC3IU < 1 so by (b), | |c||, < 1. If* = 4 ,
put c' = vrx3 so ||c'||,4 < 1 as before, that is there are A, /x e C with c' = A.1 + ^v
and |A.| + |^ | < 1. Then c = Xx + [xvx e C.

We now put x = (1,^) where £ = |exp(if-). Then Ĥ Hoo = 1 and ||JC3||^ =

Halloo = II5(1, -Dlloo = 1 because |||U = IIIU on K2.

PROPOSITION 2.2. With respect to the norm || ||, on C2 the map {a, b) h-> (a, b)* —
(a, b) has norm K > 1.

PROOF. We show ||JC*||, > 1 and the result follows because | |x | | , < 1. Suppose

II**|| < 1. By Proposition 2.2 (a) there are A.,, . . . , l 6 e C with S|A.,-| < 1 and

Put A.,- = \ki\(Oi where |<w,-| = 1 and co,• = 1 if A.,- = 0. Then 1 = E|A,,|o;,,
so, as 1 is an extreme point of the unit disc in C and E|A.,-| < 1, we have co, = 1
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for all / and A.,- > 0. Thus \ is in the convex hull of ± 1 , ± £ , ±£2 . Consider
the real-linear functional 0 on C given by 9(z) = 4Rez - 20Imz/\ /3 . We have
d(±l) = ±4, 0(±£) = q:4, 0{±K2) = T3 and d<£) = 6 so £ is not in the convex
hull of ± 1 , ±£ , ±£ 2 and hence x* is not in the unit ball of (C2, || \\x).

For each positive integer n we consider C2" as the tensor product of n copies
of C2 and denote the greatest cross norm on C2" induced by || Ĥ  or ||||, on all the
factors by the same symbol. Thus (C2", || ||,) and (C2", || \\A) are both Banach algebras
and the latter is isometrically isomorphic with il((l2)")- For any finite group G,
d = |G | - ' YlgecS~] ® g is a diagonal in ll(G) of norm 1. Thus (C2\ |||U) is 1
amenable. More generally, the standard proof [1, Theorem 2.5] that the group algebra
of an amenable group is amenable in fact shows that it is 1-amenable.

COROLLARY 2.3. (C2", \\\\x) is a commutative symmetric semisimple l-amenable
Banach algebra with involution of norm K".

PROOF. (C2", || ||,) is clearly a commutative symmetric semisimple Banach algebra.
By Proposition 2. l(b) we have \\t\\x < |j / j| ̂  for all ? in C2" so ifd is the norm 1 diagonal
for (<C2\ ||||A) then it is a diagonal for (C2\ ||||,) with norm < 1 and (C2\ \\\\x) is 1
amenable.

The statement about the norm of the involution follows from the general identity
|| S <8> T || = || S || || T || for the tensor products of operators.

3. Direct sums of M-amenable Banach algebras

Throughout this section we will use ©oo to indicate the direct sum with the su-
premum norm. Thus if Kx and X2 are Banach spaces, then X] 0 ^ X2 is the direct
sum with ||X] © x2|| = max{||jci||, ||x2||} and if Ku X 2 , . . . are Banach spaces then
(®oo)T=\%n is the space of sequences x with xn e Kn,n = 1 ,2, . . . and ||xn|| -* 0 as
n —>• ex); the norm is given by ||x|| = maxn{||xn||}.

By considering elements of the form d+d' in ( U © ^ ) ^ ^ © ^ ) where d e U<8)U
and d' e B<8)B, it is easy to see that if U andB are M-amenable Banach algebras, then
H ©oo 23 is 2M-amenable. We shall show that in fact it is M-amenable.

LEMMA 3.1. If'X and? are Banach spaces and t e X®ywith \\t\\-< M then there

is k0 such that for every integer k > k0, t has an expression t = £/=i •*< ® y> wnere

\\Xi\\ <&,\\yi\\ <

PROOF. We have t = Y!j=\ rj ® sj f o r s o m e Z € N,rj eX,Sj e? (j = 1,... ,1)

and E||ry ||||5y|| < M. We may, of course, assume that none of the r, or s, is zero.
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Choose [ o e N with (.Mk^ < M - E||ry| | | |^| |, let k > k0 and put S =
Replacing each r,- by 5||ry||~'r; and each 5-; by ^" ' t l^ll^ we may assume that ||r,-|| = <5,
j = \,... ,1. If Pjis the integer part of H^P" 1 then Sj is the sum of 1 + Pj
terms of norm less than 8 (we could take each term to be (1 + Pj)~xSj, for example).
Decomposing the Sj in this way we get t = X7=i x'i®y'i where ||x,'|| = 5 and ||;y-|| < 8.
Because pjS < \\sj\\ < (1 + Pj)8, the number of terms m = 5Z/=1(1 + Pj) satisfies
(m -t)82 < S\\n||||s,-|| < mS2. Thus, m82 < E||r,| | | |5,|| + IS2 < S||r,-||||s,-1| +
(.Mkg1 < M = k82. This shows that m < k. To get the required expression
we put x, = x;(||y;||/5)'/2, y, = yKWylW/S)^2, (i = 1 , . . . , m) and x, = y, = 0
(i = m + I,... , k).

LEMMA 3.2. / / X,"?, 5, XO are Banach spaces and t e X ® ? , t' e 3<8)tD with
\\t\\-< Mand\\t'\\-< M.thent + t' e (X ®x 3)(8)(V 0oo t») has ||? + f'||-< M.

PROOF. Apply Lemma 3.1 to t and t' getting integers &0 and k'o. Take k >
max{ko,k'o}, 8 = (M/k)l/2 and put t - E L i ^ ® ^" l' = E*=i z- ® ^/ w h e r e

Ik;II < 8, \\yi\\ < 8, \\zi\\ < 8 and ||io,-|| < 8 (1 = 1 , . . . , k). The expression

r=0 1 = 1

s h o w s t h a t | | r + t'\\ < 1-2-k- 82/2 = M.

Applying Lemma 3.2 for every M' > M we see that if \\t\\* < M and ||r'||- £ M
then ||r + ?'||-< M.

PROPOSITION 3.3. (a) IfHu ... , U« are M-amenable Banach algebras then so is
(©oo)?=1U,-.

(b) //" Hi, U 2 , . . . are M-amenable Banach algebras then so is (©oo)^,!!,-.

PROOF, (a) follows easily from Lemma 3.2 by taking the elements dt in 11,(8)11,
from Definition 1.1 and forming d = J^d,.

To prove (b) we consider "&„ = ®"=1U, as embedded inB = ©~,U, in the obvious
way. If Boo = u ^ l iB n then any finite subset of Boo lies in someBm so the conditions
of Definition 1.1 are satisfied for finite subsets of Boo and the result follows because
Boo is dense in B.

We are now in a position to give a counterexample.

THEOREM 3.4. U = (©oo)^li(C2", |||U) is a commutative semisimple l-amenable
Banach algebra which is not symmetric.
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PROOF. It is easy to see that U is a commutative semisimple Banach algebra because
the (C2", || \\x) are. It is 1-amenable by Proposition 3.3 and Corollary 2.3.

The maximal ideal space U of H is the disjoint union of the maximal ideal spaces
of the C2" and C0(U) = (©oo)^i(C2\ ||||oo)- The hermitian involution of C0(U) is
{a,}°Zi i->- {<z,*} r̂ As the norm ofthis involution on (C2", ||||j)is/c" -> ooasn -» oo,
there i sa e l l with ||a*||, —> oo as n —>• oo so a* £ It and II is not symmetric.

4. Another example

We give a slightly different example which avoids the results in Section 3. For any
group H we have the map H —*• H x Z2 given by h i-»- (h, e). Iterating this we get
an inductive system

Z2 -> 22 x Z2 -> Z2 x Z2 x Z2 -> • • •

with limit which we denote by Z2i00. There is a corresponding sequence of injective
isometric isomorphisms of group algebras

with limit £' (22,oo)- Denoting the group dual to Z2 by {1, — 1} there is a corresponding
projective system

{ 1 , - 1 } < - { 1 , - 1 } 2 < - . . .

with limit the compact group {1, — 1}°°. Here the linking maps are ( t i , . . . , €„, en+1) i->
( e i , . . . , €„) where e, = ± 1 . For the continuous function spaces we again have an
injective system dual to this which, writing C2" for C({1, — 1}") is

where the connecting maps are / i-> / <8> 1. We have seen that, if we take the norms
|| ||A on C2", then the limit is A({1, —I}00). If we take the supremum norms on C2", the
limit is C({1, — 1}°°). The map / H-> / <g> 1 is also an isometry in the || H, norms; we
denote the inductive limit by U and its norm by || ||Ji00. The contractive isomorphisms
(C2", ||\\A) —> (<C2\ \\\\x) —> (C2", MMoo) given by the identity map give contractive
homomorphisms <J> : A({l,-l}°°) -> U and * : U ->• C({1, - I}0 0) with dense
ranges where *<!> is the identity injection A({1, - I}0 0) ->• C({1, - I} 0 0 ) .

We will show that U is semisimple so that 4> and * are injective. Suppose that
r e Rad U and c e C2" for some n. Taking the tensor product &np of the identity map
on C2" with p copies of the functional (a, b) i-> a on C2 we get a coherent system
of contractive maps from (C2"+P, || \\x) to (C2", \\\\x) and hence a contraction 0 from U
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into C2" which is the identity on C2". In the same way we get a contraction 0 from
C({1, - I}0 0) onto C2". We have * 0 = 0 * because this holds on the C2"+P spaces.
Because C({1, -1}°°) is semisimple we have Wr = 0 and hence * 0 r = 0*I>r = 0.
However, * is injective on C2" so 0 r = 0. Thus \\c - r\\x > | |0C - ®r\\x = \\c\\x.
However, if \\r\\x > 0 then there is n e N and c e C2" with \\c — r\\x < ^||r||A.
We then have ||r|U - | |c||, < I||r||x so \\\r\\x < \\c\\x and \\c - r\\x < \\c\\x. This
contradiction shows that Rad U = 0 and O and 4> are injective.

If U were symmetric then the involution on C({1, — I}00) would restrict to a ne-
cessarily continuous involution on II. However, by Corollary 2.3, the restriction to
C2" has norm K" where K > 1. U is 1 amenable because A({\, — I}00) = ^'(^.oo) is
and 4> is a contractive homomorphism into U with dense range so the conditions of
Definition 1.1 are satisfied with a i , . . . , a , e ImO and d = O <g) <f>d' for a suitably
chosen element <f of A({1,-1}°°) <g>/t({l,-I}00).
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