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1. Introduction. The purpose of this paper is to prove 
and general ize the following theorem: Given any topological 
space X, of all the T spaces Z which are continuous images 

of X, there is a maximal one Y; that i s , one over which all 
others factor, as in Figure 1. 

p 
X » Y 

Z * 
Figure 1. 

In pursui t of this resul t , the authors define a certain 
species of functors and natural transformations on the category 
of all topological spaces and m a p s . A subspecies is singled out 
which yields the main resu l t . As well it leads to a uniform 
definition of many separation axioms, and universal proofs for 
some of the simple proper t ies of these axioms. 

The authors are indebted to the referee for many helpful 
suggestions. 

2. Topological Equivalence Relations and Quotients. 
In this section we introduce the basic machinery in two equivalent 
forms. The idea is s imilar in spir i t to rewriting the Stone-Cech 
compactification in t e r m s of an induced natural t ransformation. 
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Defini t ion 1. A quot ient on Top (the c a t e g o r y of t opo log i ca l 
s p a c e s and m a p s , the l a t t e r m e a n i n g con t inuous m a p p i n g s ) i s a 
p a i r (F , n) w h e r e F : T o p -* Top i s a c o v a r i a n t func to r , n:I -+ F 
i s a n a t u r a l t r a n s f o r m a t i o n of the iden t i ty functor on Top into 
F and n i s onto for a l l X in T o p . 

X 

If Q=(F, n) i s a quot ien t (on Top) we s h a l l say that a s p a c e 
X (in Top) i s Q - i n v a r i a n t when n x i s a h o m e o m o r p h i s m . 

In the fol lowing, if R i s an e q u i v a l e n c e r e l a t i o n defined on 
a s p a c e X (in Top) we deno te the se t of e q u i v a l e n c e c l a s s e s 
endowed with the quot ien t topology by X / R . Also , X wi l l be 
cal led R - d i s c r e t e when xRx ! i m p l i e s x = x' for a l l x, x ' in X. 

Def in i t ion 2 . An equ iva l ence r e l a t i o n R which i s 
defined on e v e r y topo log ica l s p a c e i s ca l led topo log ica l when, for 
any m a p f:X-*• Y, xRx ' i m p l i e s f (x)Rf(x ' ) . 

PROPOSITION 1. T h e r e i s a 1-1 c o r r e s p o n d e n c e 
b e t w e e n topo log ica l e q u i v a l e n c e r e l a t i o n s and quo t i en t s for 
which the topology on F(X) i s the topology induced by n . 

P roof . Given a topo log ica l e q u i v a l e n c e r e l a t i o n R, 
define F : T o p -* Top by: F(X) = X / R and F(f) i s the m a p 
d e t e r m i n e d un ique ly by the c o m m u t a t i v e d i a g r a m in F i g . 2 . 
H e r e , n i s the canon ica l m a p of X onto X / R . 

X 

F i g u r e 2 . 

U n i q u e n e s s , t oge the r with F i g u r e 3, shows tha t F i s a 
c o v a r i a n t f unc to r . 

x { > Y ? >Z 

X n n 

X / R 
F(f) 

->Y/R 
F(g) 

- » Z / R 

F i g u r e 3 . 
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C o n v e r s e l y , g iven a quot ient Q = ( F , nj, we define R on 
X by xRx' if and only if n (x) = n (x1) . R is a t opo log ica l 

X X 
e q u i v a l e n c e r e l a t i o n , for , g iven f:X -*• Y and xRx ' in X, then 
xiy(f(x)) = F ( f ) o n x ( x ) - F ( f ) o n x ( x ' ) = n y ( f ( x ' ) . Hence f(x)Rf(x ' ) . 

F i n a l l y , i t i s e a s y to see tha t the above c o r r e s p o n d e n c e s 
a r e the i n v e r s e of one a n o t h e r . Th i s c o m p l e t e s the proof . 

COROLLARY 1. Suppose Q and R induce each o the r 
a s in P r o p o s i t i o n 1. Then X (in Top) i s Q - i n v a r i a n t if and only 
if i t i s R - d i s c r e t e . 

P r o o f . Suppose X i s Q - i n v a r i a n t . Then xRx' m e a n s 
tha t n (x) = n (x') . But n i s a h o m e o m o r p h i s m . C o n v e r s e l y , 

X X X 
if X i s R - d i s c r e t e , X = X / R = F(X) and the c a n o n i c a l m a p is 
the i den t i t y . 

Def in i t ion 3 . Given a topo log ica l s p a c e X, a p a i r (Y, g) 
c o n s i s t i n g of a s p a c e Y (in Top) and a m a p g:X -*• Y, i s said 
to have the R - f a c t o r i z a t i o n p r o p e r t y for X when for any 
R - d i s c r e t e s p a c e Z toge the r with a m a p f:X -*• Z t h e r e is a 
m a p h;Y -* Z so tha t f = hog . 

The o b s e r v a t i o n tha t F i g . 2 c o l l a p s e s to a t r i a n g l e when 
Y i s R - d i s c r e t e , g ives 

COROLLARY 2 . Given a space X and a topo log ica l 
e q u i v a l e n c e r e l a t i o n R, then (X/R, n ) has the R - f a c t o r i z a t i o n 
p r o p e r t y for X. 

Now that we have e s t a b l i s h e d the r e l a t i o n be tween quot ien t s 
and topo log ica l equ iva l ence r e l a t i o n s , we wil l d i s c u s s only the 
l a t t e r . 

3 . The L i m i t R e l a t i o n . Given a topo log ica l equ iva l ence 
r e l a t i o n R, we define a new r e l a t i o n l i m R as fo l lows . F o r 
X a t opo log i ca l s p a c e conta in ing x and x \ we have x ( l imR)x ' 
if and only if for a l l R - d i s c r e t e s p a c e s Z toge the r with m a p s 
f f r o m X to Z, then f(x) = f (x f ) . Note that such p a i r s (Z, f) 
a lways e x i s t . 

PROPOSITION 2 . (i) l i m R i s a topo log ica l equ iva l ence 
r e l a t i o n ; 

(ii) X / ( l i m R ) i s R - d i s c r e t e ; 

203 

https://doi.org/10.4153/CMB-1966-027-3 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1966-027-3


( m ) X is R - d i s c r e t e if and only if it 
i s l i m R - d i s c r e t e . 

P roof . (i) If f:X -*• Y is a m a p and f(x) and f(x') a r e 
not l i m R r e l a t e d then t h e r e i s a m a p g:Y -* Z with Z 
R - d i s c r e t e and g(f(x)) ^ g ( f ( x ' ) ) . Since gof i s a m a p , x and x ' 
a r e not l i m R r e l a t e d . 

(ii) Suppose that x and x1 in X a r e not l i m R 
r e l a t e d . Then t h e r e i s a m a p f f r o m X into an R - d i s c r e t e 
s p a c e Z with f(x) :j=f(x!). F r o m C o r o l l a r y 2 of P r o p o s i t i o n 1 
t h e r e i s an h such tha t f = ho p, w h e r e p i s the c a n o n i c a l m a p 
of X onto X / ( l i m R ) . Thus h(p(x)) ^ h ( p ( x ' ) ) , and h e n c e p(x) 
and p(x ' ) are not R r e l a t e d . 

(iii) If X i s R - d i s c r e t e and x ( l i m R ) x l , the 
iden t i ty m a p on X g ives x = x 1 . C o n v e r s e l y , if X i s 
l i m R - d i s c r e t e then X = X / ( l i m R ) i s R - d i s c r e t e by ( i i ) . 

COROLLARY. X / ( l i m R ) i s l i m R - d i s c r e t e . 

The r e s u l t we m e n t i o n e d in the i n t r o d u c t i o n can be s ta ted 
as fo l lows : 

T H E O R E M . Given a topo log ica l space X and a t opo log ica l 
equ iva l ence r e l a t i o n R, t h e r e i s a p a i r (Y, p) c o n s i s t i n g of an 
R - d i s c r e t e s p a c e Y and a m a p p of X onto Y, wh ich h a s 
the R - f a c t o r i z a t i o n p r o p e r t y for X. T h i s p a i r i s un ique up to 
h o m e o m o r p h i s m . 

P roo f . We take X / ( l i m R ) for Y, wi th p the n a t u r a l 
m a p . By (ii) of P r o p o s i t i o n 2, X / l i m R is R - d i s c r e t e . The 
R - f a c t o r i z a t i o n p r o p e r t y i s an i m m e d i a t e c o n s e q u e n c e of (iii) 
of P r o p o s i t i o n 2 and C o r o l l a r y 2 of P r o p o s i t i o n 1. F o r 
u n i q u e n e s s , if (Y,p) and ( Y ^ p 1 ) bo th sa t i s fy the cond i t ions of 
the t h e o r e m we have a d i a g r a m a s in F i g . 4. Since the d i a g r a m 
c o m m u t e s and p and p ' a r e onto, we have tha t (Y, p) and 
( Y ' , p ! ) a r e r e l a t e d by a h o m e o m o r p h i s m . 
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An example will be given in Section 5 to show that X/R will not 
suffice for Y in this theorem. 

4- Sub space and product theorems . 

PROPOSITIONS. If f :X->Y is 1-1 and Y is 
R-d isc re te , then X is R-d i sc re te . 

Proof. If xRx' then f(x)Rf(x'). Hence f(x) = f(x!) 
and thus x = x1 since f is 1-1. 

COROLLARY. A subspace of an R-d isc re te space is 
R-d i sc re t e . 

PROPOSITION 4. Given a family of topological spaces 
Y., let Y denote the product space. Let R be a topological 

equivalence re la t ion. Then yRyf in Y implies y. Ry.1 in 

each Y.. The converse holds if the family is finite. 

Proof. The f i rs t par t comes immediately by considering 
the projection maps . For the converse, define j . :Y. -»• Y for 

i = l , 2 , . . . , n by Ji(2) = ( y i , y 2 , . . . , y i _ 1 , z , y ' . + i , . . . ) y M . 

Now y Ry'. implies j.(y.)Rj (y1. ) for i = l , 2 , . . . , n. The resu l t 
i i l i i i 

now follows by applying the transit ivity of R a finite number of 
t imes . 

PROPOSITION 5. With the notation of Proposi t ion 4, 
Y is R-d i sc re te if and only if each Y. is R-d i sc re t e . (The 
family need not be finite). 

Proof. Proposit ion 4 gives the "if" par t at once. 
Conversely, suppose Y is R-d isc re te and y Ry1. in each Y. . 

i i i 

Define j . :Y . -* Y by j.(z)(k) = y if i ^ k and equal to z if 
1 1 1 K 

i = k. We have j . (y. )Rj.(y'. ) and hence j .(y.) = j .(y ! . ) . Thus we 
l i i i i i i i 

have y = y1. . This proves the resul t , 
i i 

5. Separation axioms. To construct topological 
equivalence relat ions corresponding to separation axioms, we 
make 

Definition 4. An elementary topological relat ion is a 
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s y m m e t r i c , r e f l ex ive r e l a t i o n defined on e v e r y t o p o l o g i c a l 
s p a c e which is p r e s e r v e d u n d e r m a p s . 

An e l e m e n t a r y topo log ica l r e l a t i o n E i n d u c e s an 

equ iva l ence r e l a t i o n E as fo l lows : x E x ' when t h e r e a r e p o i n t s 
z , z , . . . , z wi th z = x, z = x1 and z, E z, t for 

1 2 n 1 n k O k + 1 
k = 1, 2, . . . , n- 1. The fol lowing i s c l e a r : 

P R O P O S I T I O N 6. (i) E i s a t opo log i ca l e q u i v a l e n c e 
r e l a t i o n ; 

(ii) X i s E - d i s c r e t e if and only if 
i t i s E - d i s c r e t e . 

E x a m p l e s . The following a r e e x a m p l e s of t o p o l o g i c a l 
equ iva l ence r e l a t i o n s and how they a r e f o r m e d . 

(1) T defined by: xT x ' when e v e r y open se t 

conta ining one of x, x ! con ta in s t h e m bo th . In th i s c a s e R ^ l i m R . 
(2) T induced by the e l e m e n t a r y t opo log i ca l r e l a t i o n 

E defined by: xE x1 when e v e r y open s e t conta in ing x 

con ta in s x1 or e v e r y open se t conta in ing x ! con t a in s x . 
(3) P induced by: x E x ! when t h e r e i s a s e q u e n c e 

which c o n v e r g e s to bo th x and x 1 . 
(4) T induced by: x E x ! when e v e r y p a i r of open s e t s 

conta in ing x and x1 r e s p e c t i v e l y o v e r l a p . 
(5) T o / ? defined by: x T . xf when for e v e r y m a p 

f : X - * [ 0 , 1 ] we have f(x) = f (x ' ) . 

Then, for e x a m p l e , a s p a c e X i s a T s p a c e if and only 

if i t i s T - d i s c r e t e in the s e n s e defined by (4) . S i m i l a r s t a t e 

m e n t s hold for the o the r e x a m p l e s ; they can, if d e s i r e d , be 

t aken a s de f in i t i ons . 

Next we c o m e to the ques t i on of wha t s e p a r a t i o n a x i o m s 
a r e not def inable by topo log ica l e q u i v a l e n c e r e l a t i o n s . We s h a l l 
show tha t T and T fal l in to th i s c l a s s . 

3 4 

F i r s t of a l l T (no rma l i t y ) i s not p r o d u c t i n v a r i a n t and 

so would c o n t r a d i c t P r o p o s i t i o n 5 . F o r T we wi l l ge t a 

c o n t r a d i c t i o n wi th P r o p o s i t i o n 3 . L e t I deno te [0, l ] wi th the 

2 0 6 
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usual topology. Let I1 denote [0, l ] with topology generated by 
the following subbasis : (i) all open sets of I ; (ii) the complement 
of K, which is the union of [l/(2n-HL), l /(2n)] n= 1, 2, . . . . Now 
I1 is not regular (T ) since 0 cannot be separated from the 

closed set K. However, we have a 1-1 map If -»• I. This is 
not compatible with Proposi t ion 3. 

Finally, we give an example where R and limR are not 
the same . We do this by giving an example of a space X for 
which X/T is not Hausdorff. Let X be the union of: 

S = {- . ->P_n> • • " P _ 2 , P - 1 ' P 1 ' P 2 ' ' "^ a n d 

S! = { . . . , q , q , q , q , . . .} . The topology is generated by 

the following bas i s : (i) all subsets of S1 ; (ii) complements of 
sets of the form {p , . . . , p ,q , . . . , q } where e is 

i r a 4 *a e a ^e a J i 
1 r 1 1 r r 

1 or - 1 . It is readily verified that points of S belong to the 
same c lass while the subspace ST is T . Also, points in S 
can be separated from those of S f . Thus X/T is not T , for 
the only open set containing the c lass S is X/T . 

The University of Toronto. 
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