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THE PSEUDO-ORBIT SHADOWING PROPERTY
FOR MARKOV OPERATORS IN THE SPACE
OF PROBABILITY DENSITY FUNCTIONS

ABRAHAM BOYARSKY AND PAWEL GORA

ABSTRACT. Let X be a space with two metrics d; and d,. Let S :
(X,d;) — (X,d>) be continuous. We say S has the generalized pseudo-
orbit shadowing property with respect to the metrics d; and d; if for every
e >0 36 > 0 3 every §-pseudo-orbit in d} can be e-shadowed by a true
orbit in dy, i.e., if {xo,x),...} satisfies d\(S(x;),x;,) = & for all i 2 0,
then3x € X > dz(Si(x),xi) < ¢ for all i 2 0. The main result of this note
shows that certain Markov operators P : L' — L! have the generalized
shadowing property on weakly compact subsets of the space of probability
density functions, where d; is the metric of norm convergence and d; is
the metric of weak convergence. An important class of such operators
are the Frobenius-Perron operators induced by certain expanding and non-
expanding maps on the interval. When there is exponential convergence
of the iterates to the density, we can express ¢ in terms of €. We also show
that, unlike the situation in the space X itself, the generalized shadowing
property is valid for all parameters in families of maps and that there is
stability of the shadowing property.

1. Introduction. Let (X,d) be a compact metric space and let § : X — X
be a continuous map. The orbit of x € X is the sequence {x,S(x),S%(x),...}.
Given a number § > 0, a §-pseudo-orbit is a sequence {xo,xj,...} such that
d(S(x;),xi41) = 6 for all i 2 0. An important example of a d-orbit is a computer
orbit, where computation errors occur at each iteration. In such cases it is of
interest to know that pseudo-orbits can be approximated by true orbits of the
map S.

Definition 1. We say S : X — X has the shadowing property (or the pseudo-
orbit tracing property) if for every ¢ > 0 34 > 0 > that every §-pseudo-orbit
can be e-shadowed by a true orbit, i.e., if {xo,x|,...} satisfies d(S(x;), xi41) =6
for all i = 0, then Ix € X 3 d(S'(x),x;) £ e forall i Z 0.

The term shadowing was first introduced by Bowen [1] for Axiom A diffeo-
morphisms. In [2] it is shown that tent maps have the shadowing property for
almost all parameter values, although there is an uncountable set of parameter
values which is dense and for which the tent map does not have the shadowing
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property.

The map S : X — X induces a continuous map Sy : M (X) — M (X), defined
by Sy u(A) = u(S~'A), where M (X) is the space of probability measures on
X. The elements of M (X) can be viewed as statistical states, reflecting the fact
that there is imperfect knowledge of the system. In [3] it is shown that many of
the topological properties of S carry over to Sy. In [5] the pseudo-orbit tracing
property of S is shown to imply the pseudo-orbit tracing property for Sy, on
certain closed subsets of measures with finite support.

In this note we shall find it useful to employ a generalized notion of shad-
owing. Since we shall be using only linear operators, we state this property for
such mappings.

Definition 2. (Generalized Shadowing Property) Let X be a subset of a linear
space with two metrics d| and d,. Let S : (X,d;) — (X, d;) be linear. We say
S has the (8, €) generalized shadowing property (with respect to d; and d5), or
simply the generalized shadowing property, if for every e >0 36 > 0 3 every §-
pseudo-orbit (in d;) can be e-shadowed by a true orbit (in dy), i.e., if {xg, x1,...}
satisfies d(S(x;), x;+1) < & for all i = 0, then Jx € X 3 dr(S'(x), x;) < € for all

i20.
Let (X, B, u) be a finite measure space and let L' = L'(X, B, u) with the
L'-norm || ||;. Let D; denote the space of densities on X, i.e., the set of all

normalized nonnegative elements of L'

Di={feL':|flh=1f=z0}

A linear operator P : L' — L' is called Markov if P(D;) C D;. It follows that
lPfNls S |1 fIli- If Pf = f for some f € L', f is called a fixed point of P.

Definition 3. We say P : L' — L' is strongly (weakly) constrictive if there

exists a strongly (weakly) compact set A C L' such that
lim inf ||P"f —g|li =0
n—o0 geA

for f € D,. We shall refer to A as an attractor.

In [8] it is shown that if P is weakly constrictive, then P is strongly con-
strictive. This is useful since it is easier to check for weak compactness than
for strong compactness. From now on, we will delete the adjectives strong and
weak. Examples of constrictive Markov operators can be found in [3].

Since D; is a subset of L', (D), 0) is a metric space, where o is the metric
induced by the L! norm || ||;. We shall also consider D; with the topology of
weak convergence, i.e., f, — f if and only if for every h € L = L*(X, B, p),

/ hCf (o) — / hOof GOt
X X
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as n — oo. If h € C(X), the space of real-valued continuous functions on X, we
shall refer to this as vague convergence.
Let {¢,} be a countable dense subset of C(X) in the sup norm topology. Let

Bn = sup |¢,,(x)| >0

xeX

and let {,} be a sequence of positive real numbers such that

[e.9)
Za,,ﬂ,, =a=1.

n=1

Define the semi-norm || || on L' by:
(e8]
IUH:§:wm/muyumum
n=1 X
Clearly ||f]] = «||f]l1, and || || defines the topology of vague convergence on

D. Let p be the metric induced by || ||.

LEMMA 1. Let D C D, be a weakly compact set. Then the weak topology of
Ly, restricted to D, is defined by || ||.

Proof. Since D is weakly compact, it is vaguely compact. Hence, given any
sequence { f,} C D, there exists a subsequence, also labelled by n, such that for
each ¢ € C(X),

f P )fu(xX)pldx) — / P(x)f (x)pu(dx)
X X
for some f € D, i.e., || f, —f|]| — 0 as n — oo. We claim that f, — f weakly.

Suppose that this is not the case. Then there exists a subsequence {f,, } such
that for some € > 0,

> €

/ h(x )fn, (X )p(dx) — / h(x)f (x)u(dx)
X X

But {f,, } is weakly compact. Thus there exists a further subsequence {f,, }
such that f,, , — f' weakly, which implies that for any ¢ € C(X),

/mmnmefMWhmm
X X
But

/x G, (X)u(dx) — / d(O)f (x)p(dx)
X
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Hence,
/X () () = / S (p(dx)
X

for all f € C(X). Hence f = f’ a.e., and we have a contradiction. Thus vague
convergence in || || implies weak convergence. Since weak convergence obvi-
ously implies vague convergence, we have the desired result. =

The main result of this note is that under certain conditions, the operator P,
when viewed as a map from the metric space (D, o) into the compact metric
space (D, p) has the generalized shadowing property. An important example of
such operators are the Frobenius-Perron operators induced by expanding and
certain non-expanding maps of the interval.

Notice that although the map for S : X — X may not have the shadowing
property, the Frobenius-Perron operator corresponding to S, Ps : L' — L!, may
have the generalized shadowing property. For example, consider the tent map
S :10,2] — [0, 2], defined by:

V2x, 0<x=1
V22 -x), 1<x52
It is shown in [2] that S does not have the shadowing property. However, we will

see that Pg has the generalized shadowing property with respect to the metrics
o and p.

S(x) = {

2. The shadowing property in the space of densities. Let (X,p) be a
compact metric space. For A C X, closed, let

A= {x EX:inj p(x,y) <€}
Ye

be an e-neighbourhood of A. In the sequel we shall require the following ele-
mentary stability result.

Lemma 2. Let P : (X, p) — (X, p) be continuous. Assume there exists a closed
set A C X such that PA = A and that
(M p(P'x, A)=inf p(P'x, y) =0

ye

as i — oo uniformly for all x € X. Then for any ¢ > 0 and any 6 > 0 3 a
positive integer N 3 P"As C A forn 2 N.

Proof. We know from [6] that there exists a neighbourhood U of A such that
P(U) C U. We can assume U C A.. Now it is enough to prove that for some
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positive integer N we have PV(A.;) C U. Letd = inf {p(x,y):x €A,y € U}.
From (1), we obtain that there exists an N such that for any n = N and any
x € X we have p(P"x,A) < d/2. Hence PY(A.5) C Aqj» C U, and the proof is
complete. .

We assume that P : X — X is continuous in both metrics p and 0. We
denote the modulii of continuity with respect to p and ¢ we denote by w and 1,
respectively:

w(t) = sup {p(Px, Py):x, y € X, p(x,y) = t};
n(t) = sup {a(Px, Py):x, y € X, o(x,y) = t}.
For a modulus of continuity ¥ and s, ¢ > 0, we define:
= s;
et = Y(t) +1 fork=1,2,...

We put Q(7,s,t,N) = max {t;,f,...,iy_1}, where N is a positive integer.
Note, that if Y(r) < ¢, then Q(V,s,t,N) = s +(N — 1)t.

LemMa 3. Let P : X — X be continuous in both metrics p and o. If PN has
the (0,€) generalized shadowing property, then P has the (0),¢€|) generalized
shadowing property, where 0| is chosen to satisfy Q(n,0,,61,N) < é and ¢| =
Q(w, €,81,N). Note, that if n(t) = t and w(r) < t, then we can take §; = §/N
and €, = € +6. If P has the (§,¢) generalized shadowing property, then PV also
has the (0, €) generalized shadowing property.

Proof. We remark that §, > 0 satisfying Q(n,6,,6,, N) < 6 can always be
found because (1) — 0 as t — 0. Now let {xo, x,...} be a §;-pseudo-orbit for
P. We will prove first that the sequence {xo, Xy, Xan, . ..} forms a §-pseudo-orbit
for PV. Let us fix a nonnegative k and let M = kN. We have o(Pxy, xp+1) < 0
50 0(P2xp1, Pxpre1) < 1(61). Since o(Pxpra1, Xp42) < 61, we get

o(P2xp, Xma2) < n(6y) +61.
Repeating this reasoning N — | times, we obtain
a(PV xin Xeeryv) < Q1,681,681 N).

Therefore {xo,xy,Xan,...} is a §-pseudo-orbit for PV.

Since PN has the (§,¢) generalized shadowing property, there exists a point
y € X such that for any positive integer k we have p(P™y, x;y) < e. We shall
prove the existence of an €; such that for any k and any 1 =j =N — 1,

2) p(PM ¥y xina) < €.
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Now, we have p(PMy, x;y) < €. By the definition of w, we obtain p(P¥**ly,
Pxy) < w(e). Since {xo, x|, ...} is a §;-pseudo-orbit for P, we obtain: p(PN<*1y,
Xiv+1) < w(e) + 6. We have therefore proved (2) for j = 1. Continuing in this
way, we obtain (2) for all j = N — 1.

To prove the second part of the lemma, we proceed as follows: If {xo, xi,
X2,...} is a §-pseudo-orbit for PV, then

2 N—-1 N—1
(3) {X(), PX()7 P X(),...,P X0y X1, PX[,...,P X1, )Cz,...}

is the é-pseudo-orbit for P. There exists y € X such that the orbit {y, Py,
P2%y,...} approximates the pseudo-orbit (3) within e. It is obvious that the orbit
{y, PNy, P?N ..} approximates the orbit {xo, x;,xs,...} within e. .

Lemma 4. Let o be the norm metric in L' and p the metric of weak conver-
gence in D, defined above. Then, for all f,g € D, we have p(f,g) = o(f, g).

Proof. The proof follows from the definition of the semi-norm || || and the
fact that o = 1. .

Let D be a compact set of (D, p). An example of such a set is D, = {f €
D) : f(x) £ g(x)}, where g is an L' function, or any bounded set in L7, p > 1.

TueoreM 1. Let P : L' — L' be a constrictive Markov operator with the
attractor A consisting of a single element f* of a p-compact set D C D;.
Assume PD C D. If

lim |[P'f —A|i =0

n—0oQ0
uniformly for all f € D, then P : (D, 0) — (D, p) has the generalized shadowing
property (with respect to the metrics o and p).

Proof. Fix € > 0. By Lemma 2 there exists an integer Nyg > 0 such that
PN(D) C A. Let § = E/N(). Let N be the smallest positive integer such that
PM(Ay) CAc.. Let P = PN and k = [(Ny — 1)/N]+ 1, where [1] is the greatest
integer < t. We have k < Ny, kN = Ny and PXfy € A, for any fy € D.

Let us consider any §-pseudo-orbit, {fy,fi, />, ...} for P starting from a point
fo € D, o(Pf;,fir1) <6, for all i. Lemma 4 implies that we also have:

@ pPf, fu) <8, i=0,1,2,...
By induction it can be proved that

p(P'fy, £) < jé, for any 1 < j <k,
since we have

a(P""'fo, fis1) = o(P(Pfo). Pfj)+ 0(Pfy, fis) 6 +6.
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By Lemma 4, we get, forj =0,1,...,k,

5)  pPfo.f) SkE=e.

So far we have shown that the é-pseudo-orbit (in o) {fo,fi,f2,...} and the
true orbit {P/fy} stay close to each other for the first k iterates. It remains to
show that this is the case for all other iterates.

By the definition of N, PA,, C A, and by the definition of k, P*f, € A.. Now
(5) implies f; € Ay.. Thus the definition of N once again implies that Pfi € A,
and by (4), we have

.ﬁ(+l € Af.+5 C AZE'
Therefore, since P**'fy € A, fis1 € Aess, and since A consists of a singleton,
PP fo, fier) < 2e+6 < 3e.

We can repeat the reasoning inductively and combining this with (5), we get:
o(Pf;,fis1) < & for all j = 0 implies that p(P’fy, f;) < 3e for all j = 1. Thus we
have established the generalized shadowing property for P. By Lemma 3, we
have it for P. .

Although it appears that the assumption P(D) C D is restrictive, we shall
show that there exists a natural family of weakly compact sets D with this

property.

Let (X, B, 1) be a measure space with B a countably generated o-algebra of
measurable sets. If P is a Markov operator on L' = L'(X, B, 1) then there exists
a transition function [16, section V.4], P( , ), which is a measurable function
in the first variable and a measure in the second variable, such that P is the
unique operator satisfying:

] (P)g du = / £ { / P, dy)g(y)} ()

forall f € L' and g € L, i.e,, P is the operator adjoint to the operator

Te(x) = / P(x, dy)g(y).

Now we assume that p is a P( , ) invariant measure, i.e.,

(B) = / P(x,Byu(dx), BB,
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or, equivalently,

/ g(x)uldx) = / / P(x, dy)g(y)u(dx), gEeL”.

We shall prove that P(Dy) C Dy, where Dy = {f € L” : ||f|l, = M} and
p > 1. Dy is, of course, a weakly compact set in L'.
For ¢ such that 1/p +1/q = 1, we have:

1PF, = sup {} [ dul gl < n}

= sup { /f(X) (/P(L dy)g(y)) puldx)| = lglly = 1}

so it is enough to prove that the operator T is a contraction in L?. By Jensen’s
Inequality and the P( , ) invariance of u, we have:

/‘/P(x, dy)g(y)

q
u(d) < / f P(x, dy)lg()|*u(dx)

= /ig(x)l"u(d)()-

This ends the proof. "

Using the above representation of the operator P, we can associate a special
metric with P. Let {¢,} be a countable dense subset of C(X). We define the
metric p as follows:

p(f, &) = Z(X”ZCk
k=0

n=1

/ (T*¢)(f — g) du},

where 0 < ¢ < 1 and

o0
E o, =1 —c,
n=1

where 3, = sup |¢,].
The metric p gives the weak L, topology on any weakly compact set in L;. We
shall now show that P is Lipschitz continuous with the constant 1/c. Consider

p(Pf, Pg) =" any
k=0

n=|

o) 00
2 o)

n=1 k=0

o0 o0
l/cZ oy, ch
n=l k=l

/ (T*6,)(Pf — Pg) du‘

/ (T 6)(f — g) du‘

I

/ (T*6)(f — g) du| < 1/c p(f, ©).
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If we use the metric p associated with P, the number ¢, obtained in Lemma
3 can be expressed more explicitly.

Remark 1. If p is the special metric associated with the operator P, then in
Lemma 3 we can take

5(1 —bY)

a=eb" '+ G/NYA+b+- -+ bV =V 4 NI—B)

where b = 1/c.

In many practically important situations we have exponential convergence
of the iterates to the invariant density. In such cases, we can express ¢ in terms
of €.

PrOPOSITION 1. Let us assume that there exist H > 0 and 0 < g < | such
that for any f € D

IP"f = f*Il < Hg".

If p is the metric associated with P, then P has the (6, €) generalized shad-
owing property with

(6) 6 ~ const (n)e "

as € — 0, for any n > 0.

Proof. First, we obtain a bound on Ny from the proof of Theorem 1. We want
[|PMof — f*||1 < € so it is enough to take Ny = [(log,(¢/H)]+ 1. By Theorem 1,
Lemma 3, and Remark 1, we know that P has the (5, €) generalized shadowing
property with & = 3¢ /NN, and

eV — 1)

E=3d""'4 ——=
NNy(b — 1)

Since N < Ny, and b can be chosen as near to | as we like, we have
6 ~ const e(log,(¢/H))? ~ const e+

and
& ~ const e(e/H)"&"(log, (e /H))~* ~ const ¢! ™),

where 7;, 1, are positive and arbitraly small real numbers. Thus, for n =
(m +12)/(1 — 12) we obtain § ~ const '*7, »
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Remark 2. Since § is the precision of the pseudo-orbit, it is of practical
significance to know how it is related to €. If we desire a true orbit to be within
€ of a é-pseudo-orbit, (6) tells us what § must be.

3. Frobenius-Perron operator. Let (X, B, i) be a measure space, S : X — X
a nonsingular transformation, i.e., u(S™'E) = 0 for all E € B > u(E) = 0. The
unique operator Ps : L' — L', defined by

/ Pyf (Opldx) = / Foou(dx)
E S 'E

for E € B, is called the Frobenius-Perron operator corresponding to S. It is easy
to show that Py is a linear operator; Psf 2 0 if f 2 0; Ps» = P§, where Pg» is
the Frobenius-Perron operator corresponding to S”; and

/ Psf (r)pu(dr) = f Feu(dr).
X X

Clearly P, is a Markov operator. The adjoint to the Frobenius-Perron operator
is the Koopman operator:

Ug)=goSs,

where g € L. In other words, we have
/ (Pf)(x)g(x)u(dx) = / S)g(Sx)p(dx)

for any f € L' and any g € L.
For the Frobenius-Perron operator of S, the metric p associated with Py is
given by

p(fs g):ZanZCk

n=1 k=0

/ (6n 0 SHO(f — g))ux)|.

Definition 4. Let (X, B, u) be a probability space and S : X — X a nonsingu-
lar, measure preserving transformation, i.e., u(S™'E) = u(E) for every E € B.
Assume S(E) € B for every E € B. If

lim p(S"F) =1
n—0o0
for every E € B, u(E) >0, S is called p-exact.

The connection between exactness of S and Py is expressed in the following
result [3, Theorem 4.4.1]:
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ProrosITION 2. Let (X, B, p) be a probability space and S : X — X a non-
singular transformation. Assume there exists a unique f* € D 3 Psf* = f*,
where Pg is the Frobenius-Perron operator corresponding to S. Then S is p-
exact, where | is the measure whose density is f*, if and only if for every
feb,

lim |P"f —f*|l, = 0.
n—00
Since Ps is Markov, Proposition 1 states that Pg is a constrictive Markov

operator if S is py-exact. We can now apply the results of section 2, to obtain:

ProposITION 3. Let (X, B, u) be a probability space, and let S : X — X be
u-exact, where i is an absolutely continuous invariant measure with density f*.
Let D be a weakly compact subset of D, and assume that PsD C D. Assume
that ||PYf — f*|li — 0 as n — oo uniformly with respect to f € D. Then
Ps : (D,0) — (D, p) has the generalized shadowing property.

4. Examples

Example 1. (Expanding Maps of the Unit Interval)
Let I = [0, 1]. For a function f : I — R, set

var(f)y= sup Y| fla) = Flai ),
1

ag<ay <+ <an€l 4=
and for an equivalence class f € L!, define

V(f) = inf {var(f) : f € f}
Let BV ={f € L' : V(f) < oo}, and for f € BV, define

Ifllv =vH +IIrlh

Ilfllv is a norm on BV, which makes (BV, || ||v) into a Banach space. BV is a
dense linear subspace of (L', || ||1)and {f € BV: | f|lv < 1}isa| ||; compact
subset of L'. In the sequel we shall not distinguish between a function and its

equivalence class.

Following [9], we denote by S the class of Markov operators P : L' — L!
which satisfy the following condition: P(BV) C BV and there exist constants
A>1, ¢ >0, and a positive integer k such that |P||y < oo and

1 :
IPfllv = 5 v +CliAlh
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for f € BV. The subclass of S satisfying the foregoing condition for a specific
A and C is called S (A, C).
Let £ denote the class of expanding, piecewise C' maps S : I — I which

satisfy the condition that —- is of bounded variation, where /; is any interval of
the defining partition. In [1 |111] it is shown that Pg belongs to . From the ergodic
theorem of lonescu Tulcea and Marinescu [12], it follows that the operators in S
are quasi-compact as operators on (BV, || ||v). Thus, Ps has only finitely many
eigenvalues Aj, A2, ..., A, of modulus 1; the corresponding eigenspaces E; are
finite dimensional subspaces of BV and Pg has the following representation:

Ps = i A + Q,
i=1

where the @; are projections onto the E;, ||®;]; = 1, ®; 0 ®; = 0 (i # ), and
where Q : L' — L! is a linear subspace with sup, ||Q"|| < p+1, Q(BV) C BV,

@) 10"llv = Hq"

for some 0 < g < land H > 0, and Qo ®; = ®; 0 Q = 0 for all i. If
dim(E|) = 1, Ps is ergodic. Ps is mixing if Pg is ergodic and 1 is the only
eigenvalue of Ps of modulos 1.

Let S € ‘E. Then from the main result of [7], there exists a constant K,
independent of f, such that

limsup VP{f = K
n—00
for every f € D of bounded variation. Let D = {f € D, : Vf = K'}, where K’
is any number greater than or equal to K. Then D is weakly compact. Let us
assume that § admits a unique absolutely continuous invariant measure g with
respect to which it is exact (or even only mixing). Let f* be the density of this

measure. Then from (7) it follows that convergence to f* is uniform with respect
to all f € D:

IPsf —f*llv = Hq"
where H > 0 and 0 < ¢ < 1 are independent of f € D. Hence
Psf —f*Ilh = Hq"

and we have uniform convergence in the ¢ metric to f*.
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In view of Proposition 2, we have the generalized shadowing property for
Ps : (D,o0) — (D,p). In fact in this setting, it is easy to show that Py :
(D, || Iy — (D, || |I1) has the shadowing property [10].

A trivial example of a map Ps € S is the case where S is any triangle map
with slope > | in absolute value.

Example 2. (Random Maps of the Interval)
Let Sy, S2,..., S, be maps of I and define a “random map” S by S(x) = S;(x)
with probability p;. A measure y is called S-invariant if

WA = > pin(S;'A)
i=1

for each measurable set A. Assume each S; € ‘E. If for all x € I,

Sy <
2 i =<

then it is shown in [14] that the Markov operator P defined by

Py = Z piPs,

i=0

satisfies, for all f € BV,
(8) VPsf = aVf + K| f1]:

for some 0 < a < I and K > 0, both independent of f. Hence

[Psfllv = VPsf +IPsfll:
aVf +KILf 1L+ 111
all fllv + KNI £l

I\

I\

Hence Py satisfies (6) and is in S(a, K').
If Pg is ergodic and mixing (see Cor. 7 of [14] and [15]), then we have the
existence of a unique f* such that

IPSf —f*lly = Hg"

forall f € D = {f € Dy : Vf £ K|}, where H > 0and 0 < ¢ < |
are independent of f, and K, is any sufficiently large positive number. Hence
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Theorem 1 applies and the Markov operator Ps has the generalized shadowing
property.

Example 3. (Markov Operators Defined by Kernels)
Consider the integral operator P : L' — L', defined by

1
Pu(x) = / bx, yyu(y) dy,
0

where b : (0, 1)x(0, 1) — [0, 00) is measurable and stochastic, that is

1
/b(x,y)dx=1
0

for y € (0, 1). Assume that for some B > 0, b(x,y) = B for all x and y € (0, 1).
Then the operator P is constrictive [11]. Let D = {f € D : f(x,y) = B}. Then
PD C D. Assume P has a unique fixed point f* € D. Then the convergence to
S is uniform with respect to all f € D [13]. Hence Theorem 1 implies that P
has the generalized shadowing property.

Let us moreover assume that there exist a positive integer N and r > 0 such
that

r<bV(x,y)

for all x € X and y from some set of positive y-measure, where

B(x, y) = / / b(x, 2061, 21). . bley_ts YIdz1) . pldzy—r).

Then the convergence to the invariant density f* is exponential and all the results
of section 2 apply.

5. Frobenius-Perron operators with respect to a non-invariant measure.
In this section we treat a more general situation than in the previous sections.
We will consider the Frobenius-Perron operators with respect to a non-invariant
measure.

Let (X, B, m) be a measure space and S : X — X a nonsingular transformation
with respect to m, i.e., m(B) =0 = m(S~Y(B)) = 0, for any B € B. Let Ps be
the Frobenius-Perron operator with respect to the measure m induced by S.

In this case the assumption that Pg(D) C D can be too restrictive, but we
shall show that if D is a ball in some L” space (p > 1), then we can find a
smaller ball D such that P{(D) C D for all n 2 0, and thus all our reasoning
can be repeated.
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5.1. Expanding maps of an interval. For Lasota-Yorke maps, piecewise
convex maps [3, Theorem 6.3.1], and maps with 1/|S’| of bounded p-variation
[18], the set {P}(1) : n = 1} is bounded in L. For any f € Dy = {f € L" :
IIfll, =M} and any g € LY (1/p+1/q = 1), we have

/ (Pf)g dm = / flg oS dm
On the other hand,
/ g 08" dm = / g 1PLY) dm < sup [[PA(D)]loo / g1 dm.

Thus there exists a constant K such that ||P¢f||, = KM, for any positive integer
n and any f € Dy . This implies that Pg(Dy 2x) C Dy, for any n.

Hence all the results of sections 2 and 3 hold for the transformations consid-
ered here.

5.2. Non-expanding maps of Misiurewicz type. In this section we use the
results of Szewc [17]. Let S be a Misiurewicz-type transformation of an interval
I. Let C be the set of all “bad” points of S: singular points and endpoints of /.
Let

B = US"(C)

n=0

and By = cl(B). By J we denote the partition of I \ By into its connected
components.

We define C §?€)” as a space of functions which are defined on / \ By and are
Lipschitz continuous on any compact subset of any J € J. The norm in C{)*!
is defined as follows:

oyt = max {|[flle; [flioy1}s
where

If1
e

1]

1

Iflle = = sup sup
| fly1 = sup essup
Jeg Y

and ¢, ¢ are appropriate weight functions.
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C&” is a Banach space, it is Ps invariant, and any ball in it is compact in
Ly. By Theorem 6.3 of [17], there exist constants I' > 0 and 0 < ¥ < 1 such
that for any f € C@*':

”(I)n(f)”l = r’Yn”f”(())H forn=1, 2,

where ®@"(f) = Pgf — P(I1f) and II is the projection on the space of invariant
densities. This space is spanned by the finite number of ergodic densities. Thus
P¢ is a constrictive operator. In case there exists only one absolutely continuous
invariant measure (S is exact) all the results of sections 2 and 3 apply.

6. Stability of the shadowing property in families of maps. In [2] it is
shown that the family of tent maps have the shadowing property for almost
all parameter values, although they fail to have the shadowing property for an
uncountable dense set of parameters. This implies that there is no continuity
in the shadowing property; a small change in S may result in the loss of the
shadowing property. Clearly this renders such a result unpractical for the analysis
of experimental or computational systems. In the space of probability density
functions, the situation is dramatically different. In this section, we shall prove
that for many families of maps the shadowing property is preserved as the
parameter varies over its range.

As in [9], we employ the following Skorokhod-like metric on ‘E:

r(Sy, Sz):inf{e>0:3E§l§ln:1—»13m(E)>l—e. 7 1is
a diffeomorphism, S, = S; 0, and for all
1
— =1 <e€
7'(x) ‘ }

The following result is contained in Corollary 14 of [9].

x €X, [nx) — x| <e

LemMma 5. Let {S,} C E and let S C E. Let P, be the Frobenius-Perron
operator corresponding to S,. Assume {P,} C S(\,C) for some A > 1 and
C >0 Ifr(S,,S) — 0as n— oo and S is ergodic, then S, is ergodic for n
sufficiently large and the unique invariant densities of S, converge in L' to that
of S.

Let {Sq}aca C E be a family of maps (4 is the parameter space) satisfying
the following conditions:

(i) Let I be a fixed partition of I such that all S, are piecewise C 2 with
respect to this partition,

@) IS 2A>1foralae 4
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(iii) There exists a real constant ¢ such that

Vo—=c<oo.
01|,l.
forall x € 4.
(iv) Let each S, admit a unique absolutely continuous invariant measure [,

on /.
We can now state the main result of this section.

THEOREM 2. (Stability of Shadowing Property). Let {Sq}aca C E satisfy
conditions (i)—(iv). Assume that the map o — Sy from (A,| |) — (E,r) is
continuous. Then for each oy € A3 a neighbourhood N of oy > for each
e > 036 > 0 and every b-pseudo- orbit (in o) can be e-shadowed by a true
orbit (in p) uniformly for all o« € N i.e., if { fo,f1,- ..} satisfies a(Pof;, fir1) <6
for any a € N, then p(Pify.f)) < € for all @ € N. (We refer to this property
as the stability of shadowing property.)

Proof. Condition (iv) implies that each Sy is pq-exact. Hence P, is a con-
strictive Markov operator. The results of Example 1 show that the convergence
is uniform for / in the weakly compact set D = {f € D, : Vf = K}, for K a
large positive number.

From the proof of Theorem 1 of [7], it is easy to see that conditions (i) and
(i1) imply the existence of A > 1 and C > 0, both independent of o 3

! 1
IPafllv = 5 IFllv+ €l

Hence {Pa}aca C S(A\, C). Let f, denote the density of p,. Then Lemma
5 implies that the map a — f, from (4, |) — (D,0) is continuous, where
| | denote the absolute value norm. Fix oy € 4. Then given € > 0 3 a v-
neighbourhood AL , C 4 of «p such that « € A, implies |[fo — falli < 6.
Now, repeating the arguments of the proof of Theorem [, we get the desired
shadowing property of P, uniformly for « € A . .

Example 4. Consider the family of tent maps S : I — I, defined by

Bx, 0=x=1/2

Sptx) = {5(1—x), 1221

where 8 € 4 = [1 +w,2], w > 0. Clearly [Sj(x)] = 1 +w > 1, and all the
Sz have the same two intervals in their partition. Since each S has only one
turning point in its partition, there is a unique absolutely continuous invariant
measure. Furthermore, since Sg is piecewise linear, condition (iii) is satisfied for
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¢ = 0. Therefore, conditions (i)—(iv) are fulfilled for this family. The continuity
of 3 — Ss from (4,| |) — (E,r) is easy to prove. Thus, all the conditions
of Theorem 2 are satisfied for the family of tent maps. Hence the generalized
shadowing property is stable for this family.
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