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In this paper, we study the asymptotic profiles of positive solutions for diffusive
logistic equations. The aim is to study the sharp effect of linear growth and nonlinear
function. Both the classical reaction-diffusion equation and nonlocal dispersal
equation are investigated. Our main results reveal that the linear and nonlinear
parts of reaction term play quite different roles in the study of positive solutions.
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1. Introduction and main results

In this paper, we consider the diffusive logistic equation

_ P — i
{Au + M —a(z)u? =0 in Q, (1.1)

Bu=0 on 01,

where  is a C?*# bounded domain in RY (N >2), A >0 is a real parameter,
p > 1 is constant, the boundary operator B is given by

Bu = au, + Pu,

here v is the unit outward normal to 9 and either o« =0, 8 =1 (the Dirichlet
boundary condition) or « = 1, § > 0 (the Neumann or Robin boundary conditions).
The function a € C*#(Q) and a(x) > 0 for x € Q. Problem (1.1) is a basic reaction-
diffusion model used in the study of diversity phenomena in the applied sciences
(see, e.g. [1, 3, 4, 15]). It is also the paradigmatic model in population dynamics, the
diffusive logistic model [7, 8, 13, 16, 17]. The function a(z) measures the capacity
of © to support the species u(x). Under the above assumptions, the semilinear
problem (1.1) was well studied, see [15, 18] and references therein.

In the case of a(xz) =0, then (1.1) reduces to the following linear eigenvalue
equation

{Aqu)\uO in Q, (1.2)

Bu=0 on 0f2.
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We know that (1.2) admits a unique positive principal eigenvalue A?(Q) associated
with a positive solution ¢(x). Further, (1.1) admits a unique positive solution u(x)
if and only if A > AP (Q). However, we can see that (1.2) admits positive solutions
if and only if A = AP(Q).

In the previous work [20], the sharp profiles of positive solutions to (1.1) for
A > AB(Q) have been well investigated. In this paper, we shall consider the sharp
changes of positive solutions between (1.1) and (1.2). To do this, we consider the
following diffusive logistic problem

(1.3)

Au+ (AP(Q) +e*)u —ac(z)uP =0 in Q,
Bu=0 on 0f),

where € > 0 is a parameter, « > 0 is a given constant, a. € C* (Q) is positive in Q
and there exist > 0 and a € C*(Q2) such that a(z) > 0 for x € Q and

ac(x)

n 5 = a(z) uniformly in Q. (1.4)
E—

In (1.4), the constant 3 is the quenching rate of nonlinear function. It follows from
the classical results of reaction-diffusion equation that (1.3) admits a unique positive
solution 6. € C?T#(Q) for every € > 0, see e.g. [9, 15, 16]. According to (1.3), one
may think that 6.(z) tends to the trivial solution or the positive eigenfunction of
(1.2). However, our investigations reveal that 6.(z) admits quite different profiles,
determined by various choices of o and 3. In the present paper, we shall investigate
the sharp profiles by the classical regularity estimates and uniform estimates of
solutions [13, 16]. More precisely, we prove the following result.

THEOREM 1.1. Let 0. € C*TH(Q) be the unique positive solution of (1.4) for e > 0
and €, be a compact subset of ).
(i) If a < 3, then

lim 6.(xz) = oo uniformly in Q.. (1.5)
e—0+

Further, for any x € Q., there exist positive constants ¢, C' such that

c < liminfai%clx&(x) < hmsupei%clxﬂe(x) < C. (1.6)
e—0+ e—0+
(ii) If o > (3, then
li%l+ 0:(x) = 0 uniformly in Q.. (1.7)

Further, for any x € Q. there exist positive constants ¢y, Cy such that

c1 < liminfa%eg(x) < limsupsi%eg(x) < (. (1.8)
e—0+ e—0+

(iil) If @ = B, subject to a subsequence, we have

lim 0.(z) = coop(x) uniformly in Q
e—0+

for some positive constant cq.
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REMARK 1.2. It follows from theorem 1.1 that the linear term and nonlinear reac-
tion function play quite different roles in the limiting behaviour of positive solutions
of (1.1). We know from (1.5) and (1.6) that the blow-up phenomenon only occurs
if the nonlinear function admits a quicker quenching speed, i.e. @ < 3. It is inter-
esting to point out that the blow-up phenomenon appears in the diffusive logistic
equation with spatial degeneracy, see [8, 15]. However, if the linear term has a
quicker quenching speed to the critical value AP (Q), we get from (1.7) and (1.8)
that the solution will tend to the trivial solution.

Since the diffusion may take place between nonadjoint places, the research in
nonlocal dispersal equation has attracted much attention in recent years. Let J :
RN — R be a nonnegative and symmetric function. It is known that the nonlocal
dispersal equation

() = /R (= y)lu(y, 1)~ ula, )] dy in B x (0,00), (1.9)

and variations of it, arise in the study of different dispersal process in material
science, ecology, neurology and genetics (see, for instance, [2, 5, 12]). As stated in
[10], if u(y, t) is thought of as the density at location y at time ¢, and J(x — y) is
thought of as the probability distribution of jumping from y to x, then fRN J(x —
y)u(y, t) dy denotes the rate at which individuals are arriving to location x from all
other places and [~ J(y — z)u(x, t) dy is the rate at which they are leaving location
x to all other places. Thus the right-hand side of (1.9) is the change of density
u(x, t). There has been attracted considerable interest in the study of nonlocal
dispersal equations recently, for example, the papers [6, 11, 14, 19, 21-23] and
references therein.
Let us consider the nonlocal dispersal logistic equation

/Q J(z —y)u(y) dy — u(z) + (A () + e*)u — ac(z)uP (z) = 0 in Q, (1.10)

where £ > 0 is a parameter, a > 0 and a. € C(Q) satisfies (1.4). In (1.10), the
dispersal kernel function J € C(R”) is nonnegative, symmetric such that

/ J(y)dy = 1 and J(0) > 0,
RN

and A\, () stands for the unique principal eigenvalue of

/Q J(x —y)u(y) dy — u(z) = —Au(z) in Q.

In the rest of paper, we denoted by w(z) the positive eigenfunction of A,(12).
Then for any € > 0, we know that (1.10) admits a unique positive solution we(x),
see [11, 22].

Since the nonlocal dispersal equation shares many properties with the reaction-
diffusion equation, it is interesting to investigate the sharp behaviour of positive
solutions of (1.10) as ¢ — 0. However, there is a deficiency of regularity theory and
compact property for nonlocal dispersal operators, the study of sharp behaviour

https://doi.org/10.1017/prm.2023.11 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.11

276 J.-W. Sun and P.-F. Fang

of (1.10) is quite different to (1.3), [1, 6, 13]. We shall obtain the asymptotic
behaviour for nonlocal dispersal problem (1.10) by the means of nonlocal estimates
and comparison arguments.

In the case of nonlocal dispersal logistic equation, we have the following result.

THEOREM 1.3. Let w. € C(Q) be the unique positive solution of (1.10) fore > 0.
(i) If a < B, then

1i%1+ we () = oo uniformly in Q. (1.11)
E—

Further, there exist positive constants ¢, C' such that

.. Lo . B
¢ <liminferTw.(z) <limsuper—1Tw.(z) < C
e—0+ e—0+

for any x € Q.
(ii) If « > (3, then
li%l we () = 0 uniformly in Q. (1.12)

Further, there exist positive constants c1, C1 such that

A JE=1 . JEa=1
¢ < liminfer-Tw.(2) < limsuperTw.(z) < Cy
e—0+ e—0+

for any x € Q.
(iii) If a = 3, then, subject to a subsequence, we have

lir(1)1+ we(z) = cop(z) uniformly in Q
E—

for some positive constant cg.

The conclusions in theorem 1.3 provide us how the sharp profiles of positive
solutions to (1.10) is determined by « and 3. We also know that the profile for
nonlocal problem is different to the classical reaction-diffusion equation. By (1.11),
we obtain that the positive solution for nonlocal problem (1.10) will blow-up in the
whole domain © when « < . Similarly, by (1.12), we know that quenching occurs
for all z € Q.

The rest of this paper is organized as follows. In § 2, we investigate the profiles
of reaction-diffusion equation (1.3). Section 3 is devoted to the sharp profiles of
nonlocal dispersal logistic equations.

2. Profiles for reaction-diffusion equations

In this section, we investigate the limiting behaviour of positive solutions for the
diffusive logistic equation (1.3). It follows from the classical results [4, 13] that there
exists a unique positive solution 6. € C?T#(Q) to (1.3) for every £ > 0. Moreover,
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the positive solution 6. is continuous with respect to . In what follows, we always

assume that a., a € C*(Q)) are positive in Q and

lim delt) ()

n — = a(x) uniformly in €.
E— £

We first study the following diffusive logistic equation

(2.1)

Au+ Ay —a(z)u? =0 in Q,
Bu=0 on 0f.

We can see that (2.1) admits a unique positive solution @y(z) if and only if A >
AP (Q). Moreover, 0 (x) is continuous with respect to A and

lim  #x(x) = 0 locally uniformly in .
A=AT () +

We shall give the decay estimates of 0y (x) near AP(Q) as follows.

LEMMA 2.1. Suppose that §), is a subdomain of Q such that Q. C Q. Let 0)(x) be
the unique positive solution of (2.1) for A € (\P(Q), AB(Q) + 1], then there exist
positive constants ¢ and C, independent of \ such that

¢ {H?(Q) (2.2)

maxg a(x)

A—AQQWJI

ming a(z)

]”1<ﬁu»<c{

forx € Q..

Proof. By the uniqueness of positive solution to (2.1), we can find positive constant
M, independent of A such that

0 < maxfy(z) < M — 1. (2.3)
Q
Let ¢(x) be a positive eigenfunction of AP () such that ||¢|| 1) = 1. Denote
0 = {x € Q: dist(z,Q,) > inf J:—y} ,
z€OQYEIN, 2

and take C7 > 0 such that

A A?(Q)} - (2.4

ming a(z)

Cio(x) > {

for x € Q.. Using (2.3) and (2.4), we know that there exists smooth function u(x)
such that

Cip(z) if z € Q,
u(z) = . _
M if x € QF,

and wu(z) is an upper-solution to (2.1). Since ¢(z) is independent to A, we know
from the comparison principle that the right-hand side of (2.2) holds.
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On the other hand, we define v(x) = ¢1¢(x), where
{A - A?(@)} o
0 =|—= .
maxgq a(z)

It is easy to see that v(z) is a lower-solution to (2.1) and we obtain the left-hand side
of (2.2) by the uniqueness of positive solutions to (2.1). The proof is completed. O

LEMMA 2.2. Let u. € C?*TH(Q) be the unique positive solution of

(2.5)

Au+ (A (Q) +eYu — Pa(x)uP =0 in Q,
Bu=0 on 09

fore > 0.
(i) If a < 3, then

li%1+ ue(x) = o0 locally uniformly in Q.
E—

Further, there exist positive constants ¢, C' such that

¢ <liminferTu.(r) < limsuper—Tu.(x) < C.
e—0+ e—0+

(ii) If « > (3, then

lim+ us(x) = 0 locally uniformly in Q.

£—

Further, there exist positive constants c¢1, C7 such that

. B=o . B=ca
¢ < liminfer=Tu.(z) < limsupe r—1Tu(z) < Cy.
e—0+ e—0+

(iii) If a« = B, then, subject to a subsequence, we have

lir(r)1+ u.(z) = codp(x) uniformly in Q
E—
for some positive constant cg.

s
Proof. Set v.(x) = eP—Tu.(x), it becomes apparent that v.(x) is the unique positive
solution of

Au+ (AB(Q) +e¥u —a(z)u?p =0 in Q,

Bu=0 on Jf).
Let Q. be a compact subset of 2, thanks to lemma 2.1, we know that there exist
cp, Cy such that

coem T < ve(x) < Coev 1

for = € Q.. Hence we obtain

a—8 a—8

coe 1 < us(x) < Coer=1 (2.6)

for x € Q.. According to (2.6), we obtain the conclusions (i) and (ii).
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By standard interior estimates and (2.6), there exists a positive constant C =

C(9.) such that
lluellozen(a.) < C.

Therefore, by passing to a subsequence and the diagonal argument, there exists
u € L*(Q) such that

li%l+ u.(x) = u(x) weakly in Wh?(Q) and strongly in L*(Q).
£—

Thanks to (2.5), we know that u(x) is a positive weak solution of

(2.7)

Au+ AP (Qu=0 inQ,
Bu=0 on 0f).

By elliptic regularity, it must be a strong solution. By the uniqueness of the positive
solution of (2.7), u(z) = co¢(x) for some positive constant cg. As this argument is
independent of the sequence ¢, it is apparent from Sobolev imbedding theorem that

Elir(glJr ue(z) = cop(x)  uniformly in €.
Thus the proof is completed. O
At the end of this section, we prove the main result theorem 1.1.
Proof of theorem 1.1. We first take § > 0 such that
a(z) >6>0
for z € Q. Then we choose £ > 0 small, denoted by € < &y such that

ae(x)
8(1

alz)+1> >a(x) =35>0

for x € Q.
Now let @(x) be the unique positive solution of

Au+ (MB(Q) +e¥)u —ePla(z) — 6JuP =0 in €,
Bu=0 on 0,

and @(z) be the unique positive solution of

Au+ (AB(Q) +e¥)u—Pla(z) + JuP =0 in Q,
Bu=0 on 02

for € > 0, respectively. A simple argument from upper—lower solutions gives

0 < u(z) < b:(r) < u(x) (2.8)

for x € Q).
Thus we know from (2.8) and lemma 2.2 that the conclusions (i)-(iii) of
theorem 1.1 are true. O
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3. Profiles for nonlocal dispersal logistic equation

In this section, we investigate the limiting behaviour of positive solutions of (1.10)
as € — 0+. It follows from [11, 21] that there exists a unique positive solution
we € C(Q) to (1.10) for every e > 0 and 6. is continuous with respect to . In the
rest of this section, for simplicity, we always assume that a., a € C() are positive
in Q and

lim = a(x) uniformly in Q.

We first give some estimates for the positive solution of
/ J(x — y)u(y) dy — u(x) + M — a(z)u®(z) = 0 in Q. (3.1)
Q

The positive solution problem (3.1) has been well investigated, see e.g. [11, 20-22].

LEMMA 3.1. Let wy(x) be the wunique positive solution of (1.10) for X €
(Ap(2), Ap(Q) + 1], then there exist positive constants ¢ and C, independent of A
such that

[t

maxe a<x)] . <w(z) <C {Hp@)] Ay

ming a(z)

for z € Q.

Proof. By the uniqueness of positive solution to (3.1), we can find positive
constant M, independent of A\ such that

0 < max @y (x) < M.
Q

Let 1(x) be a positive eigenfunction of A\, (€2) such that [|¢)||geq) = 1. Since
P(x) > 0 for x € Q, we can take Cy > 0 such that

s

Cro(z) > [

for € Q. Then a direct computation gives that Cé(x) is an upper-solution to
(3.1) and we know from the uniqueness of positive solution that

wa(r) < Cr9()
for x € Q. Hence we obtain

A—Apm)]v“)

w/\(l‘) < Cl(b(x) <0 |:minQ a(ﬂf)

by taking C' = [ming ¢(x)]~! and

A—Apm)]ff{

ming a(z)

€1 = in g |
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On the other hand, we define
_ A— )‘p(Q) Plj
v(z) = Lnaxg a(x) v(@).

It is easy to see that v(z) is a lower-solution to (3.1). But ¢(x) is independent
to A, it follows from the comparison principle that there exists ¢ > 0 such that

A=A (Q)] 7T
> MARERGS AShva
one) > e | L
for x € Q. O

LEMMA 3.2. Let u. € C() be the unique positive solution of
/ J(z —y)u(y) dy — u(x) + (M\p(Q) + e*)u — Pa(z)uf (z) = 0 in Q (3.2)
Q

fore > 0.
(i) If a < B, then

lim w.(x) = oo uniformly in €.
e—0+

Further, there exist positive constants ¢, C such that

.., B-a . f=a
¢ <liminfer-Tu () < limsuper-Tu.(z) < C.
e—0+ e—0+

(ii) If a > B, then
lim wu(x) = 0 uniformly in Q.
e—0+

Further, there exist positive constants c¢1, Cy such that

.. B=a . B
c1 < liminfer=Tu.(z) <limsupe r—1 uc(x) < Cy.
e—0+ e—0+

(iil) If o = B, then, subject to a subsequence, we have

liI(I)lJr uc(z) = cotp(x) uniformly in Q (3.3)
E—
for some positive constant cg.

s
Proof. Set v.(x) =er—Tu.(x), then we can see that v.(z) is the unique positive
solution of

/QJ(:E —y)u(y) dy — w(@) + (A\p(Q) + *)u — a(z)uP(z) = 0 in Q.

https://doi.org/10.1017/prm.2023.11 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.11

282 J.-W. Sun and P.-F. Fang

Then we know from lemma 3.1 that there exist ¢y, Cy such that
coemT < ve(x) < Coert

for z € Q. Hence we obtain

a=B a=—f3
coe 1T L ug(x) < Coer1t

for x € Q and the conclusions (i) and (ii) are followed.
At last, we prove (3.3). In this case, we still have

co < ue(r) < Co
for z € Q. Since A\, (Q) € (0, 1) and

[1—Ap(Q) — ™+ Eﬂa(x)(ug(x))p_l] Ue(x) = / J(x — y)us(y)dy in Q,
Q
we know that there exists p > 0 which is independent to € such that
1= Ap(2) — e + ea(a) (ue(x)"~ > p (3.4)
for z € Q, provided ¢ € (0, 1) is small. Then for any x;, x5 € €, without loss of gen-
erality, we may assume that u.(x1) > u.(x2). A direct computation from (3.2)—(3.4)
shows that

(1= Ap(9) — £ + pe®a(22)07 ) [ue(z1) — ue ()]
- / (T@1,y) — T (2 9)us(y) dy + ¥ (a(e2) — alzr))u? (z)
co/uxh J(w2,)| dy + CB|(a(w) — a(z1))],

here 6. is between u.(x2) and u.(z1). Thus we obtain that

Co Jo T (x1,y) — J(x2,y)| dy + CFl(a(z2) — a(z1))]
p

Jue (1) — ue(2)| < (3.5)

for x1, x5 € Q. It follows from (3.5) and a compact argument that we can extract
a subsequence still denoted by e and there exists positive function V' € C(£2) such
that

lim w.(x) =V(z) uniformly in €,
e—0+

and

/Q J(x—y)V(y)dy — V(z) + \p(Q)V(z) =0 in Q. (3.6)

Note that A,(2) is the unique principal eigenvalue of (3.6), we know that (3.3)
holds. O

We are ready to prove the main result theorem 1.3.
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Proof of theorem 1.3. We first take § > 0 such that

a(x) >d>0

for 2 € Q. Then we can choose ¢ > 0 small, denoted by ¢ < gy such that

alz)+1> az(f) >a(x) =35>0

for x € Q. Let 4(x) be the unique positive solution of

/Q J(z —y)u(y) dy — u(z) + (Ap(Q) + e*)u — e°a(z) — 6JuP =0 in Q,

and @(z) be the unique positive solution of

/Q J(z —y)u(y) dy — u(x) + A (Q) + e*)u — e’[a(x) + 1]u? = 0 in

for € > 0, respectively. Thus we get from the comparison principle that

0 < u(z) < w(x) < a(z)

for = € Q.

The conclusions (i)—(iii) of theorem 1.3 are followed by lemma 3.2. (]
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