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STRONG BOUNDEDNESS AND STRONG CONVERGENCE 
IN SEQUENCE SPACES 

MARTIN BUNTINAS AND NAZA TANOVIC-MILLER 

ABSTRACT. Strong convergence has been investigated in summability theory and 
Fourier analysis. This paper extends strong convergence to a topological property of 
sequence spaces E. The more general property of strong boundedness is also defined 
and examined. One of the main results shows that for an FAT-space E which contains all 
finite sequences, strong convergence is equivalent to the invariance property E = £VQ-E 
with respect to coordinatewise multiplication by sequences in the space I VQ defined in 
the paper. Similarly, strong boundedness is equivalent to another invariance E = tv-E. 
The results of the paper are applied to summability fields and spaces of Fourier series. 

1. Introduction. This paper defines strong boundedness and strong convergence in 
sequence spaces E and relates these properties to invariances of the form E — DE with 
respect to coordinatewise multiplication by sequences in some space D. Such invariance 
statements have been investigated in relation to other types of convergence such as: 

• sectional boundedness AB and sectional convergence AK [7], induced by the or
dinary convergence / of numerical series; 

• Cesàro sectional boundedness oB and Cesàro sectional convergence aK [2], in
duced by Cesàro convergence C\ ; 

• unrestricted sectional boundedness UAB and unrestricted sectional convergence 
UAK [11], [12], and absolute boundedness \AB\ and absolute convergence \AK\ 
[5], both induced by absolute convergence |/| ; 

• and other types of convergence [3], [4]. 
Strong boundedness [AB] and strong convergence [AK] in sequence spaces, which are 

considered in this paper, are induced by strong convergence [/]. This type of con vergence 
is related to the other ones mentioned above by the implications 

|/| =>[ / ]=>/=>C, . 

The induced concepts in sequence spaces satisfy 

\AB\ => UAB => [AB] ^AB=>aB 

and 
\AK\ => UAK => [AK] =ïAK=ï oK. 
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STRONG BOUNDEDNESS 961 

The basic definitions are given in Section 2. The results in this paper are given for FK-
spaces and M'-spaces containing the spaces of finite sequences <j> although generaliza
tions to other topological spaces are possible. 

Section 3 gives some basic results related to [AK] and [AB]. In Section 4, four specific 
spaces tv, £v0, [cs], and [bs] are considered. Section 5 contains the main invariance 
statements: 

• An FAT-space F has the property of strong boundedness if and only if E = lv-E. 
• An FK- space E has the property of strong convergence if and only if E = t vo • E. 

The concept of strong convergence [/] was investigated both in summability theory 
[8], [1], [9], [10] and Fourier analysis [13], [14], [15], [16], [17]. This generated new 
classes of interesting sequence spaces and spaces of Fourier series. In the last section we 
give examples and applications to convergence fields and to some important spaces of 
Fourier series. 

Strong convergence of orders 0 < p < oo [I\p were also investigated in the above 
mentioned papers. Invariance statements for these methods do not follow from our results 
however since statements corresponding to Theorem 4.2 do not hold for general orders. 

2. Définitions. Let UJ be the space of all real or complex sequences x = (x^). An 
FAT-space is a subspace of UJ with a complete metrizable locally convex topology with 
continuous coordinate functionals/^: x —• JC* for all k. An FA'-space whose topology is 
defined by a norm is a Banach space and is called a 2?AT-space. Let e* be the sequence with 
1 in the kth coordinate and 0 elsewhere and let </> be the linear span of { el, e2, e3,...}. 
In this paper we consider only FA^—and BK—spaces containing <f>. 

We write £2" = Y^li»1 andmax2« = max2*<fc<2«+i. We use the notationJC-y := (jc*?*) 
for the coordinatewise product of sequences x and y and, for subsets A and B of UJ, we 
use A • B :— {x • y | x G A, y G # } . If A C UJ and F is an FA -̂space, we define 
the F-dual of A as the multiplier space AF — (A —+ F) := {y G UJ \ x • y G F for 
all* G A}.Let s" := £ L i ek = (1 ,1 , . . . , 1,0,...), an := \ ££=1 s\ dn := £2« e \ 
and let e := (1,1,1,...) be the sequence of all ones. The nth section of a sequence x is 
snx := sn - x = (x\, JC2, . . . ,*„, 0,...), the n^ Cesàro section is anx := an • JC, and the nth 

dyadic section is dnx := dn • x = £2" **£*• 
A sequence JC in UJ has the property AB of sectional boundedness in an FAr-space E if 

the sections snjc of JC form a bounded subset of E and it has the property aB if the Cesàro 
sections <T"JC are bounded in E. 

XJ&'H := {h G UJ I hk = 1 or/** = 0 for all/:} andi^, := 9{C\(j) .The unconditional 
(or unrestricted) sections of a sequence JC are the sequences in the set ^ • x. The absolute 
set of x is 9( • x. Since e G i#, we have x £ tt - x. Let F be an FAr-space and let JC G u;. 
We say that x has the property UAB of unconditional sectional boundedness in F if i^, • JC 
is a bounded subset of F, we say that x has the property \AB\ of absolute boundedness if 
#" • JC is a bounded subset of F, and JC has the property [AB] of strong boundedness if JC 
has the property AB and { i # • d?x}™x is a bounded subset of F. 

For each FK-space F, we define the space EAB consisting of all elements JC of u; 
with the property AB in F. Similarly, for the properties aB, UAB, \AB\ and [AB], we 
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962 M. BUNTINAS AND N. TANOVIC-MILLER 

obtain spaces EaB, EUAB, E\AB\ and E\AE\- These spaces are FÀ^-spaces under appro
priate topologies discussed in Section 3. They are not necessarily subspaces of E as 
is shown by the example {CQ)UAB = (CO)AB = £°°\ except E\AB\, which is always a 
subspace of E since e G 9{. We say that an FK-space E has the property AB, UAB, 
\AB\ or [AB] if E is a subset of EAB, EUAB, E\AB\ or E[AB], respectively. Clearly we have 
E\AB\ C EUAB C E[AB] C EAB C EaB. 

A sequence x in an FAf-space E has the property crÂ  of Cesàro sectional convergence 
if the sections anx converge to x in the topology of E. If the sections snx converge to JC, 
we say that x has the property AK of sectional convergence and if, in addition, x has the 
property [AB], we say that x has the property [AK] of strong convergence. 

The set ^ is a directed set under the relation h" > h' defined by b!'k > h!k for all k. 
A sequence x in an FAT-space E containing <j> has the property UAK in E if ty • x C E 
and the net /z • JC, where h ranges over ty, converges to x under the topology of E. We 
say that x has the property \AK\ of absolute sectional convergence if 9{ -x C E and the 
net h-h' • JC, where /* ranges over i^>, converges to h' • x uniformly in h! G H under the 
topology of E. 

We define F^A: to be the space of all elements JC of F with the property AK in F. The 
same can be done for the properties oK, UAK, \AK\ and [AK]. The space EAD is the 
closure of (f> in F. Since <j> C F, we have the inclusions <f> C F|AA:| C EuAK C F[A/q C 
EAK C F ^ C FAD C F. If F ^ = F, we say that F has the property of sectional density 
AD. If y G F whenever |;y*| < |**| for some JC G F, we say that F is solid; this is 
equivalent to £°°-invariance: F = £°° - E. 

We finish this section with a list of some BK-spaœs and their norms. The Z^-spaces 
£ °°, c and Co are the space of all bounded, convergent and null sequences JC, respectively, 
under the sup norm ||JC||OO •= sup^ |JC*| ; 
bv is the Z?Af-space of all sequences JC of bounded variation under the norm 

oo 

\\X\\bv • = z2 \Xk ~~ xk+\ I + l l^lloo; 
k=\ 

bvo = bv D Co under the same norm; cs is the BK-space of sequences JC with convergent 
series under the norm 

\x\\bs := sup 

£p, for 1 < p < oo, are the /^-spaces of sequences JC with absolutely/7-summable series 
under the norm 

NIP:=(EN")'; 
v * = l J 

the mixed £ ^ spaces (1 < /? < oo, 1 < # < oo) consist of all JC with 

(
oo X I 

Ecll^lUT < °°. 
7=0 y 
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and for q = oo, 
IHI/w := sup||£?*||p. 

j 

Clearly l™ = £P. Finally, 

lp":= {x\ ]im\\(fx\\p = 0}. 

Clearly (lp>°°)AD = t^°. 

3. Basics. Let E be an FK-space whose topology is defined by a collection P of 
seminorms. The spaces EAB and EaB, both induced by matrix summability methods, are 
FK-spaces with topologies defined by the collections of seminormspAB(x) '•= supn/?On;c) 
and/7afl(x) := swpnp(anx), respectively, for/? G P, [3]. The space F|Afl|, induced by 
absolute summation, is an FA'-space with the topology defined by p\E\ (x) = suphe^p(h • 
JC), /? G F, [5]. In between F|Afi| and FAB we have the space £[A#], induced by strong 
convergence, which is also an FÀ'-space: 

THEOREM 3.1. Let E be an FK-space containing <f> with topology defined by a collec
tion of seminorms P. Then E[AB] is an FK-space with topology defined by the seminorms 

P[AB](x) = sup P\E\(<?X)+PAB(X) 
j 

forp G P. 

PROOF. Since EAB is an F#-space defined by the collection of seminorms pAB for 
p G P and since pAB < P[AB], we have E[AB] = {x e EAB \ p[AB](x) < oo forp G P}. 
The functions/7[A5] are clearly lower semicontinuous extended seminorms on EAB. By 
Garling's Theorem [7], p. 998, E[AB] is an F^T-space. • 

COROLLARY 3.2. Let Ebe a BK-space containing (f> with norm || • ||£. Then E[AB] is 
a BK-space with norm 

\\X\\[AB] = sup\\d!x\\\E\ +sup\\snx\\E. 
j n 

The seminorms of the form/7|£| are important because they simulate absolute conver
gence of series. We state some lemmas. 

LEMMA 3.3. Let E be an FK-space containing <j). For each seminormp on E,y G </>, 
andO < ajc <bk,k = 1,2,3,..., we have p\E\(a - y) <p\E\(b -y). 

PROOF. For each sequence h G tt, let Xk = hkak/ bk, if bk / 0, and Xk — 0, 
otherwise. Since y G <j> we have h-a-y = x-b-y = £JL {xkbkyk^ for some n. Rearrange 
the terms such that h- a- y = E/Li x^b^yk^1 with 1 > Xkx > xkl > • • • > xkn > 0. By 
partial summation, h-a-y = £?=1 (xki — xki+l) £ j = 1 h^kj^ with xkn+l = 0. Since each 
partial sum J2)=\ b^ykj^ is of the form hl • b • y for some /i1 G #", we have /?(/? -a-y) < 
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E?=i W - xkM\p(hl -b-y)< E?=i |**,- - xkM\p\E\(b • y) = xkxp\E\(b • y) < p]E\(b • y). 
ThusplE[(a-y) <p\E\(b-y). m 

Separating a bounded sequence x into real and imaginary parts and then into the pos
itive and negative parts x = xl — x2 + ix3 — ix4, 0 < JCJ. < ||*||oo (i — 1,2,3,4, k = 
1,2,3,...), we obtain the following from Lemma 3.3. 

LEMMA 3.4. Let E be an FK-space containing <j>. For each seminorm p on E and 

x,ye<j> we havep\E\(x • y) < 4||x||00/?|£|Cy). 

LEMMA 3.5. Let E be an FK-space containing <j>. Let p be any seminorm on E and 
letx^uj. Then 

(3.6) sup/?|£|(<fx) < oo 
j 

if and only if 

( 1 n \ 

- Y, kxke
kJ < oo. 

PROOF. By Lemma (3.3), p\E\(d!x) = P\E\faxkJ) < P\E\fa%xk<*) < 

2p\E\ ( 2^ ^%=\ kxk^)- Conversely, suppose 2m < n < 2m+l. Then again by Lemma 3.3, 

P\E\ [\ EL i *****) < l £™o 2J+lP\E\(dfx) < 4 supjpm(dix). 

THEOREM 3.8. Let E be an FK-space containing <j>. The following statements are 
equivalent for a sequence x G LJ : 

[a] x has the property [AB] in E; 
[b] x has the property AB and satisfies (3.6) for every continuous seminorm p on E; 
[c] x has the property AB and satisfies (3.7) for every continuous seminorm p on E; 
[d] x has the property oB and satisfies (3.6) for every continuous seminorm p on E; 
[e] x has the property oB and satisfies (3.7) for every continuous seminorm p on E. 

PROOF, [b] is a restatement of [a], the definition of [AB]. [b] *» [c] and [d] ^ [e] 
follow from Lemma 3.5. [c]=4> [e] is clear since AB =» aB. [e] =̂> [c]: Since snx — anx = 
\ E£=1(fc— l)-tye*, condition (3.7) implies the sequences snx — anx are bounded. If x also 
has the property oK, then the sections snx are bounded. • 

THEOREM 3.9. Let E be an FK-space containing <j>. Then E has the property [AK] if 
and only if it has the properties AD and [AB]. 

PROOF. The property [AK] means AK and [AB]. Since AK => AD, one implication 
is immediate. Conversely, it is well known that an F^-space has the property AK if and 
only if it has the properties AD and AB [18]. Thus AD and [AB] imply AK; hence also 
[AK]. m 
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THEOREM 3.10. Suppose E is an FK-space with the property [AB]. Then E[AK\ — 

EAK = E(JK — EAD-

PROOF. Clearly E[AK] C EAK c EaK c EAD. If E has the property [AB], then it has 
the property AB. Then EAK = £AD [7]. This means that EAK is a closed subspace of E 
and hence an fX-space with the properties AD and [AB]. By Theorem 3.9, EAK has the 
property [AK]. • 

However, for an FA'-space with the property [AB], the space E\AK\ may be smaller 
than E[AK]. The space I v, defined in Section 4, is an example. 

COROLLARY 3.11. If E is a solid FK-space containing <f>, then 

E\AK\ — E[AK] = EAK = EaK — EAo. 

PROOF. By Theorem 2, Corollary 2, of [5], an FK-space is solid if and only if it has 
the property \AB\. This clearly implies [AB] which by Theorem (3.10) yields all but the 
first equality. But by Theorem 6, Corollary 2, of [5], E\AK\ = EAD- • 

4. The spaces I v, I vo, [cs], and [bs]. The convergence field of the strong conver
gence method [/] is [cs] — \x G LU I £2/|**| = o(l) (/ —>• 00) and E*** exists } and the 
boundedness domain is [bs] = {JCGW I £2«

! 1**1 = 0(1) (7 —• 00) and I E2=i **| = 0(1) 
(« —+ 00)}. The conditions E# I** I = 0(1) (/ —• 00) and E#1**| = 0(1) (j —• 00) can 
be replaced by \ E£=1 |**| = o(l) (n —• 00) and £ YTk=x |**| — 0(1) (n —• 00), respec
tively. These spaces are MT-spaces under the norm || JC|| ̂  = sup; E2/ W +sup7- E£=1

 xk • 
The space [cs], as well as more general spaces [cs]p, 0 < p < 00, were defined by 
Hyslop [8] and Borwein [1] and then further investigated by Kuttner and Maddox [9]. 
Convergence factors were investigated by Kuttner and Thorpe [10]. It is shown in [9] 
that ([cs] —• [cs]) = £v := [x G UJ | E/niax^-|** — <*/| + Ey |<*/ — aj+\\ < 00} where 
a7 = (Xj(x) := ^ E2; •**• The space £ v is a fiA'-space under the norm 

\\x\\iv = $3max2/-|**-a/| +Z)IQ7 ~a /+il +sup|a ; | . 
;' j J 

An alternate criterion for x G £ v is 

(4.1) ^ I**,- ~" ŷ+i I < 00 for all lacunary sequences (kj). 
j 

That is, x G £v if and only if for every lacunary sequence (kj), the subsequence xkj 

belongs to bv. This criterion clearly shows that £ v C c. Furthermore, if x G bv, then 
E/ K - **y+11 < E;{ \xkj - xkj+i I + |**,.+i - xkj+2\ + • • • + \xkj+l-i - xkj+] I} < \\x\\bv. Thus 
we obtain the following theorem. 
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THEOREM 4.2. bv c £ v c c. 

THEOREM 4.3. The space £ v has the property [AB]. 

PROOF. For each h G H, x e £ v, and m — 1,2,3,.. . , we have 

Il h • dmx\ lv = J2 max2/1 hkd%xk - ctj(h • dmx)\ 
j 

+ E I aAh -dmjc) - <*j+i (h - dm^\ + S U P I aAh - dm^\ 

= max2'" |h/çXk — ocm(h • JC)| + 3\am(h • x)\ 

<max2- \xk\ +4\am(h'X)\ < 5||x||oo-

That is, ||</mjc|||^v| < 5||jr||oo. Since £v C £°°, (3.6) is satisfied. To show that £v has the 
property AB, letjc e £vand2m < n < 2m+l. Then \\snx\\iv = lis2™"1* + sVmJc||^v < 
l l ^ - ^ l l ^ + H^^x l l^ < N | / v + 11^11^1 < Nl/v + SlWloo since | |J2""1^!^ = 
Ep) 1 max^ \xk - ctj(x)\ + £p>2 \(Xj(x) - aj+i(x)\ + |aOT_i(*)| +supj<m\<Xj(x)\ < \\x\\ev, 
and sn £ fH. m 

Define £VQ := £vD Co. 

THEOREM 4.4. i v[AK] = I vAK = £ vAD = £ v0. 

PROOF. £VAD C (£°°)AD = c0. Thus £vAD C £v0. Conversely, for x G £v0, we 
have ||J: - s2m-lx\\ev = £j2m max^ |** - aj(x)\ + |<*w(*)| + £)2m \<Xj(x) - aj+l(x)\ + 
suP/>m I aM)\ — °W (m ~Jy °°). Thus £ vo C £ vAD. Since £ v has the property [AB], the 
other equalities follow from Theorem 3.10. • 

THEOREM 4.5. The space [cs] has the property [AK]. 

PROOF. For each x E [cs] and y E £v, let Tx(y) — x • y. Since ([cs] —> [cs]) = £ v, 
7'x maps £ v into [cs]. By the Closed Graph Theorem, Tx is continuous. Since £ v has the 
property [AB], Tx(^y) = s"x • y, (n = 1,2,3,...) and Tx(h • ^>) = h • tfx • v, (/i G # , 
y = 0,1,2,...) form bounded subsets of [cs]. Since this is true for all x E [es] and y G £v 
and since [cs] = £ v • [cs], the space [cs] has the property [AB]. It remains to show that 
[cs] has the property AD. But ||* - s2™-1*!!^] = supy>m £2/1**| + sup„ £2=2» ** = 
o(l) + || JC - s2m-lx\\bs = o(\) (m —» 00). • 

THEOREM 4.6. [cs][A/?] = [fcs]. 

PROOF. If x E [bs], then \\h • ^ J C | | M = £2 /1^ | + ||^'A • x\\bs < 2 £2, \xk\ < 
2||*||[às]. Also ||snx||[^5] < \\x\\bS. Thus [bs] C [CS][AA]. Conversely, if x E [cs]^], then 
suPhe?{ \\h ' dJx\\[bs] > £2/ W = 0{\) (j —• 00). Also [cs][AB] C [cs]AB C csAfî C bs. 
Thus [C5][A5] C [fo]. • 

THEOREM4.7. £v £v= £v. 

PROOF. Let x,y e £v. By criterion (4.1) we have £* 1**^ - xnMynk+l\ < 

Zk{\xnk\ \ynk-ynM\+\ynk\ l^-^+ 1 | } < lk||oo&|^-j«,+1|+lbl|oo£it|^-^+1| < 
00 for every lacunary subsequence. Thus £ v • £ v C £ v. Since e E £v, lv- Iv D £v-e = 
£v. m 
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COROLLARY 4.8. £ v • £ v0 = £ v0. 

THEOREM 4.9. £ v0 • £ v0 = £ v0. 

PROOF. £ v0 • £ vo C £ vo is clear from above. Since £ vo has the property AK, we 
have £ vo = &v0 • £ vo ([7], Theorem 4). Since bvo C £ v0, we have £ vo C £ v0 • £ vo. • 

Recall that f00,1 is the space of all sequences satisfying Ey max^ \x\\ < oo. Clearly 
E; max2; | JCA: — a/(x)| < oo and E/1 <*/(*) | < oo if and only if E/ max2y | JC*| < oo. Thus 
£°°.i = {JCG £v |E/ |a /W| < oo}. 

THEOREM 4.10. £v\AB\ = 1°°>X. 

PROOF. Let x G l°°'1 and A G J/". Then || A • JC||̂ V = E/max^ |A*** - «/(ft • JC)| + 
Ey | (Xj(h-x) — (Xj+i(h-x)\ +sup7-1 a;-(/i-jc)| < E/ max^ |JC*| +4 E/1 otj(x)\ < 5 E/ max^ |JC*| . 
Thus x G £ v\AB\. Conversely, if H • JC G £ v, then E/1 «/(A • x) — <X}+\ (h-x)\ < oo for all 
h G Oi. Letting h alternate between 0 and 1 on dyadic blocks we get E/1 otj(h-x) — aj+\(h • 
JC)| = |a2(jc)|+|a4(jc)|+- • -or |ai(jc)|+|a3(jc)|+- • •. Adding we obtain E/ \otj(x)\ < oo. • 

5. Multiplier results. 

THEOREM 5.1. Let E be an FK-space containing <j>. The following statements are 
equivalent: 

[a] E has the property [AB]\ 
[b] E= £v-E\ 
[c] E[AK] = £ v0 • E\ 
[d] £v0'EcE. 

PROOF, [a] => [c]: Suppose E has the property [AB]. By Theorem 3.10 E[AK] = 
EAK — EAo and by Theorem 4 of [7], EAK — bvo • EAK. Since bvo C ^vo, we have 
E[AK] C £vo • E. Let y G £ vo and JC G E. It is sufficient to show y • JC G £AD by showing 
that 52n_1v • x is a Cauchy sequence in £. For n > m we have s2"-1}7 • JC — s2'n-1v • JC = 
^J=l^2JykXke

k = E p J ^ f r * - ccj(y))xke
k + Ep>;0>)£2/x ke k = E ^ E ^ y * -

«/CO)**** + Epl_i(ocj(y) - aj+i(y))s2J+l-lx + an(y)s2n~l-lx- am^(y)s2m~l-lx. Thus for 
each continuous seminorm/? on E, we have by Lemma 3.4 

p(s2"~]y • x — s2m-1v • x) 
n - l 

< ^ ] 4max2, | ^ - <Xj(y)\p\E\(<Px) 
j=m 

+ sup/?(Vx) j XI kyCy) - 0/+iCy)| + |a«O0| +\am-i(y)\ \ 
j v=m-i J 

n - l 

< 4 sup/?|£|(^x) J2 m a x2/ b* - <*/O0| 
j j=m 

+ supp(sJx)\ Y, \aj(y)- aj+\(y)\ + l«n(y)| + |am_iO0| • 
7 l

7 = m - l J 
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Since y G £ v0, this tends t o O a s m , n -> oo. [c] => [d] is obvious, [d] => [&] : Since 

£ v C c, every j G £ v is of the form v = z + w, where z E £v0 and w = (lirri^yk)e. If 

zE CE, then j • £ C £ since w • £ C £. Thus £v-E C E. Since e G l v , £ C l v £ 

[Z?] => [a] : Suppose E — £v • E. For each y G l v and x G £, let ^ ( y ) = JC • y. 7* is 

continuous and maps £ v into E. Following the proof of Theorem 4.5, E has the property 

[AB]. 

THEOREM 5.2. Let E be an FK-space containing (j>. Then E has the property [AK] if 

and only ifE = £ vo • E. 

THEOREM 5.3. Let E be an FK-space containing </>. Then 

E[AB] = (I v0 —• E[AK]) = (£ v0 —• E). 

PROOF. By Theorem 5.1 [c], £v0 • E[AB] = E[AK]. Thus E[AB] C (£ v0 - • £[A*]) C 

(£ vo —» £). Conversely, suppose JC- £ vo C £. Then r x ( j ) := jc-y is a continuous map from 

£ vo into E. Let/7 be a continuous seminorm on £. Then there exists M > 0 such that for all 

h G 9{,p(h'djx) < M\\h-d/\\iv. As in the proof of Theorem 4.3, | | W | | * V < 5|H|oo = 5. 

Thus plE\(d!x) < 5M. S imi l a r ly , / ?^ ) < M| |^ | | ^ v < Af( |H|/v + 5||é?||oo) = 6M. Thus 

X G E[AB]- • 

6. Examples and applications in summability theory and Fourier analysis. For 

standard sequence spaces E such as co, ^ °°, C5, &s, &v, £p, etc., especially for those that are 

solid, the spaces E[AB\ and E[AK\ are easily determined. The following theorem collects 

some of these statements, the proofs of which are almost immediate. 

THEOREM 6.1. [a] IfE is a BK-space and c0 C E C £°°, then E[AB] = £°° and 

E[AK] = CQ\ 

[b] bs[AB] = [bs] andésite] = bs{AK\ = [cs]'9 

[c] bv[AB] = bv(l£ l>°° and bv[AK\ = bv0 D £ ^ ; 

M t[AB]=t[AK\ = tP d < P < 0 0 ) ; 
M 1{A% = ^ = * M d < P < oo, 1 < q < oo). 

For an infinité matrix of real or complex numbers T = (tnk), let c^ denote the con

vergence field of T, that is, c^ = {JC G a; : Tx G c } . We say that a matrix T is series-

sequence conservative if cj D cs. The following result extends the equality CS[AK] — [cs] 

to the convergence fields of all such matrices T. 

THEOREM 6.2. If a matrix T is series-sequence conservative, then (CT\AK] = [cs]. 

PROOF. By assumption es C cj and hence by Theorem 6.1, [cs] — CS[AK\ C (CT)[AK] • 

Conversely if JC G (CT\AK\, then JC G (CT)AK and the sequence (^JC) is bounded in (CT)\AK\ • 

By Proposition4 in [3] (CT)AK = cs and by Theorem 10 in [5], {cT)\AB\ = £l. Hence 

x € cs and (^JC) is a bounded sequence in £ l . Therefore JC G [es]. m 
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We shall now apply the concepts of strong boundedness [AB] and strong convergence 
[AK] to the spaces of Fourier coefficients of various classes of 27r-periodic functions. Let 
LP (p> 1) be the Banach space of all real or complex valued 2n -periodic functions such 

that \f\p is integrable, under the standard norm \\f\\u> = ( ^ J \f\p)p where the interval 
of integration is of the length 27r. Let C be the Banach space of all continuous real or 
complex valued 2TT-periodic functions with the norm \\f\\c = supx |/(JC)| . 

For / G L1 let/(&), k G Z, denote the k^ complex Fourier coefficient o f / , / = 
(f(k))kez and let Srf and 07/, n — 0 , 1 , . . . , denote respectively the nih partial sum and 
the nth Cesàro partial sum of the Fourier series of/. If E is a subspace of l), let È denote 
the class of all sequences of Fourier coefficients of functions in E, i.e., E = { / : / € £ " } . 
Although the results in the preceding sections of this paper are for spaces of one-way 
sequences, they can be easily extended to the spaces Ê of two-way sequences. If E is a 
linear space, then E is a linear sequence space, and if E is a Banach space, then È is a 
Banach space under the induced norm ||/||^ := ||/||£ and conversely. Given a Banach 
space E C L1 we shall try to determine the corresponding subspaces of strongly bounded 
and strongly convergent Fourier series, in the topology of E, by determining the spaces 
E[AB] and E[AK] • 

Two classical spaces of functions in Fourier analysis determined by two methods of 
pointwise convergence, ordinary / and absolute |/ | , are the spaces of uniformly and ab
solutely convergent Fourier series 

<U = {feC:snf^f /uniformly} andSl = {feC:sJ^f |/| a.e.}. 

They are Banach spaces, under the norms 

\\f\\v := s u p | M | c a n d | | / |U := £ l/(*)| = \\fh<-
n keZ 

It is well known that SI C 11 C C C L°° properly, where L°° is the space of essentially 
bounded measurable 2TT-periodic functions. 

The space L1 is also determined by pointwise convergence types, namely by C\ and 
[C\], That is, by Féjer's Theorem, and Marcinkiewicz-Zygmund's Theorem, we have 

L1 = {/ e Û : S4 — / d a.e. } = {/ G L1 : Snf - > / [C{] a.e.}. 

We shall also consider the space M of 2ir -periodic Radon measures under the norm 
||/||M:=supJ|a/||L,. 

In view of the concepts of ordinary, Cesàro, strong Cesàro, absolute boundedness and 
absolute convergence in sequence spaces and the above duality between the function 
spaces E and the spaces of Fourier coefficients Ê, each of these classical function spaces 
bears other descriptions. For example, by classical results (see [6], [19]), 

U = CAK, SI = C\AB\ = C\AK\ 

If = LPAK for p>l, 7) =Ll
aKmdM = LlB. 

Applying the concept of strong sectional boundedness and convergence, the following 
theorem shows that none of these classical spaces, except E — L2 and E — Si, coincides 
with the space E[AB] or E[AK] • The standard sequence spaces appearing in these statements 
are to be interpreted as the spaces of two-way sequences. 
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THEOREM 6.3. [a] / / 1 < p jg 2, thenLp
{AB] = Lpni 2'°° and LP

[AK] = Lpn l2>°; 

[b] L1
 [AB] = M H £2'°° and L1

 [A*] = L1 PlJ 2'°; _ 
[c] Ifp> 2jhenLpH £q>™ C Lp

[AB]andLpn lq>° C Lp
[AK],where 1/ p+l/ q = 1; 

[d] IfE is a Banach space and SI C E C L°°, r/ien £[A5] = £<rfl D £ l o° ara/ £[A^] = 
Ê ^ n * 1 ' 0 0 ; 

[e] M[AB] = MH £2>°° andM[AK] =MC\ £2>°. 

COROLLARY 6.4. L2
[AB] = L2

[AK] = £2 = L2, ^ A B ] = ^A /n = £1 = A 

COROLLARY 6.5. Let E be a Banach space and Si C E C L°°. #"£ raw a#, then 
Ê[AB] = ÊH 11'°°. / / £ has oK, then Ê[AK] = ÊH £ ho. 

PROOF, [a]: Suppose 1 < p < 2. If/ G Z>[A/?], then we have/ G Z? and || Jn / | | | & | = 

0(1) (n —* oo) since Z/A£ = LP for/? > 1. Therefore the sequence (dnf) is bounded in the 

topology oîLP\AB\. But by Theorem 11 in [5], LP\AB\ = I2 for 1 <p<2. Consequently, 

||dnf\\E2 = 0(1) (/i -> oo). ThusZ>[A?] C 2>PI £2>°°. Conversely, suppose/ G Z>H £2'°°. 

Then/ G Z/W Furthermore, since L2 = I2, for each h^tt and 1 < p < 2, we have 

K / % < K/%2 = KM!*; < ||d"/||,2, 

so that by the assumption that/ G ^ 2 o ° , we have ||^n/|||f>, = 0(1) (n —• oo). Con
sequently, LP H £2'°° C LP[m. The equality Z?[A/n = Z> D £2'° follows by the same 
argument, replacing AB and \AB\ by A A' and \AK\, and O(l) by o{\). 

[b]: The corresponding statements for L 1 ^ ] and L 1 ^ follow similarly, using aB and 
a^T, applying Theorem 3.8 and recalling that Ll

aB = M and l)GK = Z,1 • 
[c]: Supposep > 2andlet l/p+l/q = 1. If/ G Z>H £*'°°, then/ G Z?Afi andmoreover 
|| Jn/||^ = 0(1) (« —• oo). By the Hausdorff-Young Theorem there exists a constant Kp 

such that for each h G 9~C and for each n, 

\\iTfr\\2<Kp\\<rfr\\t,<Kp\\<r}\\t<. 

Hence ||*/n/|||£,. = O(l) (n —• oo) and then/ G LP[AB]> The corresponding inclusion 

L p n ^ ' ° C ^[AAH can be proved similarly. 
[d]: Suppose E is a Banach space and A C E C L°°. If/ G £[A£], then clearly/ G Z^A 

and ||dn/|||£| = O(l) (n —• oo). Hence the sequence (Jn/) is bounded in £|Afi|. But 

by Theorem 11 in [5], Ê\AB\ = Ê|AA:| = £* and consequently ||dn/||£i = O(l) (n —• 

oo). Thus/ e ÊffBn £ 1'°°. Conversely if/ G £cr£ Pi £ l o ° , then/ has aB in £ and 

IMn/|||£| < ||^n/|||^| = \\dnf\\ti = 0(l)(n—>oo), again referring to Theorem 11 in [5]. 

By Theorem 3.8 it follows that/ G Ê[AB]. The second equality is proved the same way. 

[e]: Since </> C Ll and l) is a closed subspace of M, we have M[AFQ — ^1[AK] and 

M[AB\ = Ll [AB\. • 

We shall now apply the concepts of strong boundedness and convergence to some 
classes of functions recently introduced in Fourier analysis. They are determined by other 
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types of pointwise convergence, namely the strong convergence of index p > 1, [7]p, and 
the absolute convergence of index p > 1, |/|p. The first extends the concept of strong 
convergence [/] and the second extends the concept of absolute convergence | / | , to higher 
indicesp > 1. Namely, for/7 > 1, they can be defined as follows (see [13] through [17]): 

1 n 

sn ~+t [T\p if and only if sn —+tl and J2k?\sk — Sk-i\p — o(l) (n —• oo) 

and 
sn —> t | I\p if and only if sn —• f /and Yl^~l\s^ ~ sk-\\p < °°. 

k 

They are related by the following implication (see [15]) 

\I\p =» [7]̂  => / and [I]p, f o r / > p > 1. 

These notions were applied to trigonometric and Fourier series in several recent papers 
[13] through [17], which led to the study of the related spaces of functions [13], [14], 
[17]: 

sr = {f€Ll:Snf^f [/]„a.e.}, S ' = { /€ C : * / — / [I\P uniformly} 

AP = {feLl:Snf-+f | / |„a.e.}, JV = {f eCisJ^f \I\P uniformly}. 

Clearly A2 = A1 = A, but S 1 C 5 1 properly. We denote S l and Sl by S and S, respec
tively. For each p > 1 S^ C ^ C Di<r<oo Lr properly, but S? £ L°°. The classes S^ 
and 5^ decrease as p increases, while the classes JV are mutually incomparable and the 
same is true for Ap. Furthermore, Ap C §p C 11 and Ap C SP C LP properly. For these 
and other properties of these spaces see [13], [14], and [17]. By the results obtained there 
they also can be described as follows. For/? > 1 let 

/ : = ( x : ^ - T T £ \k\p\xk\
p = o(\) ( n ^ o o ) } 

ap:={x:Y,\k\p-l\xk\P<°o\. 
1 kez ] 

Then _ 
S = L1 Pi s1 and 5 C sl properly, 

Sî> = J = ix : nP~l Y, \*k\p = o(l) (n - • oo)) for/? > 1, 

S ^ - C f l / for /?> 1, 

AP = apand^P = CHapforp> 1. 

They are Banach spaces under the corresponding norms: 

ll/IU =ll/lk.+ll/llm; | | / |k=| | / | |wforp>i, 
ll/lk = 11/11 «+ll/-||Wforp>l, 
ll/IU, = II/HH and ll/IU, = 11/11 « + 11/11 |P, forp > 1, 
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where 

ll/llw = S U P ( ^ T T £ <l*l + D'W)' md 

„ \zn+ 1 w < n / 

ll/Hi„i = (lfto)l'+ E l^r'l/WI")'-

Let us also define for/7 > 1 the sequence space 

5*°°:= (*: —l-— Y, \k\p\xk\P = (Kl) (/i —oo)}. 
I Z/Z + 1 |^|<n ) 

The following theorems show that the Banach spaces Sp and Ap can be characterized 
as the spaces of integrable functions whose Fourier series are strongly [/] convergent 
in the topology of S ,̂ respectively Ap, and that the spaces S77 and ÏAP are precisely the 
spaces of continuous functions whose Fourier series are strongly [/] convergent in the 
corresponding topology of Sp , respectively SV. 

THEOREM 6.6. [a] SP[AK] = S? = J> andSP[AB] = ^°°forp > 1; 

[b] S[AK] = S = LlC\sl andS[AB^=Ll H s1'00; 
[c] §P[AK] = SP = CH sp andSp

[AB] = CH sp>°°forp > 1. 

COROLLARY 6.7. S? = I v0 • S^forp > 1 and ^ = £ v0 • spforp > 1. 

PROOF. We first remar^tharby Theorems 2 and 3 in [14] || sn/ -f\\sp = o(l) (n —• 
oo) for each /7 > 1, so that 5^ = SP

AK for each p > I. 
[a]: Suppose /? > 1. Then 5^ = ^ is clearly solid and by the above remark it has AD. 

Thus by Corollary 3.11 SP[AK] = ^ Now/ G Ŝ AZ? if and only if | | / | | w < oo, so that 
for/7 > 1 SPAB = ^ ° ° . Hence S^A*] C ^'°°. Conversely if/ G 5/7°°, then clearly 
|| ^n/II IJH £ 11/11 [p] for each «, where dn/ is to be interpreted accordingly for the two-way 
sequence/. Moreover clearly H^/Hj, < ||/||(>] sincep > 1. Thus 5̂ '°° C SP[AB]-

[b]: By the remark above we have S = SAA:- Moreover for each/ G S we have 

K/ | | |S | < \\dnfld{ + K / l l n ] < 2\\dnf\\e> = 0(1) (n - oo). 

Thus S = [̂AAri. The corresponding statement for S[AA] is proved similarly, 
[c]: Clearly §P[AK] C C and§?[A*] C SPAK C ^ for/7 > 1. Hence S^A*] C C H / . 
Conversely if/ G CfW7, then/ G S^ and, by Theorem 2 in [13], || j " / - / | | s " = o(l) 
(n —> oo), so that/ G Sj^. Moreover as in the proof of [b] and by Holder's inequality 

\\dnf\\^p] = 0(2^-l/p^\\dnf\\lP = o{l) ( / i - .oo) . 

Therefore C n sp C § [̂AAH for each /7 > 1. The corresponding proof that S^[A#] = 
CD sp'°° is similar. • 

The following result for the Banach spaces Ap and !AP can be proved almost immedi
ately from the discussed properties of these spaces. 
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THEOREM 6.8. Suppose p > 1. Then 
[a] AF[AK] = #\m = aP = AP; _ 
[b] AP{m = M[AB] = CnaP = AP. 

REMARK6.9. Forp = 1, Theorem 6.8 reduces toAl
[AK]=A\AB] = £l. 

COROLLARY 6.10. Ap = £ v0 • Ap for eachp>\. 

Our next result shows that 5^ is a proper subspace of LP[AK\. 

THEOREM 6.11. ^ cTp
[AK] properly for each p>\. 

PROOF. Since S^ C LP clearly SP[AK] CLP[AK]. By Theorem 6.6 SP[AK] = S? for each 
p > 1. Hence 5^ C I/^A*]. TO see that this inclusion is proper we consider the following 
examples of cosine series 

OO J OO J 

53 — cos 2mx and ^ - cos kx. 
m=\ m k=l * 

The first series is lacunary and by Theorem 8.20 of Chapter 5 in [19] it converges a.e. 
to a function/ G ni< r<00L r. Moreover, clearly ||dnf\\i\ = £ — o(l) (n —y oo) so that 
/ G If[AK] for each p > 1. However for/? > 1 clearly/ ^ s .̂ Hence/ ^ ^ and 
consequently 5^ C LP[AK] properly for/? > 1. The second series converges a.e. to a 
function g G l 2 . Since g G ^2 we have £ G £2[AATI C ^^AATI- However, obviously g g S 

since g $ s1. Therefore 5 C L1 [AAH also properly. • 
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