Canad. J. Math. Vol. 61 (3), 2009 pp. 641-655

Characterization of Parallel Isometric
Immersions of Space Forms into Space
Forms in the Class of Isotropic Immersions

Sadahiro Maeda and Seiichi Udagawa

Abstract. For an isotropic submanifold M" (n = 3) of a space form M™P(c) of constant sectional
curvature ¢, we show that if the mean curvature vector of M" is parallel and the sectional curvature K
of M" satisfies some inequality, then the second fundamental form of M" in M"*? is parallel and our
manifold M" is a space form.

1 Introduction

An n-dimensional space form M"(c) is a complete connected Riemannian manifold
of constant sectional curvature c. Locally it is congruent to a standard sphere S"(c),
a Euclidean space R", or a hyperbolic space H"(c), if ¢ is positive, zero, or negative,
respectively.

We review the notion of isotropic immersions which plays a key role in this paper.
An isometric immersion f: M — M of an n-dimensional Riemannian manifold
into an (n + p)-dimensional Riemannian manifold is said to be isotropic at x € M if
llo(X, X)||/]1X]|*(= A(x)) does not depend on the choice of X(# 0) € T,M, where &
is the second fundamental form of the immersion f. If the immersion is isotropic at
every point, then the immersion is said to be isotropic (see [7]). When the function
A = A(x) is constant on M, we call M a constant (A-)isotropic submanifold. Note
that a totally umbilic immersion is isotropic, but not vice versa.

Here we recall examples of isotropic immersions which are not totally umbilic.
Let f: M — S*(1) be a superminimal immersion of a Riemann surface into a sphere
in the sense of Bryant [1]. It is known that in general this immersion is non-constant
isotropic. Next, let f: M(= G/K) — M be a G-equivariant isometric immersion
of a rank one symmetric space M(= G/K) into an arbitrary Riemannian manifold
M. Then we easily see that this submanifold (M, f) is a constant isotropic subman-
ifold of M, so that in particular, every standard minimal immersion (in the sense
of do Carmo and Wallach [2]) f: M — SN(c) of a compact rank one symmetric
space M into a sphere is constant isotropic. Moreover, there exist many constant
isotropic minimal immersions which are not standard minimal immersions into a
sphere (see [10]). These examples tell us that the class of isotropic immersions into a
sphere is an abundant class in submanifold theory.

Received by the editors May 12, 2006; revised October 18, 2006.

AMS subject classification: Primary 53C40; secondary 53C42.

Keywords: space forms, parallel isometric immersions, isotropic immersions, totally umbilic,
Veronese manifolds, sectional curvatures, parallel mean curvature vector.

(©Canadian Mathematical Society 2009.

641

https://doi.org/10.4153/CJM-2009-034-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2009-034-4

642 S. Maeda and S. Udagawa

On the other hand, it is natural to give geometric characterizations of parallel
isometric immersions of rank one symmetric spaces M”" into a space form M"*?(c)
of constant sectional curvature c. It is well known that this submanifold is either
totally umbilic in M"*?(c), one of compact rank one symmetric spaces embedded
into some totally umbilic submanifold in M"*?(c) through the first standard minimal
embedding, or a sphere immersed into some totally umbilic submanifold in M"*?(c)
through the second standard minimal immersion (see [3,9]). This fact implies that
every parallel isometric immersion of a rank one symmetric space into a space form
is isotropic. Hence it is interesting to consider the problem of how to characterize
parallel isometric immersions of rank one symmetric spaces into a space form in the
class of isotropic immersions. In this paper, we pay particular attention to parallel
isometric immersions of compact space forms into space forms.

The main purpose of this paper is to characterize all parallel isometric immer-
sions of compact space forms into space forms M"*?(c) in the class of isotropic sub-
manifolds M" under conditions that the mean curvature vector of M" in M™?(c) is
parallel with respect to the normal connection and the sectional curvature K of M"
satisfies K = n/2(n + 1) - (c + H?), where H is the length of the mean curvature
vector of M" in M™*?(¢) (Theorem 2.1). None of our results (Theorems 2.1, 3.1 and
Corollaries 3.2, 3.3) hold if we replace the condition that “the mean curvature vector
is parallel with respect to the connection” for a weaker condition that “the length of
the mean curvature vector is constant”.

2 Main Result

Theorem 2.1 Let M be an n (2 3)-dimensional connected compact oriented isotropic
submanifold whose mean curvature vector is parallel with respect to the normal con-
nection in an (n + p)-dimensional space form M™P(c) of constant sectional curvature
¢ through an isometric immersion f. Suppose that every sectional curvature K of M"
satisfies K = (n/2(n+ 1))(c + H?), where H is the length of the mean curvature vector
of M" in M"™?P(c). Then the immersion f has parallel second fundamental form and the
submanifold (M, f) is congruent to one of the following.

(i) M" is a compact space form M"(K) of constant sectional curvature K = ¢ + H?
and f is a totally umbilic embedding.
(ii) M" is a compact space form M"(K) of constant sectional curvature

n 2
= W(C‘FH ),

and f is given by

F=fofi: MUK) 2o §92-100 + DK /n) L M7 (o),

where f, is a minimal (parallel) immersion and f, is a totally umbilic embedding.

In order to prove Theorem 2.1 we prepare four lemmas.
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Lemma 2.2 The second fundamental form o of an isotropic submanifold M in a Rie-
mannian manifold M with Riemannian metric ( , ) satisfies the following at each point
x € M.

(1) (o(X,X),0(X,Y)) = 0 for each pair of orthonormal vectors X, Y in T,M.

(i) [oX,X)|?* = (o(X,X),0(Y,Y)) + 2||0(X,Y)|? for each pair of orthonormal
vectors X, Y in T, M.

(i) (o(X,X),o(U,V)) = =2(c(X,U), (X, V)) for each triplet of orthonormal vec-
tors X, U,V in T,M.

Proof It is known that the second fundamental form ¢ is A-isotropic if and only if &
satisfies the following equation:
(0(X,Y),0(Z,W)) +{0(X,2),0(Y,W)) + (0(X,W),0(Y,2)) =
NUXYNZ,W) + (X, Z) (Y W) + (X W)Y, Z))

for arbitrary vectors X,Y,Z,W € TM. Thus we get equations in (i), (ii), and (iii).
|

Lemma 2.3 Let M" be an n-dimensional isotropic submanifold of M™?. We take
ve UM = {v € T:M : ||v|| = 1} and an orthonormal basis {v = E;,E,, ..., E,} of
TM. Then these vectors satisfy the following.

n
(i) (o[> = (b,0(,v)) =23 |lo(,E)l?,
=2
where ) is the mean curvature vector of M" in M™®.

() > (oW E), o, E))(oW,v),0(E),E)) = low )Y ot Ep®

250,jSn =2

—2) [lomEp|* =2 > (o Ey),0(nE)).

j=2 250#£j<n

(i) Y (o), 0(E;,E)) = (n— Dllo@)||* — 4o )| low,E)|

250,j<n j=2
n
+4> oW Eplt+4 > (0WE)),o(v,E)).
j=2 250#j<n

Proof For (i), by Lemma 2.2(ii) and h = (1/n) Z;’Zl o(E;, Ej) we get

n

2> oW EpIP = (llo@ vl = (o(,v), o(E;, E))))
j=2

j=2

=nllo(v,v)||* — n{o(v,v),b).
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For (ii) from Lemma 2.2(ii) and (iii) we have

> (o Ep),o(v E)(o(v,v),0(Ej, Er)

254,j<n
= Z<U(V7 E])7 U(Vu E])><0(V7 V)7 U(Eju E])>
=2
+ > (0 Ep, 0 E)){o(v,v),0(E;, Ep)
25(#j<n
=D (o0 E), o ED)(lloww)|* = 2llo(w. E)I)
=2
+ Y (0 Ep, 0 E))(—2(o(v, ), 0 (% Ep)))
25(#j<n
= e IP D o EDIF =2 [lov Ep)|*
j=2 j=2
-2 ) (o(E)),o(v,Ep).
25(#jSn
The same computation as that in (ii) yields the equation in (iii). [ |

We recall fundamental equations for a Riemannian submanifold M" of a space
form M"*?(c). We denote by R (resp. R*) the curvature tensor (resp. the normal
curvature tensor) of M and A the shape operator of M" in M"*?(c). Then, for any
X,Y,Z,W € TM and any ¢ € T-M we have

2.1) RX,Y)Z = c((Y,2)X — (X, 2)Y) + Agy X — Agix.0)Y,

(2.2) RE(X,Y)E = o(X,AcY) — o(Y, AcX),

(2.3) (VxVyo)(Z,W) — (VyVxo)(Z,W) = R (X,Y)a(Z,W)
— 0(R(X,Y)Z,W) — 0(Z,R(X,Y)W),

(2.4) (Vxo)(Y, W) = (Vyo)(X, W).

In the following, we regard UM as an (n — 1)-dimensional unit sphere $"~!(1)
in T,M (= R"), and denote by A the Laplacian on S"~!(1).

Lemma 2.4 For an orthonormal basis {v = E,E,...,E,} of TuM we consider
smooth curves vi(t) = (cost)v + (sint)E; (j = 2,3,...,n) on S§"1(1). Let

U(v) = <(VVVVU)(V, 1/)7 o’(v, V)>f01’1/ c Sn—l(l)
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for a Riemannian submanifold M" (which is not necessarily isotropic) in a general Rie-
mannian manifold M™*P. Then

(2.5)
(AV), = —6(n+4)((V,V,0)(v,v),0(v,v))

+6 Y (Vi VEo)v,v),0(r,v) +4> (Ve V,0)(,v),0(Ej, v))

j=1 j=1

+ 6Z<(vvaja)(Ej, v),0(v,v)) + 12 Z<(vvaja)(V, v), o (E;, v))

j=1 j=1

+ ZZ«VVVVO')(V, V)u U(EjvE])>

=

Proof We first have

d
a‘y(vj(t)) = ((Vy,Vy,0)(vj,vj), 0(vj, vi)) + ((Vy, Vy,0) (v, vi), 0(vj, v)))

+ 2<(VVJVVJO.)(V]7 Vj)a U(Vja V])> + 2<(VVijjU)(Vja Vj)a U(Vjv Vj)>7

where v; = v;(t), v;(t) = %vj(t) = (—sint)v + (cost)E;. We similarly obtain

j_;\I’(Vj(t)) — ((V3,Vy,0) (v}, 7)), 0(vj, v)) + 3((V,, Vi, 0) (v}, v)), 0 (v, v,)
+2((V,,Vy,0) (v}, v), 055, v7)) + 6((Vy, Vi, 0)(vj, v)), 0 (v, v,)
+ (V3 Vy,0) (v}, v), 035, v7)) + 6((V,, Vi, 0) (9, v)), 5 (v, v,)
+12((V,, Vy,0) (v}, v)), 0, v))) + 2((Vy, Vy,0) (vj, v)), 0 (¥}, 7)),

2 . .
where V; = %vj(t) = (—cost)v + (—sint)E;. Hence, from the above equation we

can verify that (AW), = (Y7, £ W (v;(r)))_, is given by (2.5). ]

Lemma 2.5 The second fundamental form o of a Riemannian submanifold M" with
parallel mean curvature vector in a space form M™F(c) satisfies the following at each

pointx € M.

(i / S (V5 Vo), ), 0 (Ej, 1) = 0.
U:M>v =1

(i) / (V,¥,0)(v.9), o(E;, E})) = 0.
“M>v j=1
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Proof Let ®(v) = 27:1 (Vg V,0)(v,v),0(Ej,v)) for Vv € §"~(1). Then the com-
putation in the proof of Lemma 2.4, together with the assumption that the mean cur-
vature vector is parallel with respect to the normal connection, tells us the following.

(AD), = —(4n+8)D(v) + 6 Z (Vg Vo) (v,v),0(Ej, Ey)).

1S jkSn

Here, let ®(v) = Zl§j7k§n<(V5}. VE0)(v,v),0(Ej, Ex)). Then, again by using the as-
sumption that the mean curvature vector is parallel, the same computation as above
yields (AE))V = —2n§>(v). Therefore, by Green’s theorem we see that fUXMav d(v) =
0, so that we get (i) in our lemma. Similarly we have (ii) in Lemma 2.5. [ |

Proof of Theorem 2.1 We are now in a position to prove Theorem 2.1. Suppose that
our manifold M satisfies the hypothesis of Theorem 2.1. We note that the fourth term
in the right hand side of (2.5) vanishes because of (2.4) and the assumption that the
mean curvature vector is parallel. So, it follows from Lemmas 2.4 and 2.5 that

(2.6)

i a) [ (V9,0 (), 0(r,v)) = /

UM

n

(Z<(VE] VE]‘ 0)(V7 V)u U(V7 V))

U:M>v =1

+23 (VVE o)), o(E;, ) ).

j=1

This, together with (2.1), (2.2), Lemma 2.2, and the hypothesis that the mean curva-
ture vector is parallel, shows

n

Q27) > (Ve VEa) ), 0(nv) =2 Y [lo,E))|?

j=1 j=2

2o P Y loEDIF =8 Y (0(nEj), (v E)’.

=2 25(,jSn
Also, we have
28) D AV ), 0(E,v) =Y (V5 V,0)(1v),0(E;,v))
j=1 =1

+2¢3 [l EpIP* +2[omv)* > llow, E))|?

j=2 j=2

-8 Z (o(v,Ej),0(v, Ep)).

25 jkSn
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In consideration of (2.6), (2.7), (2.8), and Lemma 2.5(i) we find that

29) (n+4) [ (Vo) ), olvr)) = /

UM UM>v

(6c X ot EpIP?
j=2

r6llom Y o EDIF —24 Y <U(V,Ej),a(v,Ek)>2).

j=2 28j,kEn

On the other hand, by the result of Ros [8] for T(v) = (o (v,v),c(v,v)), we know
that

0:/ (VD) (v, v,v,v,v,v)
UM

_ / IV, + 2((V,V,0) (1 v), o (v, 1)),
UM
so that
(2.10) / (V,V,0)(v,v),0(v,v)) = —/ (Vo) (v, v)|]* £ 0.
UM UM

Our aim here is to show that the submanifold M has parallel second fundamental
form. Hence, by virtue of (2.4), (2.9), and (2.10) we have only to prove the following
inequality:

S Ne@EDIP + lo@w > e EDIP =4 > (o E)),o(v,E))* = 0.
j=2

j=2 25j.kSn

To do this, we set

n

A:ZK(V,Ej):Z<R(v,Ej)Ej,v> and B= Z K(Ej, Ey).

j=2 j=2 25 j#kSn
It follows from (2.1) and Lemma 2.2(ii) that
(2.11) A=(n—Dc+n—Do@)? =3 [lowE)l
j=2

By the definition of the mean curvature vector f) we see that

212) 2b|]* = o +2> (o(v),0(E;, E)))

=2

+ Y (o(E Ep), o(Bx, E)).

25jkSn
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In view of (2.1), (2.12), and Lemma 2.3(i) we find that

(2.13)  n*||p])* = 2n|c(v, v)||* — n{oc(v,v),h) —2(n — 1)c+2A+ B

—(n—=Dn-2c+ Y |lo(E;,E)|*

25 j#kSn

On the other hand, we have
> (o), 0(E}, Ep) = n(o(v),b) — o),
=2

and

> (0(Ej,E)), 0(E, E)) = (n— Do, )| + (n — 1)(n = 2)||o(v, )|
15j.k<n

-2 Y o(E, E|P

25 j#kSn

because of Lemma 2.2(ii). Substituting these equations into the right hand side of
(2.12), we get

_ 2
> Ntk Bl = "2t I + o, 0) — ol
25 jAkSn

which, together with (2.13), implies
(2.14) 3n%||p||* = n(n+2)||o(v,v)||* — 2n(n — 1)c + 4A + 2B.

It follows from (2.11) and (2.14) that

2(n—1) 3n 4 2
2.1 = - A B
(2.15a8)  [lo(w W) nt2 °F n+2HbH n(n+2) n(n+2) "’
" nn—1 nn-1) n’ +6n — 4
2.1 Ep|* = i)
(2.15b) jZZ|U(V’ J)H n+2 ct n+2 ”b” 3n(n+2)
B 2(n—1)
3n(n+2)

Moreover, from (2.11), (2.15a), and Lemma 2.3(i) we obtain

(2.16) B— (n—2)A+§n2(HI)H2— (o(r,v), D).
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Substituting (2.16) into the right-hand sides of (2.15a)and (2.15b), we can see that

2(n—1 2
@.172) ot = 22 =Dem gt 2 o).,
~ . ,  nn—1) _n nn—1)
(2.17b) ;|U(V,EJ)|| = — (o(v,v),).

We next estimate 3, <, (0(v, Ej), o (v, Ei))%. By (2.1), for j = 2,...,n we have

||U(V7 E])H4 = (C - K(V7 E]) + <0(V7 V)70(E]7E])>) HO'(Vu E])H27

which, combined with Lemma 2.2(ii), yields

218) 43 o Epl* = %cz o, B - g S K, )t )

j=2 j=2 j=2

4 n
+5llot, VP> ot Bl

j=2

It follows from (2.18) and the assumption that every sectional curvature K of M

satisfies K = 50745 (c + [|D[|*) that

219) 4 JomEp|* < (D llo EpP?)

j=2 =2
y ( 4n
Ze—
3 6(n+1)

2 4 2
(e + D) + 5o )]?).

For simplicity we take an orthonormal basis {E,, . . ., E, } of UM satisfying

(0, Ej),0(v,Ey)) = dj(c (W, Ej), 0 (v, Ej)) for jk=2,...,n,

so that
(2.20) > (oW Ej),o(nE))’ = [lo(E|*.
25j.kSn j=2
On the other hand, by the assumption on the sectional curvature K of M we know
that
n(n—1) nn—1)(n—2)
2.21 Az ——2 2 B> ——  —— 2.
(221) > Bl Bz E e o))
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It follows from the second inequality in (2.21) and (2.16) that

222) (o) S|P+ 20Dy DO D ey

3n? 3n(n+1)

Hence, from (2.19), (2.20), (2.17a), (2.22) and the first inequality in (2.21) we can
see that

S Mo ENIP + oY o EIP =4 Y (o E)), (v, Ey))?

j=2 j=2 25jk<n

v

n 4 4
( ; ||U(V7 E])Hz) (C+ ||U(V7 V)Hz — —Cc+ (c+ ||b||2) _ gHU(Va V)”z)

4n
3 6(n+1)

2n 2 2
Z”U(VE ) (=732 3t DD+ 35354
- —2<0(V7 V)7b>)

: Zna(vE)H ) (- (e ) +

nt2’ 3(n+1) 3(n+2)A

n—2) (n—1)(n—
3n(n+2)A+ 3(n+1)(n+2) + 1ol ))

2n—1
Z”U(VE)H (3 CES 3(n-l(—nl)(nz—2)(c+”b”2)) 2

—p|)* -

n+2

so that M has parallel second fundamental form. This, together with the assumption
that M is connected, shows that the length ||| is a constant function on the subman-
ifold M. Moreover, the last inequality shows that our discussion is divided into the
following two cases.

One is to investigate the case of o(v, E;) = 0 for j = 2,...,n. This, combined
with Lemmas 2.3(i) and 2.2(ii), implies ||o(v,v)||* = (o(v,v),b) = ||h]|>. So equa-
tion (2.1) yields K(v, E;) = ¢ + ||b||?, which is a constant for j = 2,...,n. Asvis
an arbitrary (unit) vector of T,M, our discussion shows that the manifold M" has
constant sectional curvature K = ¢+ ||b||? at the point x and x is an umbilic point on
M".

The other is to consider the case of o(v, E;) # 0 for some j. In this case, the
last inequality tells us that M" has constant sectional curvature K = 5t (c + I5]1%)
at the point x. Then by the connectivity of M we see that our manifold M” is a
space form either M"(c + ||b[|*) or M"(n(c + ||]|*)/2(n + 1)). Therefore, by the
classification theorems of parallel submanifolds in a space form (see [3,9]) we get the
conclusion. ]
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3 Concluding Remarks

Our aim here is to establish Theorem 3.1. Note that in Theorem 3.1 we do not sup-
pose that the immersion f is isotropic.

Theorem 3.1 Let M be a 2-dimensional, connected, compact, oriented submani-
fold whose mean curvature vector is parallel with respect to the normal connection in
a (2 + p)-dimensional space form M**P(c) of constant sectional curvature ¢ through
an isometric immersion f. Suppose that every sectional curvature K of M? satisfies
K = (1/3)(c + H?), where H is the length of the mean curvature vector of M?* in
M**?(c). Then the immersion f has parallel second fundamental form and the sub-
manifold (M, f) is congruent to one of the following.

(i) M? is a compact space form M*(K) of constant sectional curvature K = ¢ + H?
and f is a totally umbilic embedding.

(i) M? is a compact space form M?(K) of constant sectional curvature K = (1/3)(c+
H2) and f is given by f = fo 0 fi: MA(K) 2 SY3K) 5 M2*2(c), where fi is
a minimal (parallel) immersion and f, is a totally umbilic embedding.

Proof Let {X,Y} be a local field of orthonormal frames on M2. We set Z =
(1 /_ V2)(X — v/=1Y). In the following, our computation is expressed in terms of
Z,Z. We can set

G V2 = a2,V;7 = ~aZ, V17— N 12— —a,

where a is a local smooth function on M2. We here review some fundamental
facts. M? is totally umbilic in an ambient Riemannian manifold M if and only if
0(Z,Z) = 0 on M?. The mean curvature vector b of M? in M is parallel if and only
if V)%O'(Z ,Z) = 0 for VX € TM, which is equivalent to saying that (Vz0)(Z,Z) = 0
for VX € TM. Hence, from (2.4) and the parallelism of the mean curvature vector
we have

(3.2) (V50)(Z,2) = (V20)(Z,Z) = 0.
Then from (3.1) and (3.2) we see that
Villo(Z, 2| = (V50(2,2),0(Z,2)) + (0(Z,2),V50(Z,Z))
= (20(V4Z,2),0(Z,2)) + (0(Z,2),(N70)(Z,Z) +20(V;Z,Z))
= (0(2,2),(V50)(Z,Z)).
This, together with (3.1), implies
Allo(Z,2)|> = VzV4l0(Z, 2)|* = V,zll0(Z, 2|
= (V70(Z,2),(N50)(Z,Z)) + (0(2,2),V 5 (N50)(Z,Z))
—a(0(2,2),(V50)(Z,Z))
= |(V20)(Z,2)|* + (0(2,2),(VzV50)(Z,2)).
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Here, it follows from (2.1), (2.2), (2.3), and (3.2) that

=(0(Z,2),0(Z,2))0(Z,Z) + (2c + 2||b||* = 3||l0(Z, 2)||)o(Z, Z).

Then the above computation yields

(33) A|o(Z,2)|> = ||(V20)(Z,2)|* + |(0(2,2),0(Z, 2))|?
+(2c+2|b]1* = 3]l0(Z, D))o (2, 2)||*.

On the other hand, from (2.1) we have

(34)  K=(RX.V)Y.X) =(RZ.2)Z.2) = c+ bl - [lo(2, D),

which, combined with the assumption K = (c + ||b||?)/3, shows that
2¢+2]]B]12 - 3]l0(Z, )| = 3K — (c + [[B]]2) = 0.

Thus, from (3.3) we can see that

0= / Allo(z, 2)|*
M

= / (I(V2o)Z, 2)|* + |(0(Z2,2),0(Z,2))]* + BK — c — |b]|))|o(Z, 2)|]?)
M

20,

so that M" has parallel second fundamental form, and moreover ||o(Z, Z)||? is con-
stant on M" because of Hopf’s Lemma. Hence equation (3.4) shows that the man-
ifold M" is a space form M"(K). When K > (c + ||b]|*)/3, 0(Z,Z) = 0 on M",
which implies that the immersion f is totally umbilic and K = ¢ + ||b||>. When
K = (c+||b||?)/3, the immersion f is given by Theorem 3.1(ii) (see [3,9]). [ |

Theorem 3.1 is a generalization of Itoh’s result for the case of n = 2 (see [4]). As
immediate consequences of Theorems 2.1 and 3.1 we obtain the following corollaries.

Corollary 3.2 Let M be an n (2= 3)-dimensional, connected, compact, oriented, iso-
tropic submanifold whose mean curvature vector is parallel with respect to the normal
connection in an (n+p)-dimensional space form M™P(c) of constant sectional curvature
¢ through an isometric immersion f. Suppose that every sectional curvature K of M"
satisfies K = (c + H?)/2, where H is the length of the mean curvature vector of M"
in M"™?(c). Then M" is a compact space form M"(K) of constant sectional curvature
K = ¢+ H? and f is a totally umbilic embedding.
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Corollary 3.3 Let M be a 2-dimensional, connected, compact, oriented submani-
fold whose mean curvature vector is parallel with respect to the normal connection in
a (2 + p)-dimensional space form M**P(c) of constant sectional curvature ¢ through
an isometric immersion f. Suppose that every sectional curvature K of M" satisfies
K > (c+ H?)/2, where H is the length of the mean curvature vector of M? in M**P(c).
Then M? is a compact space form M*(K) of constant sectional curvature K = ¢ + H?
and f is a totally umbilic embedding.

Here we recall the following characterization of totally umbilic submanifolds in a
space form, which is a local statement [6].

Proposition 3.4 Let M" be a Riemannian submanifold in a space form M™(c). Then
the following are equivalent:

(1)  M" is totally umbilic in M"™P(c), N

(ii) M" is an isotropic submanifold with flat normal connection of M™P (c).

At the end of this paper we shall show that in the assumptions of Theorems 2.1,
3.1 and Corollaries 3.2, 3.3, if we replace the condition that “the mean curvature is
parallel with respect to the connection” for a weaker condition that “the length of the
mean curvature vector is constant’, these results are no longer true.

Remark. There exist many connected, compact, oriented, n(= 2)-dimensional sub-

manifolds M™s of an (n + p)-dimensional sphere S"*?(c) of constant sectional cur-

vature ¢ satisfying the following four conditions.

(1) M" is an isotropic submanifold of S"*?(c).

(2) The length H of the mean curvature vector f) of M" in §"*P(c¢) is constant on M".

(3) Every sectional curvature K of M" satisfies K = (n/2(n + 1))(c + H?).

(4) The mean curvature vector b is not parallel with respect to the normal connec-
tion,(so that the second fundamental form of M" in S"*?(c¢) is not parallel).

Proof We shall construct an example of a submanifold satisfying the above four con-
ditions in §"(c), which is due to the first author [5]. Let x;: S"(n/2(n+ 1)) —
§r+(n(n+1)/2=1(1) be the second standard minimal immersion and x,: S*(n/2(n +
1)) — S"(n/2(n + 1)) the identity mapping. Using these minimal immersions, we
define the following minimal immersion:

(3.5)

o= G xa)): Sn(z(n’l 1)) . Sn+(n(n+1)/2)fl(ﬁ) " Sn(m) .

fort € (0,7/2). Here the differential (x;). of the mapping x; is given by (x;).X =
(cost - (x1)+X,sint - (x2)+X) for each X € TS"(n/2(n + 1)). The product space of
spheres in (3.5) can be embedded into a sphere as a Clifford hypersurface:

(3.6)

Sn+(n(n+1)/2)—l( 1 ) % Sn( n ) N Sn+(n(n+3)/2)( n ) .
cos? t 2(n+1)sin’t n+(n+2)sin’t

Combining (3.5) and (3.6), we obtain the following isometric immersion f;:

(3.7) fir (5 ) o S ()

2(n+1) n+(n+2)sin’t

https://doi.org/10.4153/CJM-2009-034-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2009-034-4

654 S. Maeda and S. Udagawa

By virtue of the result in [5], we find the following properties of f; for each t €
(0,7/2).
(a) The length H; of the mean curvature vector by, for f; is given by

(n+2)sintcost

- \/2(n+ 1)(n+(n+2)sin2t)

(3.8) H, £0.

(b) The mean curvature vector Iy, is not parallel with respect to the normal connec-
tion V. The length of the derivative of b, is given by

n(n+2)>2

iR 2
I 4(n+1)?

sin® £ cos® t # 0.

(c) f;is constant \,-isotropic. A, is given by

n—1 €1 cos2t — ¢ sin® £)2
)\,z\/ cos‘*t+(1 2 ) #0,
n

+1 ca+o

where ¢; = 1/ cos?tand ¢; = n/(2(n+ 1)sin’¢t).

Now, in particular we set cost = 1/y/n+ 1 and sint = /n/(n+ 1) in (3.7). Then

we have the following isometric immersion f:

(3.9) f: Sn( n ) R Sn+(n(n+3)/z)(”_+1) '

2(n+1) 2n+3

The rest of the proof is to show that the length H of the mean curvature vector for
the isometric immersion f given by (3.9) satisfies the following inequalty:

c+ H?

n
K> (>
2 2+ 1)

(c+H2)) .

It follows from (3.8) that

n+2

= i Dvaaney

This, together with K = n/(Z(n + 1)) and ¢ = (n+1)/(2n + 3), yields that

c+H* n?-2

K- = >0
2 4(n+1)?2

Hence, by the continuity of H, we have many examples satisfying the conditions (1),
(2), (3), and (4) of our Remark. [ |
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