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ON NECESSARY MULTIPLIER CONDITIONS
FOR LAGUERRE EXPANSIONS

Dedicated to P.G. Rooney on the occasion of his 65th birthday.

GEORGE GASPER AND WALTER TREBELS

ABSTRACT.  Necessary multiplier conditions for Laguerre expansions are derived
and discussed within the framework of weighted Lebesgue spaces.

1. Introduction. The purpose of this paper is to enlighten the structure of multipli-
ers for Laguerre expansions on L? spaces from the point of view of necessary conditions.
From the theory of Hankel and Jacobi multipliers (see Gasper and Trebels [6], [7]) it is
known that necessary conditions may very well reflect the behavior of multipliers in so
far as they are (up to a natural smoothness gap) comparable with sufficient conditions.
Following Gorlich and Markett [9] we consider the Lebesgue spaces

iy =45 1l = ([ 1F@e 20 d'/r < oo}, 1< p < o0

in particular, fory = ap/ 2, these are the L’;(a)-spaces in [9]:

00 1/
Loy ={f: Wl = (/0 If(X)u(x,a)!”dX) "< oo}, 1<p< oo,

where u(x,a) = x4/ 2e7¥ 2 Let L¥(x), a > —1,n € Ny, be the classical Laguerre
polynomials (see Szegd [19, p. 100]),

RY(x) = Ly (x)/ LY (0), LY(0)=AS = (n+a) Tn+a+1)

n )T T+ D@ +1)

Define the Fourier Laguerre coefficients of a function f € L, ,,

thogonal system { R?} by

with respect to the or-

Foln) = /0 * FORT ()x% e dx,

if the integrals exist. Then the formal Laguerre expansion of f is given by

f@~ (T + D) ’i Ful)LE ().
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LAGUERRE EXPANSIONS 1229

A sequence {my} is called a multiplier on L, , . notation { m;} € M’ if

I3 mifa®OLE iz, < Cllflle,
k=0

for all polynomials f; the smallest constant C for which this holds is called the multiplier
norm || { my} || w,, - Generic positive constants that are independent of the functions (and
sequences) will be denoted by C. In the case of Laguerre multipliers on Lfv(a) there seems
to occur a surprising phenomenon: whereas for 4/3 < p < 2 the necessary conditions
quite well reflect the boundedness behavior of the well understood example of the Cesaro
means, there is a broadening (towards p = 1) growth/smoothness gap between our (at
p = 1 best possible) necessary conditions and the Cesaro multiplier; it seems that the
space Lj,{ : , blays a crucial role for the theory of Fourier Laguerre multipliers. The bound-
edness of the Cesaro means of the Laguerre expansion of f

(C,OX(F,x) = (AT S A fa(LE (%)
k=0

is discussed in a number of papers by Askey and Wainger [2], Muckenhoupt [ 16], Poiani
[17], Markett [12], and Gorlich and Markett [9] ; e.g. there holds for > 0andé > 0

2
O €O, < Ul 8> {50200y

w(Y) - — =

uniformly in n; by interpolation one easily gets results also for other Y -values. By Trebels
[20, p. 21] this implies in particular that any sequence {my}, converging to zero and

being sufficiently smooth, is a multiplier on Lfvm, more precisely,

2) I /;) mlfa(k)L,‘:HLl;m < C’;)AilAéﬂmd £l

w(Y)

for all polynomials f when é and 7 satisfy the conditions in (1). Here the fractional
difference of order ¢ is defined by

00

6 —6-1

A my = E Aj My
=0

p

whenever the sum converges. Within the setting of the L | -spaces our main result reads

THEOREM 1.1. Iff € L}, | <p <2,and @ > —1, then

sup | (k + DM fo ()] < Clifller,
k w(a

provided
a) 0< A §(2a+%)<pl—%)_%,:f1§p< %’
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1230 G. GASPER AND W. TREBELS

b o<A<@a+2)(i-1)-tift<p<2

This theorem and an extension of it are proved in Section 2. The proof relies heavily
on the particularly simple formula for fractional differences of the R} polynomials

(3) A/\Ri((x) _ . r(a + 1)

/\Ra+/\ , , — 1 2 2’
——(a+/\+1)x ), x>0, 2> —(a+1/2)/

which is just formula 6.15(4) in [4] when settingc = a+1,¢ = a+ X +1 and observing
that RY (x) = (Fi(—k; ¢ + 1;x) = O(—k, o + 15 x).

COROLLARY 1.1. Let 1 < p <2, X\ > 0, and {m} be a Fourier Laguerre multi-
plier sequence on Lfv( ) Then

w(a)

sup |k + D} A my| < Cll{mi} e .
k

provided )\ satisfies the conditions in Theorem 1.1.

REMARKS. 1) This result is best possible for p = 1 and @ > 0 in the sense that there
is a uniformly bounded multiplier family which satisfies the above necessary condition
only for A < a+1/ 3. For consider the multiplier sequence { my(1)} , my(t) = et/ 2RX(1),
which is uniformly bounded in ¢ > 0 (see [9]). By (2) it follows that

[ A ()] = ClIM e 2RE ()] = [k e 2L8 ().

The sup-norm over ¢ of the last expression behaves like k* ~@=1/3 py the fourth case of
Markett’s Lemma 1 in [14], hence it diverges when A > o + l/ 3.

2) Corollary 1.1 gives unboundedness of the Cesaro means in the p interval 1 < p <
4/3onlyford < (2a+4/3)(1/p—1/2)—1/3, whereas the correct critical index 6, at
which still divergence happens is 6. = (2a +2)(1/p — 1/2) — 1/ 2 (see [9]), i.e., there
is a considerable gap between the real range of unboundedness and the one given by
Corollary 1.1 in the case 1 < p < 4/ 3 for the Cesaro test multiplier. This is in contrast
to the Jacobi and Hankel multiplier case (see [6], [7]) where, except for the endpoint,
the correct range for the unboundedness of the Cesaro means is given by the general
necessary conditions. We note that for 4/ 3 < p < 2 Corollary 1.1 gives divergence for
6 < b, with the right divergence order.

3) In summability theory for numerical series the following result is well known (see
[22, p. 105]): The factor sequence { my} maps each Cs; summable series 3~ uy into a Cs
summable series 3~ my uy if and only if the sequence is bounded and

OO .
STAY A my| < oo,
k=0

If one wants to discuss this problem in a Banach space setting (see [20]) one may de-
compose the Banach space X when assuming the existence of a sequence of projections
{ Py }een, C [X], where [X] is the space of all bounded linear operators from X to X, with
the following properties:
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i) the projections are mutually orthogonal: PyP; = 0Py,
ii) they are total: Pif = O for all k implies f = 0,
iii) the linear span of the ranges P(X) is dense in X.
iv) the Cesaro means

(Co0f = (A 30 AL Pif
=0
are uniformly bounded for some § > 0 :
@ .ol <cllfil vF ex.

If we introduce multipliers analogous to the above Laguerre case, then an analog to the
sufficient direction holds for such Cesaro bounded expansions (see [20, p. 21]). But one
cannot expect that the converse is also true since concrete orthogonal expansions in gen-
eral satisfy additional properties, e.g. they are (C,§) bounded for all § greater than a
critical index but not for the critical index itself. Nevertheless, motivated by the case of
Jacobi expansions (or Hankel transforms) one may look at the following problem in the
above Banach space setting:
Suppose that
a) (4) holds forallé > 6. > 0,
b) for some f € X one has

limsup ||(C,é:)uf|| = o0.
n—o0

Is it true that the multiplier norm of a sequence { mk} can, up to a constant, be estimated
from below by sup, |k* A*my| forall A, 0 < X < 6.7

Corollary 1.1 answers this question with no: the (C, @ + 1/2)% means of the above
Laguerre expansion are not uniformly bounded (see [9]) so that according to (1) the
critical index in L:v(a) is a+1/2, whereas only A < a +1/ 3 is admitted by the example
in Remark 1.

4) According to a written communication of C. Markett there exists, apart from the
obvious sufficient condition of type (2), the following unpublished result due to V. Diet-
rich, E. Gorlich, G. Hinsen, and C .Markett

n \k=n

1/2
00 N 2n 1
1Y mfaOLf <€ {sgp |mi] + sup (z iAzA’mkV-,;) } Fler
k=0

provided 1 < p < ooand?Y > o +1 > 1. This condition is comparable with the
necessary one in Corollary 1.1 (see [5]); in particular, their combination gives

COROLLARY 1.2.  Ifthe sequence { mi} € M., forall o > 0 and some fixed p # 2,
then {m} € M’ forall« > 0andforallp,1 < p < oo.

w(a)

For the proof observe that by duality one can assume without loss of generality that
1 < p < 2.For fixed p < 2 and fixed &’ > 0 the necessary condition guarantees for
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the multiplier sequence in question a A smoothness of order greater than a’ + 1 since
by hypothesis « may be chosen sufficiently large, and so application of the sufficient
condition with respect to the parameter o’ gives the assertion.

Better sufficient conditions would allow better transplantation theorems for multipli-
ers with respect to Laguerre expansions of different parameters.

5) Corollary 1.1 may be extended by conSIdermg multipliers acting on L)
p < r, i.e., more precisely, we say m € M’ if

intoL

w(a) w(a)?

w(a)

I E mifa L ||z, < Cllfller

wla) — w(a)

for all polynomials f, and define ||m|| w10 be the smallest constant C for which the
preceding inequality holds.

COROLLARY 1.3. Let 1 <p<r<2, X > 0,and {m} € My,
sup | (k + DY A my| < Cll{mid lagr, .

w(Dl)

Then

w(a)®

where 1/r=1/p—o/(a+1)and
a) 0< A <Qa+H(E-3)-Fif1<r<}
) 0<A<Qa+2)(1-3) -t ifi<r< >

Corollary 1.3 nicely indicates how fractional integration (with multiplier sequence
{(k+1)77}) should work.

Theorem 1.1, Corollary 1.1, and Corollary 1.3 are proved in Section 2 along with
some extensions. In Section 3 expansions with respect to the orthonormalized Laguerre
functions

£20) = (1) T+ a + D)2 212 ()
will be considered. We define modified Fourier Laguerre coefficients

fo= [T r0LE X2 2 ax

(whenever the integrals exist, e.g., when f € L
expansion

1 < p < oo, a > 0) and have the

u(a)?

Fo/2e 2 S L2 ().
n=0

Since f,, = (Ag/r(a + 1))1/2fa(n) we may state the standard Parseval formula in the
following form

S AT = 3 1AL = [ Fouteo)| dr
k=0

1
Ta+1) &
= /OOO If'(x)e_’/zlzx dx

whenever f € Lum ) wia) 1N Section 3 it is shown that even though the associated
multiplier spaces MY, ,, and M) for expansions of functions in Lﬁ(a) with respect to LY
and, respectively, to L¥ coincide, there is an interesting different Lu(a) behavior of the

Cesaro kernel x @9 (x) in (7) and the modified Cesaro kernel kY 4 (x) defined in Section 3.

()

:L"
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2. Proofs and extensions. Theorem 1.1 is an immediate consequence of theY = «
case of the following basic

LEMMA2.1. Leta > —1,f €Ll 1 <p <2 andy > (a+1)p/2—2/3. Then
a)

Supl(k+ 1)7/P+l/(3P)A(27+4/3)/P*(a+l)fa(k)l < C”f“L”( . 1<p< 4/ 3,
3 WY

providedy > —1/3ifp=1ory > —1/3if1 < p< 4/3.
b)
sup [(k + DO < Clfll, . 1<p <2,
k w(Y

provided

Y +4/3)/p—(a+1) if1<p<4/3

s {@“2)/17—(“3/2) if4/3<p<2

PROOF. By the definition of the Fourier Laguerre coefficients, formula (3), and
Holder’s inequality it follows that (1/p+1/g = 1)

Nfalk) = [ * FOA RS (et di
_ C/()oof(f)Rl‘:+)‘ (t)eiltaﬂ dt (: Cf(“/\ (k))

{(fé’" [RE e/ 2 ot a)' i p >

< ClIfll.r
Eeor | supps o | RE (1) 20| ifp=1.

w(Y)

The observation that R¥** = L&** / A%** and a direct application of Lemma 1 in [14]
now give for A >0

A atol < Cliflle,

=/ p=1/ G ifA > @2y +4/3)/p—(a+1), 1<p<4/3
6) k(e +Ds+D/p ifA < @2y +4/3)/p—(a+1), 1<p<4/3
x { k!/2-0+D/p if A > @2y +2)/p—(a+3/2),4/3<p< o0
K/ 2=0+D/plogk)!=1/P i X = 27 +2)/p—(a +3/2),4/3<p<o0
k(a0 +D/p if A <(2Y+2)/p—(x+3/2),4/3 <p<oo,

where, as usual, k and logk on the right hand side are replaced by positive constants
when k = 0 or 1. The assertion of the Lemma is now evident.

In order to deduce necessary multiplier conditions from Lemma 2.1 we need on the
one hand boundedness of the multipliers involved and on the other control over suitable
test functions; the latter will be guaranteed by
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LEMMA2.2. Let1 < p < 2,7 > —1, and let N be a fixed integer greater than
20 + 1)/ p— (e +3/2). If { g} € I°° has compact support and g(x) = 332, gLy (x),
then

[e ]
Hg“L’;vn) S CZ(’C"}' 1)N+(a+l)—(’Y+l)/pIAN+1gk|'
k=0

PROOF. Start with the Cesaro kernel given by
p— n —
M X = (AT + D) YA LE W) = (AT + D) LI ).
k=0

Then g may be represented as

o AN AN+ N

g0 =T(a +1) 3 AL (A gx" ().

k=0

Since the third case of Lemma 1 in [14] gives

) ¢l < Clh+ DO > 20y + 1)/ p— (@ +3/2),

whenl < p <2, a+d6 > —2,andy > —1, Lemma 2.2 follows after taking the

L7, ,-norm of g(x).

Consider a monotone decreasing C*°-function ¢ (x) with

I ifo<x<2 i
SO =1y e S 6 =er/2).
Then
i(l-_’_ 1)N+(a+l)A(7+l)/p|AN+l ¢’(I)| < C(zi)(a+l)7(7+l)/p’

j=0
which can be easily verified by using a slight modification of Lemma 3.6 in [20], and it
follows by applying Lemma 2.2 to the function
D) = 3 Si()L] (x)
Jj=0
that
(9) “(I)(i)”Lr S C(zi)(a+l)-(“/+l)/p
w(Y)

whenl <p <2, > —landy > —1.
Let us turn to the problem of dominating the /*°-norm of the multiplier sequence in

question by its multiplier norm. First observe that by the second and fifth case of formula
(6) there holds

fall)] < Clhk+ 1O/ Py p
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ify > (a+1)p/2—2/3whenl <p < 4/3 andify > (¢ +3/2)p/2— 1 when
4/3 <p <2.Soif one considers m = {m;} € M,,,, and replaces f, (k) by my¢i(k) one
obtains by the previous estimate and (9) that

sup [m| < sup [mug ()| < Cllmlye
k<2i*! k

with constant independent of i, thus

(@+1)p/2-2/3 ifl <p<4/3
(@+3/2)p/2—1 if4/3<p<2

in the sense of continuous embedding.

(10) M

w(Y

)Cl°°when7 > {

LEMMA23. Ifa > —landm e M,,,, 1 <p <2, then

a) sup, I(k+1)(2~,+4/3)/p—(a+1)A(27+4/3)/p—(a+1)mk’ < C”m”Mf-m whenl <p < 4/3
andy > (a+1)p/2—2/3, and

b) sup; |(k+ 1) A my| < CIIm[IMZm when \ satisfies the conditions of Lemma 2.1

and Y those of (10).
PROOF. Set A\ = (2Y +4/3)/p — ( + 1). From Part a) of Lemma 2.1, it follows

that
iy(a+)—(Y+1)/p
Cc2h “ml M)
> (| ka¢i(k)Lf”Lﬁ,m
> sup Ik“Y/P+1/3f"A)‘ (mk¢,(k))|
21-|Sk§2‘
> sup  [K/P ANy
2:—15](52’
o0
—  sup Ik“*/p+1/3p > Aj_/\‘1{¢i(k +J) = 1} my].
2i—1 <k<2i =2
Hence

[|mlly > C2* sup |A*my| — Csup|myl
w(Y) 2’*'§k§2’ k
and therefore, by (10),
sup |k)‘A/\mk| < CHmH,\,,/:vm
2i-1 <k<2i !
uniformly in i, whence Part a); Part b) follows analogously.

REMARKS. 1) Corollary 1.1 is the ¥ = « case of Lemma 2.3. Corollary 1.3 can be
derived analogously from Lemma 2.1 (withy = «a) and (9) when observing that

sup |(k + 1)/\+a+lf(a+l)/ rA/\ (mk¢t(k))|
k

(D(i)

o
w(ar)

< C(zi)a+1—(a+l)/p“m|

w(a)

< Climllag:

For historical reasons (e.g., see the convolution structure in [8]) and for later use we state
a special case (Y = ap/2)of Lemmas 2.1 and 2.3 (using the notation M}, ., := M",

w(ap/2)
and1/p+1/g=1)
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COROLLARY 2.4. Ifa > —land1 <p < 4/3, then
a) supy |(k+ DM/ fo ] S Cfllp, . 0< A <

b) supy [(k+ 1) A my| < C”m”"”ﬂm)’ o< < % - %,

For sufficient multiplier conditions on Lﬁ(a) comparable with (of the same type as)

the necessary ones, see the Corollary for n = 1 in Dtugosz [3]. Using the transplantation
result of Kanjin [10] one can improve Diugosz’s result to

00 A
I 3 mfwrs

ulary
n k=n

o 1\ 172
<C {sup|mk| + sup (Z |k + I)A'mk|2E> }”f”L"
k

forall @ > 0and 1 < p < oo; namely, Kanjin’s result implies

MP

u(a)

— — 4
- Mﬁ(()) = Mw(())’ a>0,1<p< oo,

and the assertion follows by the above mentioned result of Dietrich, Gorlich, Hinsen,
and Markett.

2) There arises the question whether Lemma 2.3 can be improved by interpolation.
Observe that from Lemma 2.1 withp = 1,7 = (a + X)/2—1/6and X\ > 0, we have

sup [ JAZ (k+ DA ()| < € [T oo/ 2a@ 2716 gy
k k 0

and from (5) with « replaced by o + A and the formula in the first lines of the proof to
Lemma 2.1 we have

(2' Afb\A*fa(k)'z)l/z < C(/Ooo |f(x)e*"/2x("+“/2|2dx)'/z.

Then application of the Stein and Weiss interpolation theorem (see [18]), where we set

Tf = {Tf (b}, Tf (k) = JAZ A fo (K), gives

00 1/q o
<Z |(k+ 1)(2/]7—1)/6Tf(k)|q> S C (/ |f(x)efx/2x(u+/\)/2—(2/p—l)/6|pdx) l/f’.
k=0 0

In particular this implies Part a) of the following
COROLLARY 2.5. Leta > 0,1 <p<2and(a+1)(1/p—1/2)> 1/4. Then,
with A = Qa +2/3)(1/p—1/2),
A 1
a) (52 G+ 198 )] 9) 1 < Clfllp
1
b) sup, (332, |tk + 1A mif 11) Y < Cllmlp .
Part b) follows along the lines of the proof of Lemma 2.3; observe that the restriction
on p comes from (10). Part b) does not contain Corollary 1.1 and vice versa, which
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may be seen by the examples of the Cesaro multiplier family {Ai_k / Af,} (where, e.g.,
at p = 4/3 Corollary 1.1 gives a greater §-domain where divergence happens) and
sequences of type {e*/(k + 1)"} (where, e.g., at p = 4/3 Corollary 2.5 leads to a
greater v-domain in which this sequence cannot be a multiplier). The embedding results
in [5] lead to the conjecture that A = (2ar+1/3)(1/p—1/2)+1/6for1 < p < 4/3and
A =QRa+1)1/p—1/2)for4/3 < p < 2 should be the best possible A -parameters.
One possibility to get these is to try to improve the inequality in Corollary 2.5 a) at the
pointp = 4/ 3.

3) Formula (3) is equivalent to the Laguerre expansion (9) in Askey [1] after the
latter is corrected by replacing the ratio '(n —k +7Y —a + 1)/T(Y — a + 1) in it by
I'nh—k+v — a)/ I'(Y — a). By arguing as on pages 251-252 of Tricomi [21] it can
be shown that the fractional difference formula in (3) also holds for x > 0 when A >
—1 — min(a, & /2 — 1/4). When the more restrictive condition A > —(a +1/2)/2
is satisfied, the infinite series for the function A* R (x) on the left side of (3) converges
absolutely forx > 0.

3. Expansions with respect to the orthonormalized Laguerre functions. The
orthonormalized Laguerre functions were introduced at the end of the Introduction. A

- . . . p .
multiplier sequence in this new setting, notation { my} € M, satisfies

o o 1/p
(1 Emiczwra)  <ciry,

for all polynomials f. Since I'(a + l)ka,‘(" x) = fa (k)L (x)u(x, o) it is clear that M ’:a) =

M, and thus, that Corollary 2.4 b) holds. But it is not obvious that an analogue of

Corollary 2.4 a) holds with fa(k) replaced by fk . For consider the modified Cesaro kernel
n
kit = (A A, L7 W
j=
which differs from (7), apart from the weight u(x,«), by the additional factor
(T(a + 1A%) "% inside the sum. Since (8) implies
(1) sup (A7) 2 I, < €8> 1/2,
n ula
the following lemma comes as a surprise.
LEMMA 3.1. Foroa > 0andé > O there holds
s _
sgp/O |k ()] dx = oo.

Observe however that on account of (1) there still holds { A2 ; /ALY € M ’(a) - M

u(a)
with its multiplier norm uniformly bounded in n. Let us first give an upper bound for
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J§° |k (x)| dx in the case § > 1. Since

k3P (x) = (AL AD)LE (%)

k=0

=Y m(A ) A)LE (x)u(x, @),
k=0

with my, = (F(a + l)A,f‘)il/z, we have that

Ko () = T + (A0 3 ALAZ(med®_ )™ (oucx, o),
k=0

where X,‘,”E is defined by (7). Hence taking the L!(0, c0)-norm and observing (11) leads
to
00 n
/0 k%8 ()] dx < CASY ™" S ALk + 1)/ 2| A2 (me A2 ).
k=0

Leibniz’ formula for differences gives
A2l )| A+ )72 240 e+ 1) AT (ki 1)/ 2482
n—k n—k n—k n—k

and the hypothesis § > 1 guarantees that we have only positive terms. Split up the
resulting three sums into 0 < k < n/ 2 and n/ 2 < k < n summations. Then the first
term with summation over 0 < k < n / 2 gives a log(n + 1) contribution, and all other
terms only give (uniformly in n) bounded contributions. Hence, foré > 1,

b 5
/0 |k%% (x)| dx < Clog(n +1).

Of course, this is no proof of Lemma 3.1; but by a similar argument its proof can be
reduced to the problem of showing that when o > 0 the modified Poisson kernel

S
(12) pr0) =3 rLx)
j=0
has no uniformity in r, 0 < r < 1, bounded L' (0, 00)-norm, i.e.

{ee]
(13) sup [T pr]dx=o00, a>0.
0<r<10
Take (13) for the moment for granted and assume that Lemma 3.1 is not true for some «
and 6. Since

pr) = 3 ALAT K ()
j=0

J

and EA;? |AS*1F| < Cforall r, 0 < r < 1 (see Chapter 3 in [20]), we immediately
get a contradiction, for if we take L'(0, 00)-norms on both sides of the last equation, the

right hand side is uniformly bounded by assumption, whereas the left hand side is not
bounded.
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In order to prove (13), we first observe that from the generating function [4, 10.12(17)]
[e 9]
SALE@ = (1= e ] <,
n=0

and the special case of the beta integral [4, 1.5(1)]

I'(n + DI(a)

1
__ a1 —
/o’ﬂ(l A T

a>0,n>0,
it follows, formally, by termwise integration that

S AL = a /0 (1 = a2 00 gy — gae

n=0

with
a,a _ o0 a—a —xt _ —a—1 [® a—a —t
g4%x) = ae"‘/1 1“ e dt = ae' X’ /0 197" dt,

where x > Oand 0 < a < o + 1. Notice that since, by use of the Laplace transform [4,
10.12(32)],

(oo}
/0 gV (LY (x)e " x* dx

—_— © a—a o0 [e 4 —Xxt O
= a/l t (/0 L) (x)e " x* dx) dt
_allln+a+1)

(o0}
f— 1) dr = T DA% / A¢
T+ 1) /1( ) (@ + DAY/ 4;

forx > 0and 0 < a < a + 1, we have that

00
g4 () ~ (AN LY ().
n=0
Also notice that, from the above integral representations for g%,
o) = O yas x — 0,
and, by [4,6.9(21)] and [11, 4.7(2)],
g =ax* “ Wa—a,a—ax) = O(1/x) as x — oo.

From these estimates it follows that we have

LEMMA32. LetO<a< a+1l,c¢>0,and0 < p < oo. Then
fow g% (x)|Pe x" dx < oo ifand only if Y > (1 + ¢ —a)p — 1.
1

In particular, g¢** € L, Le.

/000 [g%(x)|e™/2x*/? dx < o0,
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ifand only ifa > a /2.

Let o > 0. We will now use Lemma 3.2 to show that

i(r(a +1A2) L)
n=0

is the Laguerre series of a function g* that is not in L,'l(m. Observe that, by [4, 1.18(4)],
INa +1)Ay ~ n* and

(T(ar + DAY) "7 = (T(ar/ 2+ DAY " 4 a7 4+ E
with EY = O((n + 1)/ 2’2). From the above lemma, the function

gf = (Ma/2+ 1)) 'g%/2a

isin L), ,butitis notin L} .

and a termwise use of [14, Lemma 1] shows that the function

The function g% = ¢, g%/ *'"*iginboth L'  and L' .
82 8 w(ar) u(a)

85 = Y E Ly

n=0

1

is also in both Lﬂv(a) and L! .. Hence, the function g% = g% + g5 + g% isin Ly o> it has

u(o)”
the Laguerre expansion

> (P + 1Ag) 212 ),
n=0
but it is not in LL(Q). By Lemma 4 and Theorem 3 in Muckenhoupt [15], the Poisson
integral g* (r, x) of g% (x) has the Laguerre expansion

o

S 7 (D + Da) L)

n=0

and tends to g% (x) almost everywhere as r — 1. In view of Parseval’s formula (5),

S~ 7 (T + DAZ) L2 ()
n=0

2 functionwhen 0 < r < 1. Application of the asymptotic

formula [19, 8.22.1)] shows that the above series converges for x > 0O when 0 < r < 1.
Since, by L? theory, it converges to g*(r,x) in the L2, ,,-norm, it must also converge to
g% (r,x) almost everywhere when O < r < 1. Then, using Fatou’s Lemma,

is the Laguerre series of an L

0o = [71g"le™ 2/ 2 dx < timinf [~ [pf ] dx < sup [ pro dx
0 ri= Jo 0<re J0

when o > 0, which proves (13)and hence completes the proof of Lemma 3.1.
So it is not obvious that the following analogue of Corollary 2.4 a) holds.
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THEOREM 3.1. Iff € L ,,,1 <p < 4/3,a > Owhenp = 1,and o > 2/p —2

u(a)r

whenp > 1, then(1/p+1/q=1)

sup|(n+ DMVINL < Cllfll,» A =

[OSHE
e

PROOF. Use (3) to write
MF, = /0 = FOOAY LEou(x, o) dx
= o+ 172 [T F0a* (VAR () (s, o) d
=C /0 > f(x)u(x,a)éA;*’*‘R‘;ﬂ(x)\/E u(x, o) dx

o o A=Al
+C A FOux, ) ;)Aj IRE,(0) (JAZ, — VAY) u(x, o) dx
=
=1+Il
From (3) and Holder’s inequality it follows thatif 1 <p < 4/3and A >1/3—4/3¢q

then N ain
1) < CllFlr, VAZ I R @,
< Ct 7 fllp LT e

u(a+2))

S C(n+ 1)*11/27)\”](‘”Lia)(n+ 1)(a+2/\)/2vl/3+l/3q

where the latter inequality follows from the fourth case of Lemma 1 in Markett [14].
Hence, if f€ L), 1 <p<4/3and A > 1/3 —4/3q,then

u(a)?

1] < Cn+ 1)7339 )|

ua)

In order to estimate // first note that | /A%, — /AT | & j(n+j+ 1)®/2=! Then, by Holder’s
inequality and the fifth case of Lemma 1 in [14],

] < € [ lfelutx, ) 3 L, 0l 0+ )7 JAg, — /A | ux @) dx
j=1

19

u(a)

[0.0]
< Cllfl,, ;ﬂ (n+ )" 2L
p=

< Ci+ )V f

1’ .

u(a)

If we now set A = 1/3—4/ 34, then the combination of the above inequalities completes
the proof of Theorem 3.1.

There is the question in how far supplementary necessary conditions exist which re-
flect a behavior as shown by the modified Cesaro kernel; this is closely connected with
the problem to gain control over additional test multipliers as one has, e.g., in the case
of radial Fourier multipliers.
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