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1. A function <f>(p) is operationally related to /;(/) when they satisfy the integral equation

= p \ e-"',
Jo

<t>(j>)=P e->"h(t)dt, . (1)
Jo

provided that the integral is convergent and R(p) > 0.
As usual, we shall denote (1) by the symbolic expression

<KP) ^ h{t).

The object of this paper is to evaluate some infinite integrals involving £-functions by
the methods of the operational calculus. Most of the results obtained are believed to be new.

2. THEOREM. / / (j>(p) =/i(0 and

then

"HP) = nH*r, f P r / ' -*exP{-i(« + j8)/}/v-+{i(«-/0/}(r+/')-Va+/>)A, (2)

provided that the integral is convergent, R(p) > 0 and R(v) > 0.

Proof. By hypothesis, we have

and hence

e-«{t + ay«+P)*h{t) =pi^±^. , (3)

p + a

by virtue of a well-known property.

We also have [2, p. 238]
/»r(v)(/7 + «)-'(p + «-'=?R*(«-/?)*-'r-*cxP{-i(a+i8)/}/,_i{i(«-j9)/}, (4)

where R(v) > 0.

Using (3) and (4) in the Parseval-Goldstein theorem [4, p. 105] of the operational cal-
culus, which states that if

<t>iip)^9i(0 and 4>2(p)=g2(<),
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then

Jo
= \ <j>2(t)gi(t)t-]dt, (5)

Jo
we obtain

e-«h{t)dt= ( "
Jo T(v) Jo

On multiplying both sides by a and replacing a by p we arrive at the result.

Example. If we take [2, p. 294]

pl~x<x~v

=? r ( y ) E(X, v::ocp) = 4>(p),

where R(X) > 0, R(p) > 0 and | arg a | < n, we therefore have

where R(X) > 0, /?(/») > 0 and | arg /S | < n.

Applying (2) we find that

= r ( -v )n-V(« j8) -v(a - / J ) " -* £( ; , v :: «p), (6)

where R(v) > 0, /?(/?) > 0, R(<x) > 0 and R(P) > 0.

3. The following results are to be established here.

-1 tFa(y ; X, U\ ; - /2) £[1 -a, \-a, a, 0 :

(7)

where R(l) > 0, 7?(2ff + v-2) < 0, R(X + o-v-$) < 0 and | argr | < n.

; X, X + \ ; -t2) E[\ -a, \-a, a :: (t + z)2] dt

^-cr>fl( + /S::r2)) (8)
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where R(X) > 0, R(2a + $-2) < 0, R(X+a-P~i) < 0 and | arg z \ < n.

Tn the proof we shall require the following results [5, p. 70], [1, p. 105] :

-'t-fj^a, p;y; -t2) dt = r ( a ^ ) r ( i ) P2°~ lE(\-a, \-a, <x,fl:y. ip2), (9)

where R(o)<$ and R(p)> 0;

2^(0, b ; c ; x) = (1 -xy--»2F1(c-a, c-b\c; x). (10)

(a) Starting with (9), we have

where /?(a) < i and R(p) > 0; also [2, p. 238]

where /?(A + y - a - / ? ) > 0 and R(p) > 0.

Applying (5), using (9) and (10), replacing y by a + /J + v, >1 by X-v, z by 2z and / by 2r, we
obtain (7).

(b) Now take (9) with /? = y. We have

where /?(<r) < i , R(z) >0 ; also [2, p. 238]

where R(X + P) > 0 and R(p) > 0.
N
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Again apply (5), use the formula (9) and replace X by X — /?;• this gives (8).
Some interesting particular cases of the results (7) and (8) are given below.

(i) When X = v, then, by virtue of the relation

0F1(v +1 ; - x 2 ) = r(v + l)x-VT(2x),

(7) yields

r V 2 " - » /y_i(20 E\\-a, i-a, a, 0 : oc + /? + v : (t + z)2] dt

where J?(v) > 0, R(2a+v-2) < 0 and | arg z \ < n.

For v = 1, (11) reduces to

sin Ztit + zy-1 E[l-o,i-o,tx,p:a + p+l : (t + z)2] dt
o

: z2: z2), (12)

where iJ(u) < \ and | arg z | < n.

(ii) On the other hand, if we take a = k, a. = i - / c+w, /? = ^ - fc -m and v = 0, then
by virtue of the property of the ^-function [3, p. 434]

E(±-k+m,i-k-m,i-k, l-k: l-2k:x2)

(2ix)Wk (~2ix), (13)

(7) gives

r^-^t+zy'w^iit+z^w.j-^it+z^dt
Jo

= r(2A)2"2' lz2' l+2*- lE (l-k-X, i-k-X, \-k+m, ±-k-m :l-2k: z2), (14)

where R(X) > 0, R($-k-X) > 0 and | arg z | < n.

(iii) On taking X =jS in (8), we obtain

(15)

where R(fi) > 0, R(0 + 2a-2) < 0 and | arg z | < JI.

For p = 1, (15) gives
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f }dt=Z^—\ £{\-a,^-a, oc+1 ::z2}, (16)
Jo 2a
where R(p) < \ and | arg z \ < n.

My thanks are due to Dr C. B. Rathie for his keen interest in the preparation of this paper.
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