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Abstract

Let X be a complex Banach space, G a compact abelian group and A a subset of G, the
duat group of G. Then Lll\(G, X) has the Radon-Nikodym property if and only if X has

the Radon-Nikodym property and A is a Riesz set. In particular, H 1(’]l‘, X) has the Radon-
Nikodym property if and only if X has the Radon-Nikodym property. This solves a problem
of Hensgen.
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1. Introduction

This note can be considered as a continuation of the work of Sundaresan [8]
and an extension of a result of Lust-Piquard [6]. In [8] Sundaresan showed
that if (£, X, u) is a finite measure space and X is a Banach space then
LP(u, X) has the Radon-Nikodym property if and onlyif 1 < p < 0o and X
has the Radon-Nikodym property (see also [2] and [9]). On the other hand,
Lust-Piquard [6] proved that if G is a compact abelian group and if A is
a subset of G, the dual group of G, then LII\(G) has the Radon-Nikodym
property if and only if A is a Riesz set. In this note we will show that if X is
a complex Banach space then Ll'\(G, X) has the Radon-Nikodym property if
and only if X has the Radon-Nikodym property and A is a Riesz set. One
consequence of this is that H ! (T, X) has the Radon-Nikodym property if
and only if X has the Radon-Nikodym property. This solves a problem of
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Hensgen [4,5]. The method of proof we use here is very different from those
of Sundaresan and Lust-Piquard. The idea of the proof stems from a method
of Costé [1].

2. Preliminaries and results

Throughout this section, G will denote a compact abelian group, B(G)
will denote the o-algebra of Borel subsets of G and 4 will denote normalised
Haar measure on G. Let I' = G be the dual group of G. If u is a measure
on G and y € we define ji(y) by

i(y) = /Gy_(y_)dﬂ(y)-

A subset A of T is said to be a Riesz set if every Radon measure u on G
which satisfies ji(y) =0 forall y ¢ A is absolutely continuous with respect
to A. If G =T then I' = Z and by the F. and M. Riesz theorem N is a
Riesz subset of Z (see [7]).

We define for a complex Banach space X,

L\(G, X) = {fe L'(G. 0): /) = [ Y0170 diy) = 0 forall y ¢ A}.

THEOREM. Let G be a compact abelian group, let A be a subset of G and
let X be a complex Banach space. Then Ll'\(G , X) has the Radon-Nikodym
property if and only if X has the Radon-Nikodym property and A is a Riesz
set.

PRrROOF. Suppose LII\(G, X) has the Radon-Nikodym property. Then so
does X and L}\(G) , since they are isomorphic to subspaces of LJ\(G, X).
By the result of Lust-Piquard [6], A is a Riesz set because Ll’\(G) has the
Radon-Nikodym property.

Conversely, suppose A is a Riesz set and X has the Radon-Nikodym
property. To prove that LII\(G, X) has the Radon-Nikodym property it
suffices to show that every bounded linear operator from LI[O, 1] into
LX(G, X) is Bochner representable [2]. To this end, let T: L'[O, 1] —
L,'\(G , X) be a bounded linear operator and define

F(AxB) = /B T(1,)(y) dA(Y)

where A is a Lebesgue measurable subset of [0, 1] and B € B(G). Let C
denote the algebra generated by the measurable rectangles of [0, 1] x G. It
is clear that F is a finitely additive bounded X-valued measure on C.
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For each E € C, we define v(E) = |[F|(E), the variation of F on E.
An elementary calculation shows that v([0, 1] x G) < ||T|| < oo, so v is
finite. Therefore v is a finitely additive non-negative real-valued measure
on C and F is absolutely continuous with respect to v . Consequently [2, p.
28, Corollary 3], F(C) is a relatively weakly compact subset of X . Hence,
by [2, p. 27, Theorem 2], F has a unique countably additive extension to
an X-valued measure, F, on the o-algebra generated by C. The o-algebra
generated by C is the product g-algebra A x B(G) where A is the g-algebra
of Lebesgue measurable subsets of [0, 1].

We will show that the measure F: A x B(G) — X is absolutely continuous
with respect to mxA, where m is Lebesgue measure on [0, 1]. To do this, it
suffices to show that if {Cn}:: , isasequencein C suchthat (mx4)(C,) — 0
as n — oo, then F(C,) — 0 weakly in X as n — oco. For x" € X* we
define the bounded linear operator 7.: L', 11— L}\(G) by (T,-NHy) =
x*((T)(y)), where fe L'[0,1] and y€G.

Since A is a Riesz set, L[“(G) has the Radon-Nikodym property [6] and
so T,. is Bochner representable. That is, there is a function

g € L*([0, 1], L} (G))

such that
T.f= / £()8,- (1) dm(z)
fo,1]

forall feL'[0,1].
In particular, if 4 € A then

T,.(1,)= /A g (1) dm(t).
Therefore, for 4 € A and B € B(G) we have

< Fuxs =+ ([ 10,0 di0)
- /B X(T(1)()) dA)
= [ T 10)0) i)

= /B ( /A gx.(t)dm(l)) (»)dA(y)

= [ ([ ecwdm) ai)
= [ (g )dimx e, ».
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Note that,
/IO’IILI(gX.(t))(y)IdA(y) dm(t) = /{0’” 18- (Ol 16 dm(2)

=|lg,- "L‘([O,l],L,l\(G)) < oo.

Hence the function (g,.(-))(:) € Ll([O, 1])xG) . Therefore, if (mx4)(C,) —
0 as n — oo then x‘F(Cn) — 0 as n — oo and so we have proved that
F is absolutely continuous with respect to m x 4. Also, it is easily seen
that F is a measure of bounded variation. Consequently, since X has the
Radon-Nikodym property there exists a function g € L' ([0, 1]1x G, X) such
that

F(C) = /C g(t, y)d(m x A)(t, y)

for all C € A x B(G).
By Fubini’s theorem [3, p. 190], the function g(z,-) is an element of
LY(G, X) for m-almost all ¢ € [0, 1]. If we set

H(l): g(t") ifg(t”)ELl(G,X),
0 otherwise,

then H: [0, 1] — Ll(G, X) is an m-measurable function [3, p. 196, Lemma
16(b)] and it is easy to see that H € Ll([O, 1], L'(G, X)). Fix A€ A. Then
for all B € B(G)

Faxs) = [ gt ndmxaey= [ ( [ ste.9)damv) di).

Therefore
/ ( [ st vyamin - T(l,,)(y)) di(y) =0
for all B € B(G). Thus

T(1,)0) = [ 2, pdm()
for A-almost all y € G, and so as elements of L'(G, X)
T(1,) = /A g(t, ydm(t) = /A H(t) dm().
Since T is L,'\(G, X)-valued so is H, m-almost surely. We define H: [0, 1]

— L) (G, X) by

A = H(t) if H(t)e L\(G, X),
“lo otherwise.
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Thenforall A€ 4, T(1,) = [, H(t)dm(t) and H € L'([O, 1], LII\(G, X)).
Hence, by {2, p. 62, Lemma 4] T is Bochner representable. This completes
the proof.

If we let G =T then G = Z. We define the Hardy space H'(T, X), for
a complex Banach space X, by

H'(T, X)={fe L (T, X): f(n)=0 forall n<0}.

In [4] Hensgen proves that if X is a separable dual space then H ! (T, X) is
also a separable dual and so has the Radon-Nikodym property, and asks the
question; If X has the Radon-Nikodym property does H 1('11‘, X) have the
Radon-Nikodym property?

We give a positive answer to this question.

CoRrOLLARY. If X is a complex Banach space with the Radon-Nikodym
property then H l('l[‘, X) has the Radon-Nikodym property.

ProoF. H'(T, X) = L,(G, X) where A = {n € Z; n > 0}. By the F.
and M. Riesz theorem [7] A is a Riesz subset of Z. An application of the
theorem finishes the proof.
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