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Abstract

Let A1 be a complex Banach space, G a compact abelian group and A a subset of G, the
dual group of G. Then L^(G, X) has the Radon-Nikodym property if and only if X has
the Radon-Nikodym property and A is a Riesz set. In particular, / / ' (T, X) has the Radon-
Nikodym property if and only if X has the Radon-Nikodym property. This solves a problem
of Hensgen.
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1. Introduction

This note can be considered as a continuation of the work of Sundaresan [8]
and an extension of a result of Lust-Piquard [6]. In [8] Sundaresan showed
that if (Q, Z, /*) is a finite measure space and J i sa Banach space then
Lp(fi, X) has the Radon-Nikodym property if and only if 1 < p < oo and X
has the Radon-Nikodym property (see also [2] and [9]). On the other hand,
Lust-Piquard [6] proved that if G is a compact abelian group and if A is
a subset of G, the dual group of G, then LA(G) has the Radon-Nikodym
property if and only if A is a Riesz set. In this note we will show that if X is
a complex Banach space then Ll

A(G, X) has the Radon-Nikodym property if
and only if X has the Radon-Nikodym property and A is a Riesz set. One
consequence of this is that Hl (T, X) has the Radon-Nikodym property if
and only if X has the Radon-Nikodym property. This solves a problem of
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Hensgen [4,5]. The method of proof we use here is very different from those
of Sundaresan and Lust-Piquard. The idea of the proof stems from a method
of Coste [1].

2. Preliminaries and results

Throughout this section, G will denote a compact abelian group, B(G)
will denote the <r-algebra of Borel subsets of G and X will denote normalised
Haar measure on G. Let Y = G be the dual group of G. If /x is a measure
on G and y e T we define fi{y) by

My) = / y(y)dfi(y)-
JG

A subset A of F is said to be a Riesz set if every Radon measure fi on G
which satisfies ju(y) = 0 for all y £ A is absolutely continuous with respect
to A. If G = T then T = Z and by the F. and M. Riesz theorem N is a
Riesz subset of Z (see [7]).

We define for a complex Banach space X,

L[(G, X) = {/ € LX (G, X): f{y) = jG W)f(y) dkiy) = 0 for all y $ AJ .

THEOREM. Let G be a compact abelian group, let A be a subset of G and
let X be a complex Banach space. Then L\{G, X) has the Radon-Nikodym
property if and only if X has the Radon-Nikodym property and A is a Riesz
set.

PROOF. Suppose Ll
A(G,X) has the Radon-Nikodym property. Then so

does X and Ll
A(G), since they are isomorphic to subspaces of LK{G, X).

By the result of Lust-Piquard [6], A is a Riesz set because LA(G) has the
Radon-Nikodym property.

Conversely, suppose A is a Riesz set and X has the Radon-Nikodym
property. To prove that LA(G, X) has the Radon-Nikodym property it
suffices to show that every bounded linear operator from ^[0, 1] into
L[(G, X) is Bochner representable [2]. To this end, let T: L'[0, 1] ->
LA(G, X) be a bounded linear operator and define

F(AxB)= f T(lA)(y)dX(y)
JB

where A is a Lebesgue measurable subset of [0, 1] and B e B(G). Let C
denote the algebra generated by the measurable rectangles of [0, l]x G. It
is clear that F is a finitely additive bounded ^-valued measure on C .
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For each E e C, we define u{E) = \F\(E), the variation of F on E.
An elementary calculation shows that v([0, 1] x G) < \\T\\ < oo, so v is
finite. Therefore v is a finitely additive non-negative real-valued measure
on C and F is absolutely continuous with respect to v . Consequently [2, p.
28, Corollary 3], F(C) is a relatively weakly compact subset of X. Hence,
by [2, p. 27, Theorem 2], F has a unique countably additive extension to
an A"-valued measure, F , on the a-algebra generated by C . The ff-algebra
generated by C is the product er-algebra AxB(G) where A is the <r-algebra
of Lebesgue measurable subsets of [0, 1].

We will show that the measure 7: A x B(G) —> X is absolutely continuous
with respect to mxX, where m is Lebesgue measure on [0, 1]. To do this, it
suffices to show that if {Cn}^l, is a sequence in C such that (mxk)(Cn) —>0
as n - t o o , then F(Cn) —• 0 weakly in X as n —> oo. For JC* e X* we
define the bounded linear operator Tx.: Ll[0, 1] — L[(G) by (Tx.f)(y) =
x*((r/)(y)) , where f€Ll[0, 1] and y e G .

Since A is a Riesz set, LK{G) has the Radon-Nikodym property [6] and
so Tx. is Bochner representable. That is, there is a function

gx.eL°°([0,l],Ll
A(G))

such that

Tx-f=l f(t)gx-(t)dm(t)
J[0,l]

for all / e L ' [ 0 , 1].
In particular, if A e A then

T X 1 ^ f gx'it)dm{t).

Therefore, for A e X and B &B{G) we have

T(l

= I x\T{\A){y))dk{y)
JB

=SB{L8x"{t)dm{t)){y)dX{y)
=L{L{8x'my)dm{t))dx{y)

= 1 (gx'(tmy)d(mxX)(t,y).
JAxB
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Note that,

f / \\gx.(t)\\L>,G)dm(t)
[0,1] A

/ f
[0,l]JG

Hence the function (gx. (•))(•) e Ll([0, l])xG). Therefore, if (wxA)(Cn) ->
0 as n —* oo then x*F(C/I) —> 0 as n -+ oo and so we have proved that
T is absolutely continuous with respect to m x k. Also, it is easily seen
that F is a measure of bounded variation. Consequently, since X has the
Radon-Nikodym property there exists a function g e Ll ([0, 1] x G, X) such
that

F(C)= I g(t,y)d(mxk)(t,y)
Jc

for all CeAxB(G).
By Fubini's theorem [3, p. 190], the function g(t, •) is an element of

LX{G, X) for m-almost all t e [0, 1]. If we set

[ 0 otherwise,

then H: [0, 1] —> LX(G, X) is an w-measurable function [3, p. 196, Lemma
16(b)] and it is easy to see that H e Ll([0, 1], Ll(G, X)) .FixAeA. Then
for all BEB(G)

F(A xB)= I g(t, y) d(mxk)(t,y)= f (f g(t, y) dm(t)) dk{y).

JAxB JB \JA J

Therefore

/ \\g(t, y)dm{t) - T(lA){y) J dk(y) = 0

for all BeB{G). Thus

T(lA)(y)= ( g(t,y)dm(t)
J A

for A-almost all y EG, and so as elements of Ll(G, X)

T(lA)= f g(t,)dm(t)= f H{t)dm{t).
JA JA

Since T is L\{G, ^T)-valued so is H, w-almost surely. We define H:[0, I]
^L[(G,X) by

\H{t) ifH{t)EL\{G,X),

1 0 otherwise.
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Then for all A e A , T(lA) = fAH(t)dm(t) and HeLl([0, I], Ll
A(G, X)).

Hence, by [2, p. 62, Lemma 4] T is Bochner representable. This completes
the proof.

If we let G = T then G = Z. We define the Hardy space Hl{T, X), for
a complex Banach space X, by

Hl(T, I ) = { /6L ' (T , X):f(n) = 0 for all n < 0}.

In [4] Hensgen proves that if X is a separable dual space then Hl (T, X) is
also a separable dual and so has the Radon-Nikodym property, and asks the
question; If X has the Radon-Nikodym property does Hl (T, X) have the
Radon-Nikodym property?

We give a positive answer to this question.

COROLLARY. If X is a complex Banach space with the Radon-Nikodym
property then Hl(T, X) has the Radon-Nikodym property.

PROOF. Hl(T, X) = Ll
A(G, X) where A = {« e Z; n > 0} . By the F.

and M. Riesz theorem [7] A is a Riesz subset of Z. An application of the
theorem finishes the proof.
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