
N U M E R I C A L E F F I C I E N C Y OF T H E E L L I P T I C F U N C T I O N 

E X P A N S I O N S O F T H E F I R S T - O R D E R I N T E R M E D I A R Y 

F O R G E N E R A L P L A N E T A R Y T H E O R Y 

VICTOR A. BRUMBERG AND SERGEI A. KLIONER 

Institute of Applied Astronomy, 

197042, St.Petersburg, Russia 

Abstract. We compare numerical efficiency of the two kinds of series for 
the first-order intermediate orbit for general planetary theory: (1) the clas-
sical expansion involving mean longitudes of the planets; (2) an expansion 
resulting from the theory of elliptic functions. We conclude that mutual 
perturbations of close couples of planets (the ratio of major semi-axes ~ 1) 
can be represented in more compact form with the aid of the second kind 
of series. 

1. T w o kinds of series for the first-order intermediary 

In spite of significant progress of numerical approaches to construct the 
theories of motion of the major planets, analytical theory of planetary mo-
tion remains to be a challenging and interesting scientific task. Recently 
the interest in constructing analytical planetary theories has been revived 
by the idea to use an elliptic function of time (instead of time itself) as 
independent variable in order to make the resulting series more compact 
(see, Brumberg (1996) and references therein). Our aim is to compare the 
numerical efficiency of the classical series involving mean longitudes of plan-
ets and the series resulting from the application of elliptic functions for the 
particular case of the first-order intermediate orbit for general planetary 
theory (Brumberg, 1994). 

We consider two kind of series for the first order intermediary μΤ^+ 
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defined by Eq. (5.19) of Brumberg (1994). The p-series are 

oo 

><r?+ = Σ 4 j 4 , (i) 
k=—oo 

Pij = exp [i hj] , Uj = 2(pij9 tpij = ^ (ΤΓ - (λ,· - λ, ·)) , (2) 

λ,· is the mean longitude of the i t h planet. The r-series read 

oo 

^<p+ = ^ ßjj^ (3) 
k=—oo 

T i j = exp [î wh] , W i j = ^ Fiwtkij), *?· = ( ^ j j , (4) 

where α,· is major semi-axis of the i t h planet, F ( ^ , &) and K{k) are ellip-
tic integral and complete elliptic integral of the first kind. Our aim is to 
compute numerically the coefficients A%£ and B%£. 

2. Numerical techniques used to compute A%£ and Β%£ 

In order to evaluate numerically Eq.(5.19) of Brumberg (1994) defining 

μ Τ ^ + , we have to be able to evaluate numerically functions Φ3(<ρ, fc,s,a) 

for s = —2,0,2 and a = ± 2 m t j defined as 

Φη(φ, fc, s, a) = exp(? αφ) {° + JQ

 e x P (° ( 5 ~ a V ) » (5) 

where δ(φ) = (1 — A;2 sin 2 y ? ) 1 / 2 , and C is a constant of integration. Due 
to the symmetry (see Eq.(4.62) of Brumberg (1994)) Φη(<ρ,fc, - s , — α ) = 
Φ η ( 9 , < ; , θ , α ) , it is sufficient to compute <&3(<p,...) only for α = 2m, j . 
For any even s, <&3(<£, . . . ) has a period π. Therefore, both Φ β ( / , . . . ) and 
Φ3(ΐϋ,...) are periodic functions with a period 2π. Since the real part of 
Φ3(<£,...) is an even function and the imaginary part of $3(φ,...) is an 
odd function, it is sufficient to know Φ3(<^,...) for φ G [0, π /2 ] . 

It is easy to see that the condition Φ η ( 0 , & , θ , α ) = Φ η(7Γ, fc,s,a) allows 
one to determine C uniquely: 

(6) 

The integral in (6) can be evaluated numerically for any given fc, s and a. 

One can check that it is the initial value (6) which results in Φ3 having the 
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secular part defined by Eq. (4.59) of Brumberg (1994). Numerical integra-
tion of (5) and (6) for φ 6 [0, π/2] allows us to compute Φ η ( ί , . . . ) for any /. 
Φ3(ΪΙ;, . . . ) can be computed as $z(<p(w),...) where φ(ιν) can be computed 
from (4) . 

For each couple of planets, we compute both μΤ^+(1^) and μΤ^+(ν)^) 

numerically in a sufficiently large number of points uniformly distributed on 

the interval [0,2π[ and then apply Fast Fourier Transform to get numerical 

values of the coefficients A%£ and B% respectively. We checked that the 

errors of numerical integration of (5) and (6) , the errors of discretization, 

and the round-off errors do not influence the values shown in the Tables 

below. 

3. Results 

In Table I, for the couple Venus-Earth, we give the number of harmonics 
in the />-series (Np) and r-series (Nr) whose magnitude is higher than ε /2 
for several ε. This couple of planets is the most difficult one since 0 2 / 0 3 ~ 

0.723. Ap and Δ τ are actual maximal errors of the /)-series and the r-series, 
respectively, provided that the specified number of harmonics are retained. 

Table II shows the number of harmonics of the p-series and the r-series 
with magnitudes higher than 5 · 1 0 ~ 1 4 . This cut-off level is sufficient to 
represent the first-order intermediate motion of the major planets with 
errors negligible in comparison with contemporary accuracy of observations. 

Table III gives the total number of harmonics whose magnitudes are 
higher than ε /2 for the whole system of 8 planets. Ap and Ae are maximal 

absolute errors of the corresponding series representing μΤψ+ among all 
1 J 

the couples. 
The Tables show that the r-series are more efficient as compared to the 

/^-series when we need to represent mutual perturbations of close couples of 
planets (when the ratio of the major semi-axes cti/dj ~ 1) with relatively 
high accuracy. Since it is mutual perturbations of close couples (primarily 
Venus-Earth and Jupiter-Saturn) which present the most difficult task, we 
hope that the r-series facilitate the problem. However, it is easy to see that 
for the couples with min( α,·/α j , α j/a{) < 1 or if relatively low accuracy is 
required, the p-senes may be more preferable. 

The research described in this publication was made possible in part 
by Grant No. NSC000 from the International Science Foundation and by 
Grant No. NSC300 from the International Science Foundation and Russian 
Government. 
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T A B L E 1. Number of harmonics for the couple Venus-Earth . 

ε 1 0 " 6 Ι Ο " 7 ίο- 8 ΙΟ" 9 Ι Ο " 1 0 Ι Ο " 1 1 Ι Ο " 1 2 Ι Ο " 1 3 Ι Ο " 1 4 

Np 1 1 17 2 4 3 3 4 1 5 2 6 1 7 2 8 6 

Nr 17 2 3 2 6 2 9 3 3 3 7 4 1 4 4 4 7 

Np/Nr 0 . 6 5 0 . 7 4 0 . 9 2 1 . 1 4 1 . 2 4 1 . 4 1 1 . 4 9 1 . 6 4 1 . 8 3 

Δ ρ / ε 0.66 0.90 1.3 1.2 1.7 1.1 0.99 2.7 2.9 

Ατ/ε 0.87 0.31 0.42 0.81 0.65 0.48 0.34 0.35 0.60 

T A B L E 2. Number of harmonics of the p-series (left values) and the r-series 
(r ight values) w i th magnitudes higher than 5 · 1 0 . 

i \ * Mercury Venus E a r t h Mars Jupiter Saturn Uranus Neptune 

Mercury 3 8 / 2 9 2 5 / 2 2 1 5 / 1 5 1 3 / 1 4 1 0 / 1 1 7 / 9 7 / 8 
Venus 2 9 / 2 0 7 2 / 4 4 2 8 / 2 3 1 7 / 1 7 1 2 / 1 3 8 / 1 0 8 / 9 

E a r t h 1 8 / 1 7 7 4 / 3 7 4 8 / 3 5 2 1 / 1 9 1 4 / 1 5 1 0 / 1 1 8 / 1 0 

M a r s 1 1 / 1 3 2 9 / 2 2 5 6 / 3 1 2 8 / 2 3 1 7 / 1 7 1 2 / 1 2 1 0 / 1 1 

Jupiter 4 / 8 8 / 1 2 1 2 / 1 4 1 3 / 1 5 5 0 / 3 5 2 2 / 2 0 1 7 / 1 6 

Saturn 2 / 6 6 / 1 0 8 / 1 0 8 / 1 1 5 4 / 3 0 4 0 / 2 9 2 5 / 2 2 

Uranus 2 / 6 4 / 8 5 / 8 5 / 8 2 3 / 2 1 4 4 / 2 8 6 0 / 4 2 

Neptune 2 / 5 2 / 7 4 / 8 4 / 8 1 6 / 1 7 2 5 / 2 1 6 3 / 3 3 

T A B L E 3. T o t a l number of harmonics for the system of 8 major planets 

ε 1 0 " 6 ΙΟ" 7 Ι Ο - 8 ΙΟ" 9 Ι Ο " 1 0 Ι Ο " 1 1 Ι Ο " 1 2 1 0 ~ 1 3 1 0 " 1 4 

Np 1 5 3 2 6 7 3 8 8 5 2 4 6 6 7 8 2 6 9 9 4 1 1 7 3 1 3 6 1 

Nr 2 5 5 3 6 4 4 7 2 5 7 6 6 8 0 7 8 0 8 8 0 9 7 5 1 0 6 9 

Np/Nr 0 . 6 0 0 . 7 3 0 . 8 2 0 . 9 1 0 . 9 8 1 . 0 6 1 . 1 3 1 . 2 0 1 . 2 7 
Αρ/ε 1.0 1.2 1.4 3.6 2.3 2.1 2.5 3.0 2.9 

Αρ/ε 0.87 0.63 0.93 0.81 0.68 0.55 0.58 0.60 0.67 

References 

Brumberg , V . A . (1994) General Planetary Theory in El l ipt ic Functions, Celes. Mech., 
5 9 , 1 

Brumberg , V . A . (1996) Theory Compression w i th Ell iptic Functions. I n : S. Ferraz-Mel lo, 
B. Morando, J .E . Ar lo t (eds.), Dynamics, ephemerides and astrometry of the solar 
system, Kluwer , Dordrecht 

https://doi.org/10.1017/S0074180900127184 Published online by Cambridge University Press

https://doi.org/10.1017/S0074180900127184

