
Can. J. Math. Vol. 43 (1), 1991 pp. 3-18 

VERTICAL SUBGROUPS OF PRIMARY ABELIAN GROUPS 

K. BENABDALLAH, B. CHARLES, A. MADER 

ABSTRACT. Motived by an intrinisic necessary condition for the purifia-
bility of subgroups of primary abelian groups due to K. Benabdallah and T. 
Okuyama we introduce new functors on the category of pairs (G, A), where A 
is a subgroup of G, to the category of Z /pZ -vector spaces. The vanishing of 
these functors leads to the notion of vertical subgroup which is a weakening 
of purity but also an essential component of the latter. In fact, a vertical sub
group is pure if and only if it is neat. We establish various facts about vertical 
subgroups and "maximal" vertical subgroups and apply the resulting theo
ry to the problem of purifiability. We show that the class of quasi-complete 
groups is precisely the class of reduced groups in which every subgroup sat
isfying the intrinsic necessary condition for purifiability is in fact purifiable. 
This is also the class of reduced p-groups in which the maximal vertical sub
groups are precisely the pure subgroups. 

Introduction. Priifer's notion of a pure subgroup in abelian group theory proved to 
be an important weakening of the concept of a direct summand. One reason is that purity 
is an inductive property while that of being a direct summand is not. However, purity 
suffers from two "pathologies": 

(1) There exist subsocles of primary groups which do not support pure subgroups. 
(2) The /7-adic closures of pure subgroups are not in general pure. 
K. Honda's concept of neatness is a weakening of purity which eliminates pathology 

(1) but still has pathology (2). A study of the existence of pure hulls led Benabdallah 
and Okuyama [3] to the concept of "overhang" which in turn suggested the following 
notion. A subgroup A of a primary abelian group G is vertical (eventually-vertical) in 
G if (A +pnG)[p] = A[p] +pnG[p] for all n > 1 (for almost all n > 1). Verticality 
is an interesting weakening of purity inasmuch as it is still an inductive property but 
has neither of the two pathologies. Furthermore, verticality combined with neatness is 
precisely purity. 

Since verticality is inductive, every subsocle S supports a vertical subgroup which is 
maximal among the vertical subgroups with socle S. Such a subgroup is called maximal 
vertical. We devote Section 3 to the study of maximal verticality and its relation to purity 
and topological closure. We show that bounded maximal vertical subgroups of separable 
groups are pure. However, since the topological closures of pure subgroups are maximal 
vertical subgroups, maximal vertical subgroups of separable groups are not in general 
pure. In fact, in Section 4 we show that the class of groups in which maximal verticality 
is equivalent to purity is the class of quasi-complete groups. 
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4 BENABDALLAH 

In Section 5 we characterize those groups in which being purifiable and being 
eventually-vertical are equivalent. These turn out to be again the quasi-complete groups. 

Verticality owes its existence to the more general concept of overhang introduced in 
[3]. Let A be a subgroup of a/7-group G. The nth overhang of A in G is the vector space 

ADpnG[p]+pn+lG[p] 

The subgroup A is vertical (eventually vertical) in G if and only if Vn(G,A) — 0 for 
all n > 1 (for almost all n > 1). Furthermore, Vn defines a functor on the category Q 
of pairs (G,A) of /^-groups where A is a subgroup of G, to the category of vector spaces 
over ZIpT. It was shown in [3] that a subgroup A of a p-group G which is purifiable 
(see Definition 5.1) is eventually-vertical. This fact suggested the study of vertical and 
eventually-vertical subgroups. 

Section 1 is devoted to properties of the overhang functor which are essential for the 
remainder of the paper and of independent interest. In addition an interesting connection 
of the overhang with relative Ulm invariants U(G,A) is explained: 

If 
pnG[p] 

then 

Un(G,A) = -
(A+pn+lG)npnG[p] 

0 — Vn(G,A) —> Un(G9A[p]) —+ Un(G,A) —- 0 

is exact. 
Our notation is standard and follows [5] where all unexplained concepts and unrefer

enced facts can be found. 

1. The category of pairs (G, A) and the overhang functors. Let Q be the category 
whose objects are the pairs (G,A),A < G, and whose morphisms on (G,A) to (H,B) are 
the usual homomorphisms/: G—+H with/(A) C B. In (j the morphism/ is monic if and 
only iff is a group monomorphism and/ is epic if and only iff is a group epimorphis-
m. Q is an additive category (there exists a null object, Ç({G,À), (//,5)) is an abelian 
group, the composition of morphisms is bilinear and coproducts exist). Moreover, ^ i s a 
preabelian category since kernels and cokernels exist. In fact, (ker/, A Pi ker/) —> (G,A) 
is a kernel diagram in Ç and (//, E) —• (H/f(G), (fi+/(G)) //(G)) is a cokernel diagram. 
The category Q is not abelian. Indeed, if A and B are subgroups of G such that A C B C G 

then Idc : (G,A) —y (G,B) is a bijective morphism which is not an isomorphism in Ç. 
We now introduce a family of functors on Q to the category of vector spaces over 

T-jpi- as follows. 
For a pair (G, A) G Ç and n > O w e set 

A£ - (AnP
nG+pn+lG)[p] = ( A + / + 1 G ) H / G M , 

A^ = (AnP
nG)[p]+pn+lG[p] = (A[p]+pn+lG[p])npnG. 

Clearly A^ CA"G. 
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VERTICAL SUBGROUPS 5 

DEFINITION 1.1. Let (G, A), (#, B),f: (G, A) —> (H, B) be in Ç and let n be an integer 

> 0. We define the functor Vn: Q —• Modz/^z by 

(0 y„(G,A)=A£/A„G, 

(«) Vn(0: VB(G,A) — V„(//,£) : V„00(g + AG) = f(g) + BH
n. 

Vn{G,A) is called the rfi* overhang of A in G. This notion was introduced first in [3] 
in connection with the problem of minimal pure subgroups. Some of its fundamental 
properties are given in [3] although the functorial aspect was not explicitly utilized. For 
the convenience of the reader we reproduce here with full credit some of the results of 
[3] which are needed for our presentation. The fact that the Vn are indeed functors on Ç 
to the category of Z / pZ -vector spaces is readily verified and we leave it to the reader. 
We begin with an obvious but useful technical criterion. 

LEMMA 1.2. Letf: (G, A) -» (//, B), and (G, A), (H, B) be in Ç. Then 

(i) Vnif) is injective if and only ifAn
G n f~l(B^) C AG, 

(ii) Vn(f) is surjective if and only ifBn
H df(An

G) + B%. 

The next results give various instances where Vn(f) is in fact an isomorphism. The 
first two appear in [3] and the proofs are omitted. 

THEOREM 1.3. ([3, Theorem 1.6]). Let K be a pure subgroup of G containing A and 
letf: (K, A) —• (G,A) be the morphism induced by the inclusion map ofK into G Then 

Vn(f):Vn(K,A)->Vn(G,A) 

is an isomorphism for all n>0. 

THEOREM 1.4. ([3, Theorem 2.1 ]). Let Bbe a pure and dense subgroup of A and let 
f: (G, B) —» (G,A) be the morphism induced by the identity map ofG. Then 

Vn(f):Vn(G,B)—*Vn(G,A) 

is an isomorphism for all n>0. 

THEOREM 1.5. Let K be a pure subgroup of G contained in A and let f: (G,A) —> 
(G/ K,A/ K) be the morphism induced by the canonical epimorphism f: G —• G/ K. 
Then 

Vnif) : Vn(G,A) —> Vn(G/K,A/K) 

is an isomorphism for all n>0. 

PROOF. We will use repeatedly the fact that (/// K)[p] = (H\p[ + K)/ K for any 
subgroup intermediate between K and G. This fact is an easy consequence of the purity 
of K. Note further that p\Gj K)[p] = (pnG[p] + K)/K for any n > 0. 
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6 BENABDALLAH 

We first show that V„(f) is surjective. In fact, 

(ADpnG+pn+lG)[p] + K 
f(A"G) = /((A n pnG +pn+lG)\p]) = 

K 
Ar\pnG+pn+lG + Kr , (AC\pnG + K pn+lG + K \ r , 

\P) = = + n [p] 

\KJ G/K 

showing the desired surjectivity according to Lemma 1.2(ii). 
To verify that Vn(f) is injective we compute the preimage M of the denominator of 

Vn(G/K,A/K). 

M=f-\(A/K)VK) = / - ' {{~nP^ \pl+p^lp]) 

= AH (pnG\p] + K) +pn+lG[p] + K = AG+K. 

Thus A£HM = AG+{An
GC\K) = AG+(Ar\pnG+pn+lG)[p]nK C A^+ArVGIp] C A^ 

and so V„(/*) is injective by Lemma 1.2(i). • 
In all three preceding isomorphism theorems the groups G and A were fixed while 

the third group involved had various properties with respect to A and G which implied 
that Vn(f) was an isomorphism. It would be interesting to find general necessary and 
sufficient conditions for Vn(f) to be an isomorphism. 

Our next two results give one instance where Vn(f) is injective and one where Vn(f) 
is surjective. 

PROPOSITION 1.6. Let B be an essential subgroup of A andf: (G,B) —> (G,A) the 
morphism induced by the identity map ofG. Then Vn(f): Vn(G,B) —> Vn(G,A) is injective 
for all n > 0. 

PROOF. Since B is essential in A we have B[p] — A\p\ and A J = BG. Now 

Bh n r\AG
n) = BGnAG = Bn

GnBG = BG. 

In view of Lemma 1.2(i), Vn(f) is injective. • 

PROPOSITION 1.7. Let B be a subgroup of G such that A C B C Â where À is the 
closure of A in thep-adic topology ofG. Letf: (G,A) —> (G, B) be the morphism induced 
by the identity map ofG. Then Vn(f): Vn(G,A) —• Vn(G,B) is surjective for all n>0. 

PROOF. We use again the criterion of Lemma 1.2. Note that A C B C A + pn+xG 
since BCÂ = n£L0(

A + Pn°)- Therefore A +pn+1G = B +pn+lG. Now 

f(An
G) = An

G = (A +pn+lG) H pnG[p] = (B +/7"+1G) n pnG[p] = Bn
G. 
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Therefore Vn(f) is an epimorphism. • 
The nth overhang functor Vn on Q is related to the well-known 11th Ulm functor Un on 

Ç. We recall the definition of Un. 

Let (G, A), (//, 5) , / : (G, A) —• (//, Z?) be in Q and let n be a non-negative integer. Then 

U (G A) = ^ G M - ^ G M 

nV ' ; (A+/7"+1G)n/7wG[p] A£ ' 
Un(f):Un(G9A) —> £/„(//,£) : l/„(0(s + A£) = f(g) + B"H 

(£/n(G, A) is usually called the relative Ulm invariant of A in G.) It follows immediately 
from the definitions that we have the short exact sequence 

0 —+ Vn(G,A) — Un(G,A\p]) — (/„(G,A) — 0. 

Furthermore, if A[p] supports a pure subgroup AT of G then Un(G, A[p]) is isomorphic 
to the nth Ulm vector space of Gj Ky i.e., pn(G/ K)[p]/ff^iG/ K)[p]. These facts were 
used implicitly in [3] in order to show that the so-called residual subgroups determined 
by purifiable subgroups are isomorphic. 

We conclude this section with the observation that Vn(G,A) can be defined in two 
other apparently different ways, namely, 

KiG,A)={A+pnG^fG, K(G,A)= W ] + ^ ' G ) n A 

Anpn+lG+pn+lG[pY n ' An/7/iG[p] + (pw+1G)nA' 

but it is easy to see that Vn(G,A) ^ V'n(G,A) ^ Vjf(G,A). This is a general fact which 
can be stated thus: Let A, B, C be subgroups of a group G, and let/(A, B, C) = ^c+Snc * 
Then/(A, #, C) is invariant up to isomorphism under any permutation of A, B, C. 

2. Vertical subgroups. In this section we examine closely the consequences of the 
vanishing of the overhang functors. This gives rise, in any primary group, to the in
teresting family of "vertical subgroups". We give several characterizations of vertical 
subgroups and establish basic properties. 

Throughout this section and the rest of the article A denotes a subgroup of ap-primary 
group G. 

DEFINITION 2.1. A is said to be vertical in G if Vn(GyA) = 0 for all n > 0. 

PROPOSITION 2.2. If A is pure in G or if A C G[p] then A is vertical in G. 

PROOF. If A is pure in G then we have Vn(G,A) = Vn(A,A) by Theorem 1.3 and 
clearly Vn(A,A) = 0. Therefore A is vertical. If A C G[p] then clearly An

G = A^ and 
again A is vertical. • 

Next we give two characterizations of verticality. 
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PROPOSITION 2.3. The following properties are equivalent, 
(i) A is vertical in G. 

(ii) (A +pnG)\p] = A[p] +pnG[p]for all n>\. 
(Hi) p(A H pnG) = pAH pn+lGforall n>\. 

PROOF. (i)=>(ii). If A is vertical then (A +pG)[p] = A[p] +pG[p] because A°G= A$. 
Suppose inductively that A satisfies (ii) for all n < m. Then (A + pm+lG)[p] C (A + 
pmG)[p] = A[p] +pmG{p] hence (A +pm+lG)[p] = (A+pm+lG) H (A\p] + pmG[p]) = 
A[p] + (A +pm+lG)npmG[p] = A[p] +Ag = A[p] +A% = A[p] + /?m+1G[p]. 

(ii) =»(i). If A satisfies the condition (ii) for all n > 0 then An
G = (A + /?n+1G) H 

pnG[p] = (A +/?n+1G)[j?] H /?nG = (A\p] +pn+lG[p]) PI /?nG = A^ and A is 
vertical, 

(i) ^(iii). Consider the following commutative diagram with exact rows. 

0 — A[p]®pnG[p] -

[f 
0 —• (A+pnG)[p] - ^ A+pnG - ^ /?A+/?n+1G — • 0 

The vertical maps are all defined by (x,y) »—> JC + j . The maps/7 and/" are surjective. 
Hence, by the Snake Lemma, 

C o k e r f - - * ^ 

It is easily checked that Kerf ^ A Pi pnG and Ker/" ^ pAH pn+lG and therefore 

(A+pnG)[p] ^pAHpn+lG 
A[p]+ pnG[p] p(A Pi pnG) ' 

The claim is an immediate consequence. • 
The following result appears in [3]. We reproduce it here with our terminology and a 

proof using the characterization 2.3(iii). 

THEOREM 2.4. A is pure in G if and only if A is neat and vertical in G 

PROOF. If A is pure in G then A is neat in G and by Proposition 2.2 it is also vertical 
in G. Conversely if A is neat and vertical in G suppose by induction that A n pnG — pnA. 
Now/7n+1A = p(APipnG) = pAnpn+lG = (ADpG)npn+lG = AHpn+lG. Therefore 
A n pnG = pnA for all n > 1 and A is pure in G. • 

PROPOSITION 2.5. IfA[p] is dense in G[p] then A is vertical in G 

PROOF. That A[p] is dense in G[p] means that A[p] +pnG{p] = G\p] for all n > 1. 
Thus (A +pnG)\p\ C A[p] +pnG[p] and, by Proposition 2.3(ii), A is vertical in G. • 
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COROLLARY 2.6. ([9], [5, 66.3]). If S is a dense subsocle ofG, then any subgroup 
H with H[p] C S can be extended to a pure subgroup KofG such that K[p] = S. 

PROOF. Let K be a neat subgroup of G containing H and such that K[p] — S. Then, 
by Proposition 2.5, K is vertical. Thus K is neat and vertical in G, and, by Theorem 2.4, 
K is pure in G. • 

LEMMA 2.7. Let A be a subgroup ofG. Then 
(i) Vn+m(G,A) = Vm(pnG,A H pnG)for all n, m > 0. 

(ii) VS(G,A) = Ofors = 0,...,n if and only if (A + p(G)[p] = A[p] + p[G\p\for 
i — 1,... ,n + 1. 

(Hi) If A is vertical in G then, for all n, AC\pnG is vertical in pn G and in G. Conversely 
if for some n > 1, A D pnG is vertical in pnG and (A +plG)\p] = A\p] + plG[p] 
for i = 1, . . . , n then A is vertical in G. 

PROOF, (i) It is easy to check that An^m = A™„G and A%+m = A£G. 

(ii) If (A +ps+lG)[p] = A[p] +ps+lG[p] then AS
G = Af therefore VS(G,A) = 0 

and we have VS(G,A) — 0 for s — 0 , . . . ,« . Conversely, if VS(G,A) = 0 for 
s = 0, . . . ,n then (A + pG)[p] = A°G = A% = A[p] + pG[p]. By induction 
suppose that (A +pkG)[p] = A[p] +pkG[p] for k < n + 1. Then (A +/+ 1G)[p] C 
(A+pkG)[p\ — A[p]+pkG[p] and the same argument as in the proof of Proposition 
2.3 shows that (A +pk+lG)[p] = A[p] +pk+lG[p]. 

(iii) If A is vertical in G then by (i) A D pnG is vertical in /?"G and it follows easily 
that A D pnG is vertical in G also. Conversely, if A Pi pnG is vertical in pnG then 
Vn+m(G, A) = 0 for all m > 0 and by (ii) VS(G,A) = 0 for s = 0 , . . . , « - 1 so 
that A is vertical in G. • 

Since vertically and neatness are intimately connected to purity we list here a useful 
fact involving neat subgroups. 

LEMMA 2.8. Let Kbea subgroup ofG and H a neat subgroup ofK. If A is a subgroup 
ofG maximal with respect to AD K = H then A is neat in G and A + K[p] D G[p]. 

PROOF. A/ H is K/ //-high in Gj H. It is well known that A/ H is neat in Gj H and 
that (A/H)[p] 0 (K/H)\p] = (G/H)\pl Now H being neat in K implies (K/H)[p] = 
(K[p] +/ / ) / H. Therefore G[p\ C A+K[p\. Let/?g G A for some g e G. Then there exists 
a € A and h G H such that/?g = pa + h. Thus /?(g — a) — h and g — a + H € (G/ //)[/?]• 
Therefore there exists a i G A and k\ G ̂ [p], such {g — a) + H = k\ + H + a\ + H and 
g = a + ai + k\ + h! for some h! G //. It follows that/?g = /?(a + ai + h') G /?A, and A is 
neat. • 

PROPOSITION 2.9. Let H be a pure subgroup ofpnG, n > 0. 7/zen every subgroup A 
ofG maximal with respect to Ad pnG = H is pure in G 

PROOF. From Lemma 2.8 A is neat in G and A + pnG[p] D G\p]. Consequently 
(A +piG)[p] = A[p] +p(G[p] = G[p] fori = ! , . . . , « . Moreover, A D pnG is vertical 
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in pnG. By Lemma 2.7(iii), A is vertical in G. Therefore A is neat and vertical and, by 
Theorem 2.4, A is pure in G. m 

We conclude this section by stating explicitly the consequences for verticality of the 
general theorems on the overhang functors. From Theorems 1.3, 1.4 and 1.5 we obtain: 

PROPOSITION 2.10. Let Abe a subgroup of a group G. 
( I) If A is vertical in G then A is vertical in any pure subgroup KofG which contains 

A. 
(V) If A is vertical in apure subgroup KofG then A is vertical in G. 
(2) If A is vertical in G then every pure dense subgroup of A is vertical in G. 
(2') If some pure dense subgroup of A is vertical in G then A is vertical in G. 
(3) If A is vertical in G then Aj K is vertical in Gj K for every K pure in G and 

contained in A. 
(3f) IfAj K is vertical in Gj Kfor some pure subgroup KofG then A is vertical in G. 

From Propositions 1.6 and 1.7 we have: 

PROPOSITION 2.11. Let Abe a vertical subgroup of G. Then 
(i) every essential subgroup of A is vertical in G; 

(ii) every subgroup of G between A and A is vertical in G, in particular A is vertical 
inG. 

3. Maximal vertical subgroups. Recall that a maximal vertical subgroup is one 
which is maximal among the vertical subgroups supported by its socle. This section is 
devoted to maximal vertical subgroups. We characterize the closed vertical subgroups 
which are maximal and show that the /?-adic closures of maximal vertical subgroups are 
also maximal vertical. Furthermore, we give several general instances where maximal 
vertical subgroups are in fact pure. 

PROPOSITION 3.1. Every subsocle of G supports a maximal vertical subgroup ofG. 

PROOF. Let S be a subsocle of G and let P = {A < G | A[p] = S and A is 

vertical in G}. Then S € P. Let {A\ }AGA be a chain of elements in P. We will show 
that A = \J\eAA\ e P. Clearly A[p] — S. It remains to show that A is vertical. But 
(A+pnG)[p] = (UAA +pnG)[p] = U(AA +pnG)[p] = U(AA lp]+pnG[p]) = A[p]+pnG[p]. 
Thus A is vertical in G and, by Zorn's Lemma, P contains maximal elements. • 

Clearly pure subgroups are maximal vertical subgroups. But since there exist non-
purifiable subsocles, maximal vertical subgroups are not necessarily pure. 

Our next results show that the/7-adic closure of pure subgroups are maximal vertical 
subgroups. We first establish this fact forpuG which is the closure of { 0} . 

LEMMA 3.2. If A is vertical in G and A[p] C puG = f)™=l p
nG then ACp"G. 

PROOF. Suppose by induction that A[pn] C puG and let x e A[pn+l]. Then px G 
puG. Thus for every m > 0,px = pm+lgm for some gm E G, so x-pmgm e (A+pmG)[p]. 
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Now A is vertical in G; therefore x — pmgm — tfo + Pmgo € Alp] + (pmG)[p],ao G 
AfrL/^go G G[p], but a0 G puG, it follows that x G /?mG for all m > 0. Thus AI/"1] C 
//" G. Therefore ACpuG. m 

COROLLARY 3.3. The subgroup p" G is the unique maximal vertical subgroup of G 
supported by p^ G\p\. 

PROPOSITION 3.4. Let K be a pure subgroup ofG. Then the closure K of K in the 
p-adic topology of G is a maximal vertical subgroup of G supported by K[p] = K\p\. It 
is the unique maximal vertical subgroup of G supported by K[p] which contains K. 

PROOF. K/ K == pu(G/K); therefore K/ K is maximal vertical in GJK on 
(K/K)[p]. But {K/K)\p\ = (Kip] + K)/K because K is pure in G. By Theorem 1.5 
K is a maximal vertical subgroup of G supported by Kip]. Suppose M is a maximal ver
tical subgroup of G containing K such that M[p] = Kip]. Then Mj K is vertical in Gj K 
and, by Lemma 3.2, Mj K C Kj K so that M C K. The maximality of M implies that 
M = K. m 

In view of Proposition 3.4 and the fact that the closures of pure subgroups are not 
in general pure, there are maximal vertical closed subgroups which are not pure. In the 
sequel we develop further general properties of maximal vertical subgroups. This leads 
to some important cases where maximal verticality implies purity. But first we establish 
two technical lemmas. 

LEMMA 3.5. Let A be a maximal vertical subgroup of G. Letx G G be such thatpx G 
A\pA. Then hG/A(x+A) = m < oo and Vm(G,A + (x)) ^ 0, while Vn(G,A + (*)) = 0 
for all n ^ m. 

PROOF. Note that the condition px G A\pA is equivalent to saying that (A + 
(x) )[p] = A\p] and x £ A. By the maximality of A, A + (x) is not vertical. From Proposi
tion 2.11(ii) x &À. Therefore hG/A(x + A) = m < oo. We show that Vn(G,A + (*)) = 0 
for all n ^ m. If Vn(G,A + (JC)) ^ 0 then there exist a G A, a G Z and g e G 
such that z = « + ax +//I+1g G p"G[p] but z £ (A + (JC)) n /?nG[p] +/?n+1G[p] = 
A n /?nG[pl + pn+lGlp] = A„. Note that a must be relatively prime to p; otherwise 
z G AG = A^. Thus without loss of generality we may assume that a = 1. Now 
/ZG(* + #) £ hG/A(x + A) = m; therefore n < m. That is to say V„(G,A + (JC)) = 0 
for all n > m. Suppose then that n < m. Since there exists a\ G A, such that 
<2I+JC GpmG C / + 1 G , wehavez = (a-ai)+(ai+jc)+//1+1g GA"G= A^. This is a contra
diction. Therefore, V„(G,A + (JC)) = 0 for all n ^ m. This means that Vm(G,A + (jc)) ^ 0 
for otherwise A + ( JC) would be vertical in G. • 

LEMMA 3.6. Let Abe a vertical subgroup of G. Then A is maximal vertical in G if 
and only if A + (JC) is not vertical in G for every x £G such thatpx G A\pA. 

PROOF. If A is maximal vertical then A + ( JC) is not vertical for every JC G G such that 
px G A\pA because (A + ( JC) )lp] — Alp] and JC ^ A. Conversely, suppose that A + ( JC) is 
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not vertical for all x G G such that/?jc G A\pA,H D A,//[p] = A[p], and / / is vertical. 
Then by Proposition 2. ll(i) every subgroup of //containing A [p] is vertical. If h G //and 
ph G A then /?/i G /?A; otherwise A + ( h) is not vertical. It follows that h G A. Therefore 
H = A and A is maximal vertical. • 

The next result is a fundamental property of maximal vertical subgroups. 

THEOREM 3.7. Let A be a maximal vertical subgroup of G. Then A Pi pG C pA, or 
equivalently, (G[p] +A)/ A is dense in (G/ A)[p]. 

PROOF. Suppose a G AH pG\pA. We will show that hG/pA(a + pA) — oo. Since 
a G pG, we have hG/pA(a + pA) > m + 1 for some m > 0. So a — pa\ + pm+lg\ for 
some g\ G G and a\ G A. Now let JC = a\ + pmg\\ thenpjc = a G A\pA. Therefore 
(A + (x))[p] = A[p] and from Lemma 3.5 hG/A{x + A) = n < oo. Note that n > m, 
and V„(G,A + (JC)) ^ 0. Therefore there exist, as in the proof of Lemma 3.5, «2 € A 
and g2 G G such that a2 + * + Pn+1g2 £ /?rtG[/?]\ A^. Now /?(fl2 + x + /?n+1^2) = 0 
and a = pjc = —pa2 — pn+2gi- Therefore hG/pA(a + pA) > n + 2 > m + 1. Thus 
hG/pA{a +pA) = 00 and a G pA. It is easy to see that in general the property AH pG C pA 
is equivalent to the condition that (G[p] + A)/ A be dense in (G/ A)[p]. • 

COROLLARY 3.8. If G is a bounded group then the maximal vertical subgroups of G 
are precisely the pure subgroups ofG. 

PROOF. If G is bounded then p" (G/ pA) = 0. Thus A D pG = pA. So A is neat and 
vertical and as such it is pure by Theorem 2.4. • 

In general, if a group G has the property that multiplication by p maps closed sub
groups onto closed subgroups then closed maximal vertical subgroups of G are pure. 
The class of groups in which multiplication by p is a closed endomorphism has been 
characterized in [2]. It is immediate from Proposition 3.4 that this class is contained in 
the class of quasi-closed primary groups. 

PROPOSITION 3.9. Let A be closed and vertical in G. Then A is maximal vertical in 
G if and only if A D pG — pA. 

PROOF. If A is maximal vertical then by Theorem 3.7 AC\pG C pA. But pA C AHpG 
and A Pi pG is closed in G. Therefore pA C A H pG and A D pG = pA. Conversely, 
suppose that A n pG = pA and let H be a vertical subgroup of G containing A such that 
H[p] = A[p]. Let h G H such that ph G A. Then/?/z G AD pG = pA, and for every / > 0 
there exist a, €A,gi G G such that ph — pat+pl g j. Thus h—a~pl~lgt G (H+pl~lG)[p] = 
//[/?] +/?'-1G[/?] since His vertical. Thus h—a[—pl~xgi — hi—pl~xyi where h[ G H[p] and 
p,'~1;y; G /7/_1G[p]. However, H[p] = A[p] therefore h = a,-+/i/+jp

I'~1(gi+;y/) G A+/?/-1G 
for all i > 1. This means that /i EÂ = A since A is closed in G. We have shown that 
(///A)[p] = 0. Hence / / = A. • 
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COROLLARY 3.10. The closure of a maximal vertical subgroup of G is again maxi
mal vertical in G. 

PROOF. Let A be a maximal vertical subgroup of G. Then A is vertical and closed in 
G. Now pA C A n pG — AH pG and since A is maximal vertical in G it follows from 
Theorem 3.7 that ADpGCpA. Thus ADpG C pA and 

pA C À Pi pG = AD/?G C /TÂ C /?A. 

Therefore 

/?Â = À n pG, 

and, by Proposition 3.9, A is maximal vertical in G. • 
We conclude this section with three general situations where maximal verticality im

plies purity. We need the following transfer property of maximal verticality. 

PROPOSITION 3.11. Let A be a maximal vertical subgroup of G Then A D pnG is a 
maximal vertical subgroup ofpnG. 

PROOF. Clearly it suffices to show that A D pG is a maximal vertical subgroup of 
pG. Let x G pG be such thatpx G (A D pG)\p(A D pG). Thenpx EA andpx $. pA since 
p(A D /?G) = pA H /?2G by Proposition 2.3(iii). Thus (A + (x) )[p] = A[p] and x g A. 
Therefore A + (x) is not vertical in G. Note that /Z(JC+A) > 1 since x G pG. From Lemma 
3.5, /*0 + A) — m > 1 and Vm(G,A + (x)) ^ 0, where m is an integer. From Lemma 
2.7(i) we get VW(G,A + (*)) = Vm-i(pG,(A + (*)) D /?G) but (JC) C pG. Therefore 
m- 1 >0,andVm-i(pG9AnpG+(x)) = Vm(G,A + (x)) ^ 0. So that AD pG+ (x) 
is not vertical in pG for all such x in /?G. Therefore, by Lemma 3.6, A Pi /?G is maximal 
vertical in pG. Repeating the preceding argument n times shows that A D pn G is maximal 
vertical in pnG. • 

THEOREM 3.12. Bounded maximal vertical subgroups of separable groups are pure. 

PROOF. Let A be a maximal vertical subgroup of G supported by A\p\. Suppose that 
puG = 0 and/A4 = 0. We show thatpn~l (AHpG) = 0. From Theorem 3.7 AdpG C pA 
but pA C G[pn~l] which is a closed subgroup of G. Thus/?A C G[/?n_1]. Therefore 
pn~l(A Pi /?G) = 0. If AZ = 1 then A n /?G = 0 = pA and A is pure in G. Suppose by 
induction that pn~x-bounded maximal vertical subgroups of separable groups are pure. 
Then, in view of Proposition 3.11, and the fact that/?G is separable if G is separable, 
it follows that A D pG is pure in pG. Thus, by Proposition 2.9, A can be extended to a 
subgroup A' of G maximal with respect to K D pG = AH pG and this K is pure in G. 
Now pK = K D pG — A n /?G. Thus //*# = 0. From Proposition 2.9, A is maximal 
vertical in K and by Corollary 3.8, A is pure in K. Therefore A is pure in G. • 
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THEOREM 3.13. Let A be maximal vertical in G and suppose that there exists a pure 
subgroup KofG such that K D A D pnK[p]for some n>0. Then A is a pure subgroup 
ofG. 

PROOF. A is also maximal vertical in K. (A D pnK)[p] = pnK[p] and A n pnK is 
maximal vertical in pnK. Therefore A Pi pnK = pnK. Indeed A Pi pnK is essential in 
pnK and pnK is obviously vertical in pnK. It follows that pn(K/A) = (pnK + A)/ A ~ 
pnK/A H pnK = 0. Thus K/A is bounded. This implies that K/pA is also bounded. In 
f'act,pn+l(K/pA) = 0 and consequentlypu(K/pA) = O.By Theorem 3.7, AD pK = pA 
and A is neat and vertical in K. By Theorem 2.4, A is pure in K. Therefore A is pure in 
G. • 

PROPOSITION 3.14. Let S be a dense subsocle ofG. Then the maximal vertical sub
groups of G supported by S are pure. 

PROOF. The claim follows immediately from Proposition 2.5 and its corollary. • 
We collect in the following proposition some additional facts about maximal vertical 

subgroups. 

PROPOSITION 3.15. Let A be a maximal vertical subgroup ofG. Then the following 
hold. 

(i) A is neat in Â. 
(ii) A is pure in G if and only ifpA is closed in G. 

(Hi) If A is pure in G then A is also pure in G. 

PROOF, (i) follows from the fact that every subgroup between A and Â is vertical in 
G (Proposition 2.11 (ii)). 

(ii) If pA is closed in G then pÀ = pÂ. But, by Corollary 3.10, pA — A D pG. 
Therefore A is neat and vertical. By Theorem 2.4, À is pure in G. The converse 
is clear. 

(iii) By (i) A is neat in Â and if Â is pure in G then A is neat in G. Therefore A is neat 
and vertical in G. It follows that A is pure in G. • 

In the next section we examine the situation when all maximal vertical subgroups are 
pure. 

4. Characterization of the groups in which maximal vertical subgroups are pure. 
As an application of the theory of maximal verticality developed in the preceding sec
tion, we propose to determine here the class f^fof groups in which the maximal vertical 
subgroups are all pure. In view of Proposition 3.4 it is clear that the class of such groups 
is a subclass of the class i#of groups in which the closures of pure subgroups are pure. 
The class i^was first considered in [6], and the reduced groups in i^were studied in [8] 
under the name of quasi-closed primary groups. An account of the results of [8], as well 
as additional facts about these groups can be found in [5, Section 74] under the name of 
quasi-complete groups. It is not too difficult to see that a group G belongs to i#if and 
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only if its reduced part is in 9~C We follow [5] here and use the appellation quasi-complete 
for the reduced members of i^and show that 5Vf = H. The following fact is essential. 

PROPOSITION 4.1. Let S be a subsocle of G which supports a pure subgroup K such 
that G J K is torsion-complete, and let A be a closed vertical subgroup of G such that 
A[p] = S = K[p]. Then pA is a closed subgroup ofG. 

PROOF. In general if A is a subgroup of G then pA is closed G if and only if G[p] + A 
is a closed subgroup of G. We show that G[p] + A is closed under the given hypothesis. 
Let x G G[p]+A. Then for each / > 1, there exist gt G G[p],a, G A,yt G G such that 
x — gt: + at +plyt. It follows that 

gi+\ - gt = ûi+i - ûi +pl(yi -pyt+i) £ (A +plG)\p\. 

But A is vertical in G, therefore (A + plG)[p] — A[p] + plG\p] and gi+\ — gt = a\ + 
plZi for some a't G A[p] = K[p] and plzt G G[/?]. This means that {g, + K} is a neat 
Cauchy-sequence in (G/ K)[p] = (G[p] + K)j K. Since G/^f is torsion-complete we 
have limi_KX)(g,- + ̂ 0 — & + A' where Z? G G[p]. This sequence { gt + K} converges neatly 
tob+K(see [5, Vol. I, p. 66]). Thus b-gt G tyG+K)\p\ = p(G\p]+Klp] = yG[p]+A[p]. 
Now b — x = (b — gt) — at + plyt G A +/?lG, for all / > 1, i.e., b — x G Â = A and 
x eA + G[p]. Therefore A + G[p] is closed in G and pA is closed in G. • 

Note that the subsocle S in Proposition 4.1 is a closed distinguished subsocle of G in 
the sense of [9]. 

LEMMA 4.2. Let S be a closed subsocle of G Then all maximal vertical subgroups of 
G supported by S are closed in G. 

PROOF. Let A be a maximal vertical subgroup of G supported by S. Then Â[p] = 
(n£0(A +pnG))[p] = ng0(A +pnG)[p] = n(A[p] +pnG[p]) = S = S. But Â is also 
vertical (Proposition 2.11 (ii)). By the maximality of A we haveÂ — A and A is closed 
inG. • 

We are now ready for the characterization. 

THEOREM 4.3. Let G be a reduced group. All maximal vertical subgroups of G are 
pure if and only if G is quasi-complete. 

PROOF. If all maximal vertical subgroups are pure then, since the closures of pure 
subgroups are maximal vertical, we see that G must be quasi-complete. Conversely, if G 
is quasi-complete let S be a subsocle of G and let A be a maximal vertical subgroup of G 
such that A[p] = S. If A is bounded then A is pure by Theorem 3.12. If A is unbounded 
then Â is vertical and unbounded and À[p] — S. Let B D Â D B[p] be a maximal vertical 
extension of Â on S. From Lemma 4.2, B is closed in G. Now by [5, Theorem 74.1] there 
exists a pure subgroup K of G such that K[p] = S and by [5, Theorem 74.5], Gj K is 
torsion-complete. By Proposition 4.1, pB is closed in G. Now Theorem 3.7 implies that 
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B n pG = pB = pB, so that B is a neat subgroup of G. From Theorem 2.4, £ is a pure 
subgroup of G. But A[p] = 5 is dense in B[p] = S, thus A is a maximal vertical subgroup 
in B supported by a dense subsocle of B. By Proposition 3.14 A is pure in G. 

While it is easy to see that a group G is in 9f'\f and only if its reduced part is in Jf, it 
is not obvious that the same observation holds for the class 9{. 

LEMMA 4.4. Let G be a group. Then G 6 fW if and only if the reduced part of G is 
in 91 

PROOF. Let G e M and let G = D 0 R where D is divisible and R is reduced. Let A 
be a maximal vertical subgroup of R then (A0D)/ D is maximal vertical in (D(&R)/ D ~ 
R. By Proposition 2.10(3) A 0 D is maximal vertical in G. Thus A 0 D is pure in G and 
so is A. Conversely, let G = D 0 R be as above and assume only that R G 9{. Let 
A be a maximal vertical subgroup of G. Then ADD. Extend Â to a maximal vertical 
subgroup Z? such that Z?[p] = = Â[p] = A[p]. Then 2?/ D is a maximal vertical subgroup 
of (/? 0 D)/ D ~ R. Therefore B is a pure subgroup of G. Now A[p] is dense in Z?[p] so 
that by Proposition 3.14, A is pure in G. • 

From the preceding result it is easy to derive the following characterizations. 

THEOREM 4.5. The following properties of the group G are equivalent. 
(1) The closures of pure subgroups of G are pure. 
(2) Closed maximal vertical subgroups of G are pure. 
(3) All maximal vertical subgroups of G are pure. 

5. Vertically and minimal purity. The study of vertical subgroups was motivated 
by the problem of purifiability of subgroups. In this section we apply the results obtained 
for verticality to characterize the groups in which the subgroups which stand a chance 
of being purifiable are in fact purifiable. First we define what we mean by purifiable 
subgroups. 

DEFINITION 5.1. A subgroup A of a primary group G is said to be purifiable in G if 
there exists a pure subgroup K of G containing A minimal among the pure subgroups of 
G that contain A. Such a subgroup K is said to be zpure hull of A in G. 

This notion was first investigated in [4]. Some important facts about minimal purity 
appear in [7] and [1]. But in [3] a new and intrinsic necessary condition was discovered: 
for a subgroup A of a group G to be purifiable in G it is necessary that there exists m > 0, 
such that Vn(G,A) = 0 for all n > m. This is equivalent to saying that (pmG) Pi A is 
vertical in pmG for some m > 0. 

DEFINITION 5.2. A subgroup A of a group G is said to be eventually-vertical in G if 
there exists m > 0 such that A D pmG is vertical mpmG. 

Thus purifiable subgroups are eventually-vertical. The converse does not hold in gen
eral. In fact, we show here that eventually-vertical subgroups of a group G are purifiable 
if and only if G is in the class 9{, i.e., the reduced part of G is a quasi-complete group. 
A key result is the following. 
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THEOREM 5.3. Let A be a subgroup of G. If A is purifiable in G then AD pnG is 
purifiable in pnG for all n > 0. Conversely, ifAC\pnG is purifiable in pnG for some 
n > 1 then A is purifiable in G. 

PROOF. Let K be a pure hull of A in G then pnK = (pnG) H KDAHpnG and pn K 
is a pure hull of AD pnG in pnG. Indeed, if His apure subgroup ofpn G and pnK D H D 
A D pnG — AC\ pnK, by Proposition 2.9, we can extend A + H to a pure subgroup M of 
tf such that M H//*/s: = //. (Note (A + H) n p " * = / / + A Pi p^/T = //.) Thus M = K 
and / / = pnK. Conversely, suppose A n //*G is purifiable in pnG and let / / be a pure hull 
of AH pnG in pnG. As above (A+H)C\ pnG = H and A+H can be extended to a pure 
subgroup ^ of G such that K fï /?nG = //. Clearly, / / = /?"#. By [ 1, Theorem 2.1 ] there 
exists m > 0 such that/?m//[p] C pnG. Thuspm+nK[p] C A C K. Again by [1, Theorem 
2.1], A is purifiable. • 

PROPOSITION 5.4. Let A be a vertical subgroup ofG. A is purifiable in G if and only 
if some maximal vertical essential extension of A in G is pure in G. 

PROOF. Let A be purifiable, and let K be a pure hull of A. Then, by [ 1, Theorem 2.1], 
there exists m > 0 such that pmK\p] C A. Let B be a maximal vertical extension in K of 
A such that A[p] = B[p]. Then, by Theorem 3.13, B is a pure subgroup of K and thus B 
is pure in G. By the minimality of K it follows that B — K. The converse is obvious. • 

THEOREM 5.5. The following are equivalent for a group G. 
(i) All eventually-vertical subgroups of G are purifiable in G. 

(ii) The reduced part of G is a quasi-complete group. 

PROOF. (i)=^(ii). By hypothesis, maximal vertical subgroups of G are purifiable and 
since they are maximal, they are pure by Proposition 5.4. Therefore G is a member of 
the class 9d. From Theorem 4.5 it follows that G is in the class i#and the reduced part 
of G is quasi-complete. Conversely, if G is in the class i^then pnG is also in .7/for all n. 
Indeed, if H is pure in pnG then there exists by Proposition 2.9 a pure subgroup # of G 
such that Kn pnG = H. Now K is pure in G and K n pnG is the closure of K H pnG in 
pnG. Thus H = K n pnG is pure in pnG. Let A be an eventually-vertical subgroup of G. 
Then A D pnG is vertical in pnG for some n > 0. Since pnG £ Of. Theorem 4.5 implies 
that the maximal vertical essential extensions of A n pnG in //*G are pure. Therefore 
A H //*G is purifiable in //*G. By Theorem 5.3, A is purifiable in G. • 

As a last remark we mention that the connection between class Of and minimal pu
rity was first noticed by T. J. Head in [6]. He characterized the class .Tfby the property 
that the closures of pure subgroups are purifiable if and only if these closures are pure. 
More generally he identified some purifiable subgroups of members of 0£ namely those 
subgroups which are between a pure subgroup and its closure. Our results, however, de
termine all purifiable subgroups of members of Of The example P constructed in [6] is 
an explicit example of a maximal vertical closed subgroup which is not pure. 
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