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C O M P L E M E N T S O F M I N I M A L I D E A L S IN 
S O L V A B L E L I E R I N G S 

BY 

ERNEST L. STITZINGER 

ABSTRACT. Conditions for the existence and conjugacy of com
plements of certain minimal ideals of solvable Lie algebras over a 
Noetherian ring R are considered. Let L be a solvable Lie algebra 
and A be a minimal ideal of L. If L/A is nilpotent and L is not 
nilpotent then A has a complement in L, all such complements are 
conjugate and self-normalizing and if C is a complement then there 
exists an xeL such that C = {yeL; yadnx = 0 for some 
n = 1, 2 , . . . } . A similar result holds if A is self-centralizing and 
a finitely generated R -module. 

In this note conditions for the existence and conjugacy of complements of 
certain abelian ideals of solvable Lie algebras over a Noetherian ring are 
considered. Similar results have been found in group theory by Newell [5] and 
in finite dimensional Lie algebras by Barnes [4]. 

We call a ring Noetherian if it is commutative, has a unit and its ideals satisfy 
the ascending chain condition. Let R be a Noetherian ring. All algebras and 
modules over R are assumed unital. Let L be a Lie algebra over R, x e L and 
H be a subalgebra of L which is adx invariant. Let n be a non-negative 
integer. Let E£(x) = {y e H ; yadnx = 0}, EH(x)= U ^ O ^ H W , Hn(x) = Hadnx 
and H0)(x) = C\n=oHn(x). Let K be another subalgebra of L and let NH(K) = 
{a e H; Kada ç K} and CH(K) = {a<=H; Kada = 0}. 

LEMMA 1. Let L be a Lie algebra over a commutative ring and let A^L. Let 
N^L such that [L, N]ç CL(A). Then for each x eN, ax = adx restricted to A is 
an L-endomorphism of A. Assume that crx is onto. Then A is abelian -and 
EL/A(A-\-x) = (A + E A ( J C ) ) / A . Furthermore, if EN(x) is a complement of A in N, 
then all complements of A in N are conjugate. 

Proof. Let y e L and aeA. Then [y, a]crx = [[y, a], x] = [[y, x], a] + 
[y, [a, x]] = [y, [a, x]] = [y, (a)crx]. Hence crx is an L-endomorphism of A. 

For the remainder of the proof, assume that crx is onto. Then A-ACTX^ 

[L, iV]c CL(A), hence A is abelian. Let A + y e EUA(A +x). Then there exists 
an n such that (y)adnxeA and (y)adnx = (a)adnx for some aeA. Therefore 
(a-y)adnx = 0 and a —y = t eEL(x). Then y = a-t e A +EL(x). Therefore 
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A + y ç A + EL(x) and EL / A(A + x ) ç ( A + E L ( x ) ) / A . Since the reverse inclu
sion is clear, equality holds. 

Assume that N = A+EN(x) and A H E N ( x ) = 0. Let C be another comple
ment of A in N. Then x = c + a for some ceC and aeA. Since ax is onto, 
a—[b,x] for some be A and c = x + [x, b] = (x)exp(adb) and A + x = A + c. 
Since N/A ç E L / A ( A + x), it follows that for each y e C , yadnceAnC for 
some n, depending on y. Therefore C^EN(c). Since Af lE N (x ) = 0 and 
c = (x)exp(adfe), it follows that A fl EN(c) = 0. Hence C = EN(c) = 
EN(x)exp(adb) is a conjugate of EN(x). 

Recall that xeL is called left-Engel if EL(x) = L. 

THEOREM 1. Let L be a Lie algebra over a commutative ring, let A be a 
minimal ideal of L and let N be an ideal in L which contains A such that 
[L, N ] ç CL(A) but N£CL(A). Suppose that NI A is generated by left-Engel 
elements. Then A has a complement in L, all such complements are conjugate 
and self-normalizing in L and each is of the form EL(z) for some zeN. 

Proof. Choose xeN such that x£CL(A) and A + x is left-Engel in N/A. 
Hence adx is a non-trivial L-endomorphism of A and, since A is minimal, 
must be an isomorphism. Since N/A =E N / A (A + x), it follows from Lemma 1 
that N = A + EN(x). Since adx is an isomorphism of A, Af lE N (x ) = 0. Hence 
A has a complement in N. Now EL(x) is a complement of A in L, again using 
Lemma 1. Let H be another complement of A in L. Since both H and EL(x) 
complement A in L, the map i/r:EL(x)—»H defined by (y)t/f=the unique 
element of (A + y ) f l H is an isomorphism. Putting (y + a)a = (y)4f + a for 
y e EL(x) and aeA defines an automorphism a of L, with (EL(x))a = H. Thus 
H = EL((x)a). But (x)a = (x)ifj = x + a for some aeA and since adx is an 
isomorphism on A, a = [b, x] for some be A. Thus (x)a = x — [x, b] = (x)0 
where 6 = exp(ad(-b)). Hence H = EL((x)0) = (EL(x))0 and complements to A 
are conjugate. Since NL(EL(z)) = EL(z) for any zeL, all complements are 
self-normalizing and the result holds. 

As a consequence we have 

THEOREM 2. Let L be a Lie algebra over a commutative ring and let Abe a 
minimal ideal of L. Assume that A is abelian, LI A is nilpotent, but L is not 
nilpotent. Then A has a complement in L, all such complements are conjugate 
and self-normalizing and each is of the form EL(z) for some zeL. 

Proof. Since CL(A)^L, LICL(A) has a non-trivial center, N/CL(A). Then 
N satisfies the conditions on N in the previous theorem. Hence the conclusion 
follows from that result. 

In order to obtain our other splitting result, a version of Engel's theorem 
similar to the one given in [2] is needed. However a somewhat different form is 
needed. (See the example [3, p. 417]). 
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Consequently we need 

LEMMA 2. Let Rbe a Noetherian ring and let Lbe a nilpotent Lie algebra over 
R. Let A be a non-zero L-module which is a finitely generated R-module. For 
y eL, let Aoy(y)= f)°°=0Ay\ Suppose that A(o(y) = 0 for all yeL. Then AL is 
properly contained in A. 

Proof. We may assume that the module is a faithful L-module. Then L is 
isomorphic to an R -submodule of a finitely generated R -module and hence is 
Noetherian (as an JR-module). We show that if the result holds for any 
subalgebra M properly contained in L, then there exists a subalgebra N of L 
such that M^N^L and for which the result holds. Therefore assume that AM 
is properly contained in A. Since L is nilpotent, there exists yeNL(M), y<£M. 
Then AM is y-invariant. Let Â = AI AM. Then Ây is properly contained in Â. 
Hence, letting N = (M, y), AN is properly contained in A. Since any one-
dimensional subalgebra of L satisfies the conditions for M, an increasing chain 
of subalgebras of L is obtained, each of which satisfies the conclusion of the 
lemma. This chain must terminate at some subalgebra which, because of the 
above process, must be L. Hence AL is properly contained in A. 

THEOREM 3. Let L be a solvable Lie algebra over a Noetherian ring R. Let A 
be a minimal ideal of L such that A is a finitely generated R-module and 
CJL(A) = A. Then A is complemented in L, all such complements are conjugate 
and self-normalizing in L and of the form EL(z) for some zeL. 

Proof. Since L is solvable, LIA contains an abelian ideal, MIA. Let y e M. 
We claim that A0i(y)^M. Let xeM, aeA. Then ((a)adny)adx = ((a)adx)adny 
since M^^A and A is abelian. Hence An(y)adx^ An(y), A0i(y)adx^A0i(y) 
and Aû >(y)^M. Now we claim that A t o (y)^L. Let zeL. Then ((a)adny)adz = 
((a)adz)adny +YA=O (a)adiyad[y, z]adn~i~1y using only that adz is a deriva
tion. Clearly ((a)adz)adny e An(y) and everything under the summation is in 
An_i(y) since [y, z]eM and At(y)ad[y, z ] g A((y). Therefore ({a)adny)adz e 
An(y) + An_1(y) = An_1(y). Hence An{y)adz^An^{y). Therefore AJy)adz^ 
A^iy) and A t o (y)^L. Since A is minimal, either Ato(y) = A or A<o(y) = 0. We 
consider two cases 

CASE I. A<o(y) = 0 for all yeM. Since [[A,M],L]Ç:[M,A] and A is mini
mal, it follows that [M, A] = 0 or [M,A] = A. The former contradicts that 
CM(A) = A. The latter contradicts Lemma 2. 

CASE II. Aa)(y) = A for some y e M . Since A a d y = A , it follows that A = 
Ladny for all n > 2 . By [1, Lemma 2.6, p. 246], h = EL(y) + A<u(y) = EL(y)-f A. 
Since A ^ L , EL(y) H A ^EL(y) and since A is abelian, £ L ( y ) D A < A . Hence 
E L ( y ) n A < L Then either EL(y)^A or EL(y)H A = 0 . Assume that EL(y)^ 
A. Then EA(y) = A. By the ascending chain condition on submodules of A, 
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there exists a positive integer n such that EA(y) = EtX(y). Hence 0 = Aadny = 
Aœ(y) = A which is a contradiction. Therefore £ L ( y ) f l A = 0 and £L(y) is a 

complement of A. 
Let [/ = EL(y) and V be another complement of A in L. For u ^ V , 

v1 — y = v2 + c where v2£V, ce A. Then y + c = v1 — v2
 = v eV. Since Aw (y ) = 

A, there exists an a G A such that [y, a] = c. Let 3~a = exp(ada). Then (y)£Ta = 
y+[y, a ] = y + c = u. Now Lr^ a =E L (y)^" a =E L ( t ; ) . We claim that E L ( u ) 2 V . 
Let xeV. Then (x)ad2u = [[x, y + c], y + C]G A2(y) + A = A. Hence (x)ad2i;e 
A H V = 0, xeE L (u ) and V ç E L ( u ) . Since V and E L ( u ) = l / ^ a are comple
ments of A, EL(f ) = V. Hence U and V are conjugate. Also V is of the desired 
form and self-normalizing. 
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