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Introduction

Let k be a perfect field of characteristicp and letWm be the ring of Witt vectors of
lengthmwith coefficients ink for a positive integerm. LetN (resp.Wm(N)) be one
of the following log. structures (in the sense of Fontaine–Illusie) on Spec(k) (resp.
Spec(Wm)) ([K1]): (i) The trivial log. structure. (ii) The log. structure associated to
N→ k (resp.Wm); 1 7→ 0.

We consider an fs log. scheme(X,M) log. smooth ([K1] (3.3)) and univer-
sally saturated (Definition 2.17) over(Spec(k),N) whose underlying scheme is
proper overk and of pure dimensionn. Denote byf the structure morphism
(X,M)→ (Spec(k),N). (In fact, for a smooth morphism of fs log. schemesg :
(Y,MY )→ (Spec(k),N), g is universally saturated if and only ifY is reduced
([T]). Furthermore, whenN is trivial, g is always universally saturated.) In the
case (i) (resp. (ii)), a toric variety (resp. the special fiber of a semi-stable family
over a discrete valuation ringA with residue fieldk) is a typical example ([K1]
Example (3.7)). In this paper, we prove Poincaré duality for the log. crystalline
cohomology of(X,M) with coefficients in a locally freeOX/Wm -module of finite
type. Since this can be applied to a proper smoothk-scheme with the trivial log.
structure, this is a generalization of Poincaré duality for crystalline cohomology of
a proper smooth scheme ([B] VII). For the special fiber of a semi-stable family and
trivial coefficients, Poincaré duality has been proved by O. Hyodo, using de Rham–
Witt complexes ([Hyo]). Since we want to treat twisted coefficients, we follow the
method of [B] VII in this paper.
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12 TAKESHI TSUJI

More precisely, we prove the following. Letγ be the canonical PD structure
on the idealpWm and let(X/Wm)

log
crys = ((X,M)/(Wm,Wm(N), pWm, γ ))crys be

the log. crystalline site defined in [K1] Section 5. For a locally freeOX/Wm-module
of finite type, we define the log. crystalline cohomology and the log. crystalline
cohomology with compact supports by

Hi
log-crys(X/Wm,E) := Hi((X/Wm)

log
crys, E),

H i
log-crys,c(X/Wm,E) := Hi((X/Wm)

log
crys,KX/WmE),

whereKX/Wm is the ideal ofOX/Wm defined in Section 5. In the case of the special
fiber of a semi-stable family,KX/Wm = OX/Wm . HenceHi

log-crys,c = Hi
log-crys.

THEOREM. Let m be a positive integer. Then there exists a canonical homo-
morphismTrf : H 2n

log-crys,c(X/Wm,OX/Wm)→Wm called trace morphism such that,
for any locally freeOX/Wm -module of finite type, the pairing induced by the cup
product and the trace morphism

Hi
log-crys(X/Wm,E)×H 2n−i

log-crys,c(X/Wm, Ě)→Wm

is perfect, whereĚ = HomOX/Wm (E,OX/Wm).

We remark here that the existence of Poincaré duality (with some compatibil-
ity of the trace map with Frobenius) implies the bijectivity of Frobenius onQ ⊗
Hi

log-crys(X/W), which is not true in general whenf is not universally saturated.
See Remark 5.7 for details.

This paper is organized as follows. In Section 1, we review the theory of du-
alizing and residual complexes, and Grothendieck–Serre duality. In Section 2, we
calculatef !OS for a certain kind of log. smooth morphism(X,M)→ (S,N). In
Section 3, we state Poincaré duality for de Rham cohomology of a log. smooth
variety. The proof is easy once we construct the trace morphism. In the construction
of the trace morphism, we need vanishing of the ‘residues’ of ‘exactn-forms’ for a
log. smooth variety (Proposition 4.1), which is proved in Section 4. In Section 5, we
state Poincaré duality for log. crystalline cohomology together with the definition
of crystalline cohomology with compact supports. The main problem is again the
construction of the trace morphism. After some preliminaries on local cohomology
and Cousin complex for a log. crystalline topos in Section 6 and Section 7, we
construct the trace morphism in Section 8.

In this paper, we use freely the notation and the terminology of [K1]. Especially
log. structures are always considered in the étale topology. An fs log. structureM

on a schemeX is a fine log. structureM on X such that all stalks are saturated
([K2] (1.1)) or, equivalently, there exists, étale locally onX, a chartP→0(X,M)

with P saturated.
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1. Review of Grothendieck–Serre Duality

We will briefly review the results of [Ha] which we will use in the following sec-
tions. In this section, we assume that schemes are Noetherian and morphisms of
schemes are of finite type. Sheaves are considered in the Zariski topology.

For a schemeX, we will denote byD(X) the derived category of the category
of OX-modules and denote byDc(X) the full subcategory ofD(X) consisting of
complexes with coherent cohomology. We will denote byD+ (resp.D−, resp.Db)
the full subcategory consisting of complexes bounded below (resp. bounded above
resp. bounded).

ForR. ∈ D+(X) andF . ∈ D(X), we say thatF . is reflexivewith respect toR.

if the natural morphism

F
. →RHom

.
X(RHom

.
X(F

.
, R
.), R.)

is an isomorphism ([Ha] V Section 2). Adualizing complexon X is an object
R
. ∈ D+c (X) of finite injective dimension such that everyF . ∈ Dc(X) or equiv-

alently the structure sheafOX is reflexive with respect toR.. For a regular scheme
of finite Krull dimensionX, the structure sheafOX is a dualizing complex.

PROPOSITION 1.1 ([Ha] V Corollary 2.3, Proposition 3.4, and Proposition 7.1).
For a schemeX andR. ∈ D+c (X) of finite injective dimension,R. is dualizing if
and only if, for everyx ∈ X, there exists an integerd(x) such that

ExtiOX,x (k(x), R
.
x) =

 0 for i 6= d(x)
k(x) for i = d(x).

Furthermore, whenR. is dualizing,d is a codimension function onX, that is, for
any immediate specializationx→ y, d(y) = d(x)+ 1.

For a dualizing complexR. onX, we calld the codimension function associated
with R.. It follows from this proposition that ifX admits a dualizing complex,X
is catenary and of finite Krull dimension ([Ha] V Corollary 7.2). WhenX is a
Cohen–Macaulay connected scheme of finite type over a regular scheme, there
existsd such thatH i(R

.
) = 0 (i 6= d) for any dualizing complexR. onX.

For a smooth morphismf: X→Y of relative dimensionn, we define the func-
tor f #: D+c (Y )→D+c (X) to bef ∗(−)⊗L ωX/Y [n], whereωX/Y = ∧n�X/Y ([Ha]
III Section 2).f # preserves dualizing complexes ([Ha] V Theorem 8.3). For a finite
morphism f: X→Y , we define the functorf [: D+c (Y )→D+c (X) to be
f
∗
RHomOY (f∗OX,−), wheref is the morphism of ringed spacesf : (X,OX)→

(Y, f∗OX) ([Ha] III Section 6).f [ preserves dualizing complexes ([Ha] V Propo-
sition 2.4). Whenf is a regular closed immersion of codimensionn, we have a
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canonical isomorphismf [ ∼= Lf ∗(−) ⊗L ωX/Y [−n] with ωX/Y = (∧nNX/Y )ˇ
([Ha] III Corollary 7.3).

For a schemeX and x ∈ X, define the quasi-coherent injectiveOX-module
J (x) to bei∗(Ĩ ), wherei is a morphism Spec(OX,x)→X andI is an injective hull
of k(x) as anOX,x-module ([Ha] II Section 7). Aresidual complexK. on X is
a complex of quasi-coherent injectiveOX-modules bounded below with coherent
cohomology such that there is an isomorphism⊕i∈ZKi ∼= ⊕x∈XJ (x) ([Ha] VI
Section 1). Denote by Res(X) the category of residual complexes onX. For a
dualizing complexR., define the Cousin complexE(R.) by

· · · →0→H0
Z0/Z1(R

.
)→H1

Z1/Z2(R
.
)→ · · · →H i

Zi/Zi+1(R
.
)→ · · · ,

whereH i
Zi/Zi+1(R

.
) is placed in degreei andZi = {x ∈ X|d(x) > i} with d the

codimension function associated withR.. ThenE(R.) is a residual complex. IfX
admits a dualizing complex,E gives an equivalence of the category of dualizing
complexes onX and Res(X). Its quasi-inverse is given by the restriction of the
canonical functorC+(X)→D+(X) ([Ha] VI Proposition 1.1).

In the following, we assume that all schemes considered admit dualizing com-
plexes.

For a finite (resp. smooth) morphismf : X→Y , define the functorf y (resp.
f z): Res(Y )→Res(X) byf y(K.) = E(f [Q(K.)) (resp. f z(K.) = E(f #Q(K

.
))),

whereQ is the functorK+c (Y )→D+c (Y ) ([Ha] VI Section 2). This is well-defined
sincef [(resp. f #) preserves dualizing complexes.

By gluing these functors, we can construct a morphismf 1: Res(Y )→Res(X)
for any morphismf : X→Y which is canonically isomorphic tof y (resp.f z)
whenf is finite (resp. smooth) and satisfies various compatibilities such as(gf )1∼= f 1g1. ([Ha] VI Theorem 3.1.)

When f is finite, there is a canonical isomorphismf y(K.) ∼= f
∗
HomOY

(f∗OX,K
.
) and hence an isomorphismf∗f y(K

.
) ∼= HomOY (f∗OX,K

.
). The

evaluation at 1 gives anOY -linear morphism of complexesρf : f∗f y(K.)→K
..

THEOREM 1.2 ([Ha] VI Theorem 4.2).For each morphismf : X→Y , there exists
a morphism

Trf : f∗f 1→1 (1.3)

of functors fromRes(Y ) to the category of gradedOY -modules(where1 denotes
the forgetful functor), which satisfies

(1) For any morphismsf : X→Y and g : Y→Z, the following diagram com-
mutes.
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g∗f∗f 1g1
Trf - g∗g1

(gf )∗(gf )1

wwwww
Trgf - 1.

?
Trg

(2) Trf coincides withρf whenf is finite.

Furthermore, theseTrf are unique.

THEOREM 1.4 (Residue theorem) ([Ha] VII Theorem 2.1).Let f : X→Y be
a proper morphism, and letK. be a residual complex onY . Then the trace map
Trf : f∗f 1(K.)→K

. is a morphism of complexes.

We can define a functorf !: D+c (Y )→D+c (X) for any morphismf : X→Y by

f !(F .) = RHom
.
X(Lf

∗(RHom
.
Y (F

.
,K
.
)), f 1(K

.
))),

whereK. is a residual complex onY ([Ha] VII Corollary 3.4(a)). Recall that we
assume all schemes considered admit dualizing complexes. The functorf ! is ca-
nonically isomorphic tof [ (resp.f #) whenf is finite (resp. smooth) and satisfies
various compatibilities. Whenf is proper, we obtain from (1.3) and Theorem 1.4,
the trace morphism Trf : Rf∗f ! →1 ([Ha] VII Corollary 3.4(b)).

THEOREM 1.5 (Duality) ([Ha] VII Corollary 3.4(c)).For a proper morphismf :
X→Y , the composite

Rf∗RHom
.
X(F

.
, f !G.) - RHom

.
Y (Rf∗F

.
, Rf∗f !G

.
)

Trf- RHom
.
Y (Rf∗F

.
,G
.
)

is an isomorphism forF .∈ D−qc(X) andG. ∈ D+c (Y ).

2. Relative Dualizing Sheaf for a Log. Smooth Morphism

We will calculatef !OS for a smooth morphism of fs log. schemesf : (X,M)→
(S,N) satisfying certain conditions.

DEFINITION 2.1 ([K2], Def. (5.1)). An idealI of a monoidP is a subset ofP
satisfyingPI ⊆ I . A prime idealp of a monoidP is an ideal whose complement
P \p in P is a submonoid. We will denote by Spec(P ) the set of all primes ofP .

It is easy to see Spec(P ) = Spec(P/P ∗).
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DEFINITION 2.2. LetP be a monoid.

(1) ([K2] Definition (5.4)). We define the dimension dim(P ) to be the maximal
length of a sequence of prime idealsp0 ) p1 ) · · · ) pr of P . If the maximum
does not exist, we define dim(P ) = ∞.

(2) For a prime idealp of P , we define the height ht(p) to be the maximal length
of a sequence of prime idealsp = p0 ) p1 ) · · · ) pr of P . If the maximum
does not exist, we define ht(p) = ∞.

PROPOSITION 2.3 ([K2] Proposition (5.5)).LetP be a finitely generated integral
monoid.

(1) Spec(P ) is a finite set.

(2) dim(P ) = rankZ(P gp/P ∗).
(3) For p ∈ Spec(P ), we havedim(P \p)+ ht(p) = dim(P ).

DEFINITION 2.4. (1) Leth: Q→P be a morphism of monoids. We say a prime
p of P is horizontalwith respect toh if h(Q) ⊂ P \p.

(2) For a morphismf : (X,M)→ (Y,N) of log. schemes andx ∈ X, we say
a primep of Mx is horizontalwith respect tof if it is horizontal with respect to
f ∗
x
: Nf(x)→Mx .

Let f : (X,M)→ (S,N) be a smooth morphism of fs log. schemes. Define the
sheaf of idealsIf of the sheaf of monoidsM by:
0(U, If ) = {a ∈ 0(U,M)| The image ofa in Mx is contained inp for

all pointsx ∈ U and all primesp ∈ Spec(Mx) of height 1 horizontal with respect
to f }.

LEMMA 2.5. For x ∈ X, (If )x = {a ∈ Mx | a is contained inp for all primes
p ∈ Spec(Mx) of height1 horizontal with respect tof }.

Proof. The inclusion⊂ is trivial. We will prove the converse. Puts = f (x).
Since the question is étale local onX and onS, we may assume that we have charts
P→0(X,M) andQ→0(S,N) such thatP→Mx/O

∗
X,x andQ→Ns/O

∗
S,s are

isomorphisms ([K1] Lemma (2.10)). SinceQ is finitely generated, we may also
assume that the following diagram commutes, whereh denotes the compositeQ ∼→
Ns/O

∗
S,s

f ∗
x- Mx/O

∗
X,x

∼← P .

P - 0(X,M/O∗X)

Q

6
h

- 0(S,N/O∗S).

6
f ∗
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PutPy = My/O
∗
X,y andQt = Nt/O

∗
S,t

for y ∈ X and t ∈ S. Let ϕy (resp.ϕt )
denote the compositeP→0(X,M)→Py (resp.Q→0(S,N)→Qt ). Then the
following diagram commutes whent = f (y).

P
ϕy - Py

Q

h

6

ϕt - Qt,

6
hy

wherehy denotes the morphism induced byf .
Leta be an element of the right-hand set of the lemma. By replacingX by a suit-

able étale neighborhood ofx, we may assume that there existsb ∈ 0(X,M) and
c ∈ P such that the stalk ofb at x is a and the images ofb andc in 0(X,M/O∗X)
coincide. We assertb ∈ 0(X, If ). It suffices to proveϕy(c) ∈ p for all y ∈ Y and
all p ∈ Spec(Py) of height 1 horizontal with respect tohy. We have an injective map
Spec(ϕy) : Spec(Py)→Spec(P ); q 7→ ϕ−1

y (q). SinceP ∗
y
= {1} andϕy induces

an isomorphismP/ϕ−1
y ({1}) ∼→ Py , we havePy\{1} ∈ Spec(Py) and the image

of Spec(ϕy) is the set of all primes ofP contained inϕ−1
y (Py\{1}). Henceϕ−1

y (p)

is a prime ofP of height 1 horizontal with respect toP and it suffices to prove
c ∈ ϕ−1

y (p). Since the image ofc under the isomorphismϕx : P ∼→ Px coincides
with the image ofa ∈ Mx , this follows from the assumption ona. 2
COROLLARY 2.6.Assume that we have a chartP → 0(X,M),Q→0(S,N),

h: Q→P of the morphismf such thatP andQ are saturated. Define the ideal
I ⊂ P by {a ∈ P | a is contained inp for all primesp of P of height1 horizontal
with respect toh}.

Then the sheaf of idealsIf is generated by the image ofI .
Proof. Let x ∈ X. By Lemma 2.5,(If )x is the inverse image of the ideal

{a ∈ Mx/O
∗
X,x| a ∈ p for all p ∈ Spec(Mx/O

∗
X,x) of height 1 horizontal with

respect tof ∗
x
: Nf(x)/O∗S,f (x)→Mx/O

∗
X,x} of Mx/O

∗
X,x. It is easy to see that the

latter ideal coincides with the image ofI . 2
COROLLARY 2.7.The idealIfOX of OX is quasi-coherent.

DEFINITION 2.8. An fs log. scheme(X,M) is calledregular if the underlying
schemeX is locally Noetherian and, for each pointx ∈ X,OX,x/I (x,M) is a
regular local ring and dim(OX,x) = dim(OX,x/I (x,M))+rankZ(M

gp
x /O

∗
X,x). Here

I (x,M) denotes the ideal ofOX,x generated by the image ofMx\O∗X,x.
An fs log. scheme(X,M) is regular if and only if, étale locally onX, there exists

a charth: P→0(X,M) such thatP is saturated and(X,MZar) is regular in the
sense of [K2] Definition (2.1), whereMZar is the log. structure in the Zariski topo-
logy associated toh. Furthermore, if(X,M) is regular, the latter statement holds
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for every chartP→0(X,M) with P saturated. Hence, we obtain the following
propositions from the corresponding ones in the Zariski case.

PROPOSITION 2.9 (cf. [K2] Theorem (4.1)).The underlying scheme of a regular
fs log. scheme is Cohen–Macaulay and normal.

PROPOSITION 2.10 (cf. [K2] Theorem (8.2)).For a smooth morphism(X,M)→
(S,N) of fs log. schemes,(X,M) is regular if (S,N) is regular.

PROPOSITION 2.11 (cf. [K2] Theorem (11.6)).Let (X,M) be a regular fs log.
scheme. Then the setU = {x ∈ X|Mx = O∗X,x} is dense open inX andM =
OX ∩ j∗O∗U , wherej: U ↪→ X denotes the inclusion morphism.

PROPOSITION 2.12 (cf. [K2] Corollary (7.3)).Let (X,M) be a regular fs log.
scheme. Then forx ∈ X andp ∈ Spec(Mx), there exists a unique pointy ∈ X such
that

(1) x ∈ {y}.
(2) The cospecialization mapMx→My induces an isomorphismMx/(Mx\p) ∼=

My/O
∗
X,y.

(3) dim(OX,y) = ht(p) or equivalentlyI (y,M) is the maximal ideal ofOX,y. Here
I (y,M) is the same as in Definition2.8.

Let us consider a smooth morphismf : (X,M)→ (S,N) of fs log. schemes
again.

LEMMA 2.13. Assume that(S,N) is regular. LetU be any étaleX-scheme and
let SU be the set of pointsx ∈ U of codimension1 such thatMx 6= O∗X,x and
Nf(x) = O∗

S,f (x)
. Then0(U, If ) = {a ∈ 0(U,M)| ax /∈ O∗X,x for all x ∈ SU }.

Proof.Use Proposition 2.10 and Proposition 2.12. 2
PROPOSITION 2.14.Assume that(S,N) is regular. Define the setSX in the same
way as in Lemma2.13. LetJ be the ideal ofOX corresponding to the closed subset⋃
x∈SX {x} ⊂ X with the reduced induced structure. Then we haveIfOX = J .
Proof.This follows from Lemma 2.13 and [K2] Corollary (11.8). 2

EXAMPLE 2.15. If S = Spec(k) with k a field,X→ S is a usual smooth morph-
ism,M is a log. structure defined by a reduced divisorD onX with relative normal
crossings, andN is the trivial log. structure, thenIfOX = OX(−D).

EXAMPLE 2.16. LetS = Spec(A) with A a discrete valuation ring and letX be
a semi-stable family overS, that is, a regular scheme of finite type overS whose
special fiber is a reduced divisor with normal crossings onX. Define the fs log.
structureM onX (resp.N on S) by the log. structure given by the special fiber
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(resp. the closed point). Then we obtain a smooth morphismf : (X,M)→ (S,N)

([K1] Examples (3.7) (2)). Letfn : (Xn,Mn)→ (Sn,Nn) be the reduction off
modulomn, wherem is the maximal ideal ofA. Then we haveIfn = Mn, and
henceIfnOXn = OXn .

DEFINITION 2.17. Letf : (X,M)→ (Y,N) be a morphism of fs log. schemes.
We say thatf is universally saturatedif f is integral ([K1] Definition (4.3)) and,
for any morphismg : (Y ′, N ′)→ (Y,N) of fs log. schemes, the base change of
(X,M) by g in the category of log. schemes is an fs log. scheme.

The universally saturatedness can be checked fiber by fiber, that is, the morph-
ism f is universally saturated if and only if, for every geometric pointy of Y
with the inverse image log. structureN of N , the base changefy of f by the
canonical morphism(y,N)→ (Y,N) is universally saturated. If the log. structure
N is trivial, f is always universally saturated. The following two facts proven in
[T] will be helpful to understand universally saturated morphisms although we
will not use them in this paper: WhenY is anFp-scheme for a primep, f is
universally saturated if and only iff is of Cartier type ([K1] (4.8)). Whenf is
smooth and integral,f is universally saturated if and only if every fiber of the
underlying morphism of schemes off is reduced.

Let f : (X,M)→ (S,N) be a smooth morphism of fs log. schemes again.

LEMMA 2.18. AssumeS = Spec(k) with k a field,N is the log. structure asso-
ciated toN→ k;1 7→ 0, andf : (X,M)→ (S,N) is universally saturated. Then
the underlying morphism of schemesX→ S is smooth in codimension0.

Proof. Let x ∈ X be of codimension 0. By taking a smooth lifting of(X,M)
to Spec(k[N]) with the canonical log. structure and using Proposition 2.10, we
can verify thatMx/O

∗
X,x
∼= N. Since the morphismN ∼= Ns/O

∗
S,s→Mx/O

∗
X,x is

universally saturated by assumption, this is an isomorphism. Hence, there exists a
chart(N→ k;1 7→ 0, P→0(U,M), h: N→P) for an étale neighborhoodU of
x such that the order of the torsion part of the cokernel ofhgp is invertible ink,
the morphismU→Spec(k[P ] ⊗k[N] k) is étale, and the morphismN ⊕ P ∗→P

induced byh and the inclusion map is an isomorphism. The lemma follows from
this. 2
LEMMA 2.19. Assume that(S,N) is regular andf is universally saturated. Fur-
thermore assume thatX→ S is smooth of relative dimensionn, andS is regular.
Define the setSX in the same way as in Lemma2.13 and define the divisorD by
6x∈SX{x}. Then we have a canonical isomorphism�nX/S

∼= �nX/S(log(M/N))(−D).
Proof.SinceX is regular, it suffices to prove that, for every pointx of codimen-

sion 1 inX, the cokernel of the canonical morphism

�nX/S,x→�nX/S(log(M/N))x (2.20)
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has length 1 as anOX,x-module whenx ∈ SX and is 0 otherwise. It is trivial ifMx =
O∗X,x. If Mx/O

∗
X,x
∼= N andNf(x) = O∗

S.f (x)
, there exists a chartP→0(U,M)

with an isomorphismP ∼= N⊕ P ∗ for an étale neighborhoodU of x such that the
order of the torsion part ofP gp is invertible on X and the morphism
U→ S × Spec(Z[P ]) is étale. It follows that the cokernel of (2.20) is of length 1.
If Mx/O

∗
X,x
∼= N andNf(x)/O

∗
S,f (x)

∼= N, by the same argument as the proof of
Lemma 2.18, there exists a chart(N→0(S,N), P→0(U,M), h : N→P) for
an étale neighborhoodU of x such that the order of the torsion part of the cokernel
of hgp is invertible onU , the morphismU→ S×Spec(Z[N]) Spec(Z[P ]) is étale, and
N ⊕ P ∗→P induced byh and the inclusion map is an isomorphism. It follows
that (2.20) is an isomorphism. 2
THEOREM 2.21.Assume that�X/S(log(M/N)) has a constant rankn, the morph-
ismf is universally saturated, and the underlying morphism of schemes off is of
finite type. Furthermore, assume one of the following conditions.

(i) (S,N) is regular and the underlying schemeS is Noetherian, regular and of
finite Krull dimension.

(ii) S = Spec(A/πmA), for a discrete valuation ringA, a primeπ ∈ A andm > 1,
and the log. structureN is isomorphic to the one associated toN→Am;1 7→
a for somea ∈ A.

Then we have a canonical isomorphismf !OS
∼= If�nX/S(log(M/N))[n].

Here we regard the coherent sheafIf�nX/S(log(M/N)) as a sheaf on the Zariski
site.

Proof.(cf. [K2] Theorem (11.2)) In the first case, since the schemeX is Cohen–
Macaulay (Proposition 2.9 and Proposition 2.10) andf !OS is a dualizing com-
plex onX, f !OS has the formωX/S[n]. Since the smooth locusU ⊂ X of the
morphismf contains all points of codimension6 1 (Lemma 2.18), the homo-
morphismωX/Y→ j∗j ∗ωX/Y is an isomorphism by Proposition 1.1 and EGA IV
Theorem 5.10.5. Herej denotes the canonical inclusionU ↪→ X. Fromj∗f !OS

∼=
(f ◦ j)!OS

∼= �nU/S[n], we obtainωX/S ∼= j∗�nU/S. By Lemma 2.19 and Proposi-
tion 2.14, we have

j∗�nU/S ∼= j∗(j ∗�nX/S(log(M/N))(−D))
∼= J�nX/S(log(M/N)) ∼= If�nX/S(log(M/N)),

whereJ is the same as in Proposition 2.14. The second isomorphism follows from
the fact thatX is Cohen–Macaulay andU contains all points of codimension6 1.

Next consider the second case. LetS ′ = Spec(A[T ]) and letN ′ be the log.
structure onS ′ associated toN→A[T ];1 7→ T . Define the exact closed immer-
sion i : (S,N) ↪→ (S ′, N ′) by T 7→ a and the identity onN. First assume that
there exists globally a smooth liftingf ′: (X′,M ′)→ (S ′, N ′) which is universally
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saturated. Letj be the morphism(X,M)→ (X′,M ′). By the first case, we have an
isomorphismf ′!OS ′ ∼= If ′�nX′/S ′(log(M ′/N ′))[n]. Hence by [Ha] III Corollary 7.3
(cf. Section 1), we have an isomorphism

f !i!OS ′ ∼= j !f
′!OS ′

∼= If ′�
n
X′/S ′(log(M ′/N ′))⊗OX′ (∧2NX/X′)ˇ[n− 2].

Note thatX is Cohen–Macaulay. On the other hand, we have an isomorphism
i!OS ′ ∼= (∧2NS/S ′)ˇ[−2]. Hence we obtain an isomorphismf !OX

∼=
If ′�

n
X′/S ′(log(M ′/N ′))⊗OX′OX[n]. SinceIf ′OX′⊗OX′OX

∼= IfOX by Lemma 2.22
and Lemma 2.5, we get the required isomorphism.

The restriction of this isomorphism to the smooth locusU(
u
↪→ X) of f induces

the canonical isomorphismu∗f !OS
∼= �nU/S[n], and the homomorphism

HomOX(If�
n
X/S(log(M/N)), If�

n
X/S(log(M/N)))→HomOU (�

n
U/S,�

n
U/S)

is injective sinceU contains all points of codimension 0 (Lemma 2.18) andX is
Cohen–Macaulay. Hence we can glue these isomorphisms in the general case.2
LEMMA 2.22. Letf : (X,M)→ (S,N) be a smooth integral morphism of fs log.
schemes. ThenOX/IfOX is flat overS.

Proof.By taking a chart and using Corollary 2.6, we can reduce to the following
fact, which is proved by a similar method of [K1] (4.1) (v)⇒(ii). Let Q→P be an
injective morphism of finitely generated saturated monoids satisfying the condition
[K1] (4.1)(iv). Define the idealI of P in the same way as Corollary 2.6. Then
Z[P ]/IZ[P ] is flat overZ[Q]. 2
3. Poincaré Duality for de Rham Cohomology with Log. Poles

LetA be a discrete valuation ring, and letπ ∈ A be a prime element. For a positive
integerm, letAm be the reduction modπm of A. In the following, we fixm and put
S = Spec(Am). LetN be the log. structure onS associated toN→Am;1 7→ a for
somea ∈ Am. We allow the trivial log. structure.

Let f : (X,M)→ (S,N) be a smooth universally saturated morphism. Assume
thatX is of constant dimensionn, that is,�log

X/S := �X/S(log(M/N)) has constant
rank n, andX is proper overS. By Theorem 2.21, we obtain a homomorph-
ism Trf: Hn(X, If (�

log
X/S)

n)→Am from the trace mapRf∗f !OS→OS ([Ha] VII
Corollary 3.4, cf. Section 1).

PROPOSITION 3.1.The composite

Hn(X, If (�
log
X/S)

n−1)
d- Hn(X, If (�

log
X/S)

n)
Trf- Am

is 0.
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We will prove this proposition in the next section.

DEFINITION 3.2. For a locally freeOX-moduleE of finite rank with an integ-
rable connection (with log. poles)∇: E→E ⊗OX �

log
X/S, we define the de Rham

cohomology and the de Rham cohomology with compact supports by

Hm
log-dR(X/S,E) := Hm

Zar(X,E ⊗OX (�
log
X/S)

.
),

Hm
log-dR,c(X/S,E) := Hm

Zar(X, IfE ⊗OX (�
log
X/S)

.
).

Remark3.3. Since all terms of the de Rham complexes are coherentOX-modules,
the cohomology groups in the right-hand side do not change if we replace the
Zariski cohomology by the étale cohomology.

We will omit E whenE = OX. We obtain from Proposition 3.1 a homomorph-
ism Trf : H 2n

log-dR,c(X/S)→Am.

THEOREM 3.4.LetE be a locally freeOX-module of finite type with an integrable
connection∇ : E→E ⊗OX �

log
X/S. Then the pairing induced by the cup product

and the trace mapHi
log-dR(X/S,E) × H 2n−i

log-dR,c(X/S, Ě)→Am is perfect. Here

Ě = HomOX(E,OX).
Proof. By Theorem 2.21 and Theorem 1.5, we can prove this in the same way

as [B] VII 2.1.5. 2

4. Proof of Proposition 3.1

In this section, we always work on Zariski sites. We keep the notation of Section 3.
Here we do not assume thatf is proper, but we assume thatf is of finite type.
The objectf !(OS) is represented by the Cousin complexE(f !(OS)) ∼= f 1(OS)

associated with the codimension function onX defined by the dualizing complex
f !(OS) ([Ha] VI Proposition 1.1, cf. Section 1). By Theorem 2.21,f 1(OS) is
canonically isomorphic to the complex

· · · → 0→H0
X/X1(If (�

log
X/S)

n)→H1
X1/X2(If (�

log
X/S)

n)→ · · ·

→ Hn−1
Xn−1/Xn

(If (�
log
X/S)

n)→Hn
Xn(If (�

log
X/S)

n)→0→ · · · ,

whereXd denotes the set of points of codimensiond in X, and the termHn
Xn(If

(�
log
X/S)

n) is placed in degree 0. Hence we obtain from the trace map (1.3) a morph-

ism Trf,x: f∗(Hn
x (If (�

log
X/S)

n))→OS, for eachx ∈ Xn. Since the Cousin complex

of If (�
log
X/S)

n−1 gives an injective resolution ofIf (�
log
X/S)

n−1, Proposition 3.1 fol-
lows from the following proposition. Note that the trace map Trf : Rf∗f ! →1 is
deduced from the trace map Trf : f∗f 1→1 ([Ha] VII Corollary 3.4 (b)).
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PROPOSITION 4.1 (cf. [B] VII Proposition 1.2.6).For every closed pointx ofX,

the compositef∗(Hn
x (If (�

log
X/S)

n−1))
d- f∗(Hn

x (If (�
log
X/S)

n))
Trf,x- OS is 0.

LEMMA 4.2. Let u: U→X be an étale morphism of finite type, and letx be a
closed point ofX such thatk(x′) = k(x) for all x′ ∈ u−1(x). Putg = f ◦ u. By
Theorem2.21, we have isomorphisms

f 1OS
∼= E(If (�log

X/S)
n), g1OS

∼= E(Ig(�log
U/S)

n).

Hence, from the trace mapTru: u∗g1(OS) ∼= u∗u1f 1OS→ f 1OS, we obtain
a morphismTru,x ′: u∗Hn

x ′(Ig(�
log
X/S)

n)→Hn
x (If (�

log
X/S)

n), for x′ ∈ u−1(x). Let

t1, . . . , tn ∈ mX,x be a regular sequence, letω ∈ If (�log
X/S)

n
x , and lett ′1, . . . , t

′
n ∈

mU,x ′ andω′ ∈ Ig(�log
U/S)

n
x ′ be their inverse images. Then

Tru,x ′
(

ω′

t ′1 · · · t ′d

)
= ω

t1 · · · td .

Proof. PutZ = Spec(OX,x/(t1, . . . , td )) andZU = Z ×X U . Let v (resp.i,
resp.j ) be the morphismZU→Z (resp.Z ↪→ X, resp.ZU ↪→ U ). By as-
sumption,ZU is isomorphic to a finite disjoint union of copies ofZ. We have a
canonical isomorphismi1f 1OS

∼= If (�log
X/S)

n ⊗OX ωZ/X ([Ha] III Corollary 7.3,
cf. Section 1). Hence, the degree 0 part of the trace map Tri: i∗i1f 1OS→ f 1OS

gives a homomorphismi∗(If (�
log
X/S)

n ⊗OX ωZ/X)→Hn
x (If (�

log
X/S)

n). The image
of ω ⊗ (t1 ∧ · · · ∧ td )ˇ under this morphism isω/(t1 · · · td) (cf. [B] VII The proof
of Lemma 1.2.5). The same fact holds forg1OS andj . Hence the lemma follows
from Tru Trj = Tri Trv. 2

Proof of Proposition4.1. (Part I) We first prove the claim in the caseN is trivial.
By [Ha] VI Theorem 5.6, we can reduce to the case where the residue field of
A is separably closed. Then, by Lemma 4.2, we may assume thatX is of the
form Spec(Am[P ]), whereP is a finitely generated saturated monoid such that
Ptor = {1}. Using a finite rational polyhedral decomposition of(P gp)R ([KKMS] I
Section 1, 2) which containsP , we obtain a ‘compactification’ of(X,M), that is,
anS-morphism(X,M) ↪→ (X,M) of fs log. schemes whose underlying morphism
is an open immersion such thatf : (X,M)→ S is smooth, its underlying morphism
of schemes is proper, andM is the inverse image ofM. Furthermore, by [K2]
(10.4), we obtain a log. étale morphismg: (X′,M ′)→ (X,M) whose underlying
morphism of schemes is proper such that(X

′
,M
′
) is log. smooth overS,X

′
is

smooth overS, and

IfOX
∼= Rg∗(If ′OX

′), (4.3)

([K2] Theorem (11.3), Lemma 2.13 and Lemma 2.22). Heref ′ = f g.
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Since we do not treatX in the following, we omit the upper bar of the symbols
for simplicity. SinceX is proper overS, it is enough to prove that the homomorph-
ism

Hn(X, If (�
log
X/S)

n−1)
d- Hn(X, If (�

log
X/S)

n) (4.4)

is 0. By (4.3), we have a commutative diagram

Hn(X, If (�
log
X/S)

n−1)
d- Hn(X, If (�

log
X/S)

n)

Hn(X′, If ′(�
log
X′/S)

n−1)

o
?

d- Hn(X′, If ′(�
log
X′/S)

n)

o
?

Hn(X′,�n−1
X′/S)

?
d - Hn(X′,�nX′/S).

wwww
The bottom arrow is 0 because the composite

Hn(X′,�n−1
X′/S)

d- Hn(X′,�nX′/S)
Trf ′- Am

is 0 ([B] VII 1.2.6) and the trace map is an isomorphism. Hence, the homomorph-
ism (4.4) is 0. 2
LEMMA 4.5. LetS ′ beSpec(Am[t]) and letN ′ be the log. structure onS ′ defined by
N→Am[t];1 7→ t . Define the exact closed immersion(S,N) ↪→ (S ′, N ′) by t 7→
a and the identity ofN. Assume that we are given a smooth liftingf ′: (X′,M ′)→
(S ′, N ′) of the morphismf which is universally saturated. Letg be the composite
of f ′ and (S ′, N ′)→ S. Let i be the exact closed immersion(X,M) ↪→ (X′,M ′).
By Theorem2.21, we have canonical isomorphisms

f 1OS
∼= E(If�nX/S(log(M/N))[n]),

g1OS
∼= E(Ig�n+1

X′/S(log(M ′))[n+ 1]).
From the degree0 part of the trace morphismTri: i∗f 1OS

∼= i∗i1g1OS→ g1OS,

we obtain a morphism

Tri,x: i∗Hn
x (If�

n
X/S(log(M/N)))→Hn+1

x (Ig�
n+1
X′/S(log(M ′))),

for each closed pointx ofX.
Let x be a closed point ofX, let t ′1, . . . , t

′
n be elements ofmX′,x such that the

imagest1, . . . , tn in mX,x form a regular sequence, and letω ∈ If ′�
n
X′/S ′(log

(M ′/N ′))x. Then we have

Tri,x

(
ω

t1 · · · tn
)
= dt ∧ ω
(t − a)t ′1 · · · t ′n

.
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Here ω denotes the image ofω under the homomorphismIf ′�nX′/S ′(log
(M ′/N ′))x→ If�

n
X/S(log(M/N))x.

Remark4.6. By applying Proposition 2.14 to a lifting off ′ to Spec(A[t]) with
the log. structure associated toN→A[t];1 7→ t and using Lemma 2.18, we can
verify that the homomorphism�nX′/S ′(log(M ′/N ′))→�n+1

X′/S(log(M ′));ω 7→ dt ∧
ω induces an isomorphismIf ′�nX′/S ′(log(M ′/N ′)) ∼= Ig�n+1

X′/S(log(M ′)). Hence the
right-hand side of the above equation makes sense.

SUBLEMMA 4.7. Under the notation and assumption of Lemma4.5, the iso-
morphism

If�
n
X/S(log(M/N))[n] ∼= f !OS

∼= i!g!OS

∼= i!(Ig�n+1
X′/S(log(M ′))[n+ 1])

∼= Ig�
n+1
X′/S(log(M ′))⊗OX′ ŇX/X′ [n]

is given byω 7→ (dt ∧ ω)⊗ (t − a)ˇ for ω ∈ If ′�nX′/S ′(log(M ′/N ′)).
Proof. By restricting to the smooth loci of the morphismsf ′ andf , we can

reduce to the corresponding fact for usual schemes. See the argument at the end of
the proof of Theorem 2.21. 2

Proof of Lemma4.5. By Sublemma 4.7, it is enough to prove that the degree 0
part of the morphism

i∗EX(Ig�n+1
X′/S(log(M ′))⊗OX′ ŇX/X′ [n])

∼= i∗i1E′X(Ig�n+1
X′/S(log(M ′))[n+ 1]) Tri- E′X(Ig�

n+1
X′/S(log(M ′))[n+ 1])

is given by

Hn
x (Ig�

n+1
X′/S(log(M ′))⊗OX′ ŇX/X′)→Hn+1

x (Ig�
n+1
X′/S(log(M ′)))

ω⊗ (t − a)ˇ
t1 · · · tn 7→ ω

(t − a)t ′1 · · · t ′n
.

(4.8)

Herex is a closed point ofX, t ′1, . . . , t
′
n ∈ mX′,x is a lifting of a regular sequence

t1, . . . , tn ∈ mX,x andω ∈ Ig�n+1
X′/S(log(M ′))x.

LetZ be the closed subscheme ofX defined by a regular sequencet1, . . . , tn ∈
mX,x. Then we have the following commutative diagram.
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EεxtnOX (OZ,Ext
1
OX′ (OX,K)) ∼= Extn+1

OX′ (OZ,K)

ExtnOX (OZ,K ⊗OX′ ŇX/X′)

o
wwww

HomOX(OZ,H
n
x (K ⊗OX′ ŇX/X′))

o
wwww

- HomOX′ (OZ,H
n+1
x (K)).

?

HereK = Ig�
n+1
X′/S(log(M ′)) and the bottom arrow is the morphism induced by

(4.8). The image of

ω⊗ ((t − a) ∧ t ′1 ∧ · · · ∧ t ′n)ˇ ∈ K ⊗ (∧n+1NZ/X′)ˇ ∼= Extn+1
OX′ (OZ,K),

under the composite of the left arrow (resp. right arrow) is(ω⊗ (t− a)ˇ)/(t1 · · · tn)
(resp.ω/((t − a)t ′1 · · · t ′n)) (cf. [B] VII The proof of Lemma 1.2.5). This implies
the claim. 2

Proof of Proposition4.1. (Part II) We will prove the proposition in the general
case. By the same reason as in Part I, we may assume that the residue field of
A is separably closed. By Lemma 4.2, we may assume that the assumption of
Lemma 4.5 is satisfied. It suffices to prove that, forω ∈ If�

n−1
X/S(log(M/N))x

and a regular sequencet1, . . . , tn ∈ mX,x,Trf,x(d(ω/t1 · · · tn)) = 0. Let ω′ ∈
If ′�

n−1
X′/S ′(log(M ′/N ′))x andt ′i ∈ mX′,x be liftings ofω andti . Then we have

d

(
ω

t1 · · · tn
)
= dω

t1 · · · tn −
∑

16i6n

dti ∧ ω
t1 · · · t2i · · · tn

,

d

( −dt ∧ ω′
(t − a)t ′1 · · · t ′n

)
= dt ∧ dω′

(t − a)t ′1 · · · t ′n
−
∑

16i6n

dt ∧ dt ′i ∧ ω′
(t − a)t ′1 · · · t ′2i · · · t ′n

.

By Lemma 4.5, the latter is the image of the former under Tri,x . Hence

Trf,x

(
d

(
ω

t1 · · · tn
))
= 0,

since Trg,x Tri,x = Trf,x and the proposition has already been proved whenN is
trivial. 2
5. Poincaré Duality for Log. Crystalline Cohomology

Let k be a perfect field of characteristicp, and letW be the ring of Witt vectors
with coefficients ink. Fix an integerm > 1 and putWm = W/pmW . Let S be the
scheme Spec(Wm), and letN be the log. structure onS associated toN→Wm;1 7→
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a for somea ∈ Wm. Note that we allow the trivial log. structure. LetS0 = Spec(k)
and letN0 be the inverse image ofN . Let f : (X,M)→ (S0, N0) be a smooth
universally saturated morphism (Definition 2.17) of relative dimensionn. Let γ be
the canonical PD-structure on the idealpOS.

We will define an idealKX/S of OX/S on (X/S)
log
crys := ((X,M)/(S,N,

pOS, γ ))crys and on(X/S)log
Rcrys := ((X,M)/(S,N, pOS, γ ))Rcrys. (See Defini-

tion 6.2 for the definition of the restricted crystalline site.) Define the sheafMX/S

of monoids on the crystalline sites by0((U, T ,MT , δ),MX/S) = 0(T ,MT ), and
define the idealIX/S of MX/S by 0((U, T ,MT , δ), IX/S) = {a ∈ 0((U, T ,MT , δ),
MX/S)| the image ofa in MT,x/O

∗
T ,x
∼= Mx/O

∗
X,x is contained inp for all points

x ∈ T and allp ∈ Spec(Mx/O
∗
X,x) of height 1 horizontal with respect toNf(x)/

O∗
S,f (x)

→Mx/O
∗
X,x}.

LEMMA 5.1. For each PD-thickening(U, T ,MT , δ), the stalk of IT :=
(IX/S)(U,T ,MT ,δ) at x ∈ T , is {a ∈ MT,x| The image ofa in MT,x = Mx/O

∗
X,x

is contained inp for all primesp ∈ Spec(Mx/O
∗
X,x) of height1 horizontal with

respect toNf(x)/O
∗
S,f (x)

→Mx/O
∗
X,x}.

Proof.The same as Lemma 2.5. 2
COROLLARY 5.2.Let (U, T ,MT , δ) and IT be the same as in Lemma5.1. As-
sume that we are given a chartP→0(T ,MT ) with P saturated, and an ele-
mentπ ∈ P whose image in0(X,M/O∗X) coincides with the image of1 under
N→0(S,N/O∗S)→0(X,M/O∗X). Define the idealI of P by:
I = {a ∈ P |a is contained in all primesp ∈ Spec(P ) of height1 which does

not containπ}.
Then we haveIT = IO∗T .

We define the idealKX/S of OX/S by IX/SOX/S.

LEMMA 5.3. LetE be a quasi-coherentOX/S-module on(X/S)log
Rcrys. ThenKX/SE

is a quasi-coherentOX/S-module. Especially,KX/SE is a crystal.
Proof.By Corollary 5.2,(KX/SE)T is a quasi-coherentOT -module for everyT .

Hence, it suffices to prove thatKX/SE is a crystal. Since the question is étale local
onX, we may assume that we have an exact closed immersion of(X,M) into a
smooth fs log. scheme(Y, L) over(S,N). Let (D,MD) be the PD-envelope of this
exact closed immersion with respect toγ . Then we can verify that the connection
∇: ED→ED ⊗OY �Y/S induces that on(KX/SE)D, which defines a crystalF . We
claimKX/SE = F . Since we work on the restricted crystalline site,F is anOX/S-
submodule ofE. Hence, it suffices to show that, for any morphismf : T →D in
(X/S)

log
Rcrys, the morphismf ∗(KX/S)D→ (KX/S)T is surjective. This follows from

Lemma 5.1. 2
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LetQX/S: ((X/S)log
Rcrys)

∼→ ((X/S)
log
crys)

∼ be the canonical morphism of topoi.

DEFINITION 5.4. LetE be a locally freeOX/S-module of finite rank on(X/S)log
crys.

We define the crystalline cohomology and the crystalline cohomology with com-
pact supports by:

Hi
log-crys(X/S,E) = Hi((X/S)log

crys, E)
∼= Hi((X/S)

log
Rcrys,Q

∗
X/SE),

H i
log-crys,c(X/S,E) = Hi((X/S)log

crys,KX/SE)

∼= Hi((X/S)
log
Rcrys,KX/S(Q

∗
X/SE)).

We omitE whenE = OX/S. By reducing to the caseS = S0, we can prove that
these cohomology groups are finitely generated overWm whenX is proper overk.
(cf. [B] VII Theorem 1.1.)

PROPOSITION 5.5.Assume thatX is proper overk. Then there is a canonical
morphism called trace morphismTrf : H 2n

log-crys,c(X/S)→Wm. We will prove this
proposition in Section 8.

THEOREM 5.6.Assume thatX is proper overk. For a locally freeOX/S-module
E of finite rank on(X/S)log

crys, the pairing induced by the cup product and the
trace morphismHi

log-crys(X/S,E) × H 2n−i
log-crys,c(X/S, Ě)→Wm is perfect. Here

Ě = HomOX/S (E,OX/S).
Proof. We can reduce to Poincaré duality for de Rham cohomology of

(X,M)/(S0, N0) in the same way as [B] VII 2.1. 2
This theorem can be applied to the special fiber of a semi-stable family (Example
2.16 withn = 1). In this case,Hi

log-crys= Hi
log-crys,c.

Remark5.7. Suppose that there still exists a trace morphism Trf : H 2n
log-crys,c

(X/S)→Wm, compatible withm which induces Poincaré duality and satisfies
Trf (ϕ(x)) = pnϕ(Trf (x)) without assuming thatf is universally saturated, or
equivalently, thatf is of Cartier type. Then, it implies that the Frobenius endo-
morphism onQ ⊗ lim←− mH

i
log-crys(X/Wm) is bijective, which is not true in general

as follows.
Choose an integere prime top and let(X,M) be the scheme Spec(k[T ]/(T e))

endowed with the log. structure associated toN→ k[T ]/(T e);1 7→ T . Assume
thatN0 is non-trivial and letf : (X,M)→ (S0, N0) be thek-morphism induced by
e: N→N. Thenf is étale andX is finite overS0. However,H 0

log-crys(X/Wm) ∼=
Wm[T ]/(T e) and the Frobenius endomorphism is given byT 7→ T p.

In the casef is of Cartier type, O. Hyodo and K. Kato proved in [Hyo-K] (2.23),
(2.24) that the Frobenius endomorphism onQ⊗Hi

log-crys(X/W) is bijective.
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6. Local Cohomology for Log. Crystalline Topos

Since the definitions and fundamental properties of local cohomology for log. crys-
talline topoi are completely parallel to those for classical crystalline topoi ([B] VI
1), we will just give a sketch of them.

In this section, a sheaf of families of supports is considered in the étale topology,
that is, for a schemeX, a sheaf of families of supports8 onX is a sheaf of sets
onXét such that for any étaleX-schemeU,8(U) is a family of supports onU ,
and for any morphism of étaleX-schemesf : U ′ →U , the restriction map8(f ):
8(U)→8(U ′) is given byZ 7→ f −1(Z).

Let (S,N) be a fine log. scheme with a PD-ideal(I, γ ), and let(X,M) be a
fine log. scheme over(S,N). Assume thatγ extends toX and that there exists an
integern > 0 such thatnOS = 0.

WhenX→ S is locally of finite type, we define the restricted crystalline site as
follows.

DEFINITION 6.1 (cf. [B] IV Definition 1.7.1). Assume thatX is locally of finite
type overS. Let(U, T ,MT , δ) be an object of(X/S)log

crys= ((X,M)/(S,N, I, γ ))crys.
We say that(U, T ,MT , δ) is a fundamental thickeningif there exists an(S,N)-
closed immersioni : (U,M|U) ↪→ (Y, L) into a smooth fine log. scheme over
(S,N) such that(U, T ,MT , δ) is isomorphic to the PD-envelope ofi with respect
to γ .

DEFINITION 6.2 (cf. [B] IV Definition 2.2.1). Assume thatX is locally of finite
type overS. We define therestricted crystalline site

(X/S)
log
Rcrys= ((X,M)/(S,N, I, γ ))Rcrys

to be the full-subcategory of(X/S)log
crys consisting of fundamental thickenings en-

dowed with the induced topology.
Note that the above definition is slightly different from that of [B] IV 2. When

we consider the restricted crystalline site(X/S)log
Rcrys, we always assume thatX→ S

is locally of finite type. In the following, we write0((X,M)/(S,N), F ) for
0((X/S)

log
crys, F ) (resp.0((X/S)log

Rcrys, F )) for a sheaf of Abelian groupsF on

(X/S)
log
crys (resp.(X/S)log

Rcrys).
Let ϕ be a family of supports onX. For a sheaf of Abelian groupsF on

(X/S)
log
crys (resp. (X/S)log

Rcrys), we define 0ϕ((X,M)/(S,N), F ) to be {s ∈
0((X,M)/(S,N), F )| For each(U, T ,MT , δ), there existsZ ∈ ϕ such that the
support of the sectionsT of FT defined bys is contained inu−1(Z), whereu is the
morphismU→X}. This is left exact onF . We denote byHi

ϕ((X,M)/(S,N), F )

its derived functors.
For two families of supportsψ ⊂ ϕ onX, we define0ϕ/ψ((X,M)/(S,N)), F )

to be the quotient0ϕ((X,M)/(S,N), F )/0ψ((X,M)/(S,N), F ), and we denote
byHi

ϕ/ψ((X,M)/(S,N), F ) its derived functors.
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For a sheaf of families of supports8 onX and a sheaf of Abelian groupsF on
(X/S)

log
crys (resp.(X/S)log

Rcrys), we define the subsheaf08(F) ⊂ F by08(F)((U, T ,
MT , δ)) = {s ∈ F((U, T ,MT , δ))| The sections has its support in8(U) as a
section ofFT }. This is left exact onF . We denote byH i

8(F ) its derived functors.
Finally, for two sheaves of families of supports9 ⊂ 8, we define08/9(F ) to

be the quotient08(F)/09(F ), and denote byH i
8/9(F ) its derived functors.

For a family of supportsϕ onX, we define the sheaf of families of supportsϕ̃
by ϕ̃(U) = {Z|Z is a closed subset ofU such that there exists an open covering
U = ∪iUi andZi ∈ ϕ such thatUi ∩ Z ⊂ u−1(Zi)}. Hereu: U→X denotes the
structure morphism.

For a closed subsetZ ⊂ X, we defineϕZ to be the set of closed subsets ofZ
and put

0Z := 0ϕZ , 0Z := 0ϕ̃Z , H i
Z := Hi

ϕZ
, H i

Z = H i
ϕ̃Z
.

For two closed subsetsZ ⊂ Y ⊂ X, we define0Y/Z, 0Y/Z,H
i
Y/Z and H i

Y/Z

similarly.
For a family of supportsϕ onX, we have

Hi
ϕ(F )

∼= lim−→
Z∈ϕ

H i
Z(F ), H i

ϕ̃(F )
∼= lim−→

Z∈ϕ
H i
Z(F ) (6.3)

and similar isomorphisms forHi
ϕ/ψ andH i

ϕ̃/ψ̃
(cf. [Ha] IV Section 1).

More generally, whenX is locally Noetherian, for a subsetZ ⊂ X stable under
specialization (i.e.x ∈ Z and x′ ∈ {x} implies x′ ∈ Z), we define the family
of supportsϕZ on X by {Y |Y is a closed subset ofX and there exists an open
coveringX = ∪iUi and a finite set{xλ;λ ∈ 3i} ⊂ Z for eachi such thatY ∩ Ui
is contained in∪λ∈3i{xλ}} and define0Z,H i

Z, 0Z,H
i
Z, 0Z/Z′,H

i
Z/Z′, 0Z/Z′, and

H i
Z/Z′ in the same way.
Flasque sheaves are acyclic for the four functors defined above (cf. [B] VI

1.1.6). Hence, for a sheaf of ringsA on (X/S)log
crys (resp.(X/S)log

Rcrys) and anA-
moduleF , the local cohomology ofF considered in the category ofA-modules
coincides with that ofF as sheaves of Abelian groups since injectiveA-modules
are flasque.

For a flasque sheafF on(X/S)log
crys (resp.(X/S)log

Rcrys) and an objectT ∈ (X/S)log
crys

(resp.(X/S)log
Rcrys), FT is flasque onTét (cf. [B] VI Proposition 1.1.5). From this, we

obtain the following proposition.

PROPOSITION 6.4 (cf. [B] VI Proposition 1.1.7).Let9 ⊂ 8 be two sheaves of
families of supports onX and letF be a sheaf of Abelian groups on(X/S)log

crys

(resp.(X/S)log
Rcrys). Then, for all(U, T ,MT , δ) ∈ (X/S)log

crys (resp.(X/S)log
Rcrys), we

have isomorphisms

H i
8(F )T

∼= H i
ét,8|U(FT ), H i

8/9(F )T
∼= H i

ét,8|U/9|U(FT ).
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We need the following propositions.

DEFINITION 6.5. Assume thatX is locally noetherian. For a sheaf of Abelian
groupsF on (X/S)log

crys (resp.(X/S)log
Rcrys) and a pointx ∈ X, we defineH i

x(F ) :=
H i

{x}/({x}\{x})(F ).

PROPOSITION 6.6.Assume thatX is locally noetherian and letZ′ ⊂ Z ⊂ X be
two subsets stable under specialization. Assume thatz ∈ Z\Z′, z′ ∈ {z}, z′ 6= z

impliesz′ ∈ Z′. Then, for any sheaf of ringsA on (X/S)log
crys (resp.(X/S)log

Rcrys) and
anA-moduleF , there exists a canonicalA-linear isomorphism

⊕
z∈Z\Z′ H i

z(F )
∼=

H i
Z/Z′(F ).
Proof.Using Proposition 6.4, we can reduce to the corresponding claim for étale

cohomology. 2
PROPOSITION 6.7 (cf. [B] VI Proposition 1.1.11).Let (8i)i∈N be a family of
sheaves of families of supports onX such that8i+1 ⊂ 8i and8i = 0(i � 0).
Then, for a sheaf of ringsA on (X/S)log

crys (resp.(X/S)log
Rcrys) and anA-moduleF ,

there is a spectral sequence ofA-modulesEp,q1 = Hp+q
8p/8p+1

(F )⇒ Hn
80
(F ).

For an open immersionj: V ↪→ X, we denote byjcrys the morphism of topoi

((V /S)log
crys)

∼ ∼→ ((X/S)log
crys)

∼/Vcrys→ ((X/S)log
crys)

∼

(resp. ((V /S)log
Rcrys)

∼ ∼→ ((X/S)
log
Rcrys)

∼/Vcrys→ ((X/S)
log
Rcrys)

∼),

whereVcrys denotes the sheaf of sets defined by0((U, T ,MT , δ), Vcrys) = HomX

(U, V ). Let Y be the closed subscheme ofX defined by the ideal generated by
some sectionst1, . . . , td ∈ 0(X,OX). LetUi0,...,ik (1 6 i0 < · · · < ik 6 d) be the
locus whereti0, . . . , tik are invertible and letji0,...,ik be the inclusionUi0,...,ik ↪→ X.
For a sheaf of Abelian groupsF on (X/S)log

crys (resp.(X/S)log
Rcrys), we define the

complexC.t1,...,td (F ) to be

Ckt1,...,td (F ) =
⊕

16i0<···<ik6d
(ji0,...,ikcrys)∗(ji0,...ikcrys)

∗F

with the differential homomorphisms defined by the usual alternating sums.

PROPOSITION 6.8 (cf. [B] VI Proposition 1.2.5).LetF be anOX/S-module such
that, for each(V , T ,MT , δ) ∈ (X/S)log

crys (resp.(X/S)log
Rcrys), F(V,T ,MT ,δ) is a quasi-

coherentOT -module. ThenR0Y (F ) is canonically isomorphic to the complex
0→F→C

.
t1,...,td (F )→0, whereF is placed in degree0. Especially, ifF is quasi-

coherent,Hd
Y (F ) is quasi-coherent, and ifF is a quasi-coherentOX/S-module on

(X/S)
log
Rcrys, thenH i

Y (F ) are quasi-coherent for alli.
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7. Cousin Complex on Log. Crystalline Topos

LEMMA 7.1. LetX be a locally noetherian scheme and letψ ⊂ ϕ be two fam-
ilies of supports onX. Let F be a quasi-coherentOX-module. Letε denote the
projectionX∼ét → X∼Zar. ThenRε∗(H i

ét,ϕ̃/ψ̃
(F )) ∼= H i

Zar,ϕ̃/ψ̃
(F ) and, for any étale

morphismu: U → X,

H i

ét,ϕ̃/ψ̃
(F )|UZar

∼= (uZar)
∗H i

Zar,ϕ̃/ψ̃
(F ),

where the left-hand side is the sheaf onUZar obtained by restriction.
Proof. We prove the claim forH i

•,Y/Z(F )(• = ét,Zar) for closed subschemes
Y andZ of X such thatZ ⊂ Y . The general case follows from this and the
isomorphism

H i

•,ϕ̃/ψ̃ (F )
∼= lim−→

Y∈ϕ,Z∈ψ
Z⊂Y

H i
•,Y/Z(F ) (• = ét,Zar).

For anyOX-moduleF onXét, we have a canonical homomorphism

0Zar,Y/Z(ε∗F)→ ε∗0ét,Y/Z(F ), (7.2)

which makes the following diagram commute.

0 - ε∗0ét,Z(F )
- ε∗0ét,Y (F )

- ε∗0ét,Y/Z(F )

0 - 0Zar,Z(ε∗F)

wwwww
- 0Zar,Y (ε∗F)

wwwww
- 0Zar,Y/Z(ε∗F)

6

- 0.

Since the functors0Zar,Y/Z, 0ét,Y/Z, andε∗ preserve flasque sheaves and flasque
sheaves are acyclic for these functors, the homomorphism (7.2) induces a morph-
ism of functors

R0Zar,Y/ZRε∗→Rε∗R0ét,Y/Z. (7.3)

If F is flasque, the homomorphism (7.2) is an isomorphism since0ét,Z(F ) is
flasque and henceR1ε∗(0ét,Z(F )) = 0. This implies that the morphism (7.3) is
an isomorphism.

SinceRε∗G = G for a quasi-coherentOX-moduleG onXét, it remains to prove
that H i

Y/Z,ét(F ) is quasi-coherent ifF is quasi-coherent. This follows from the
following sublemma. 2
SUBLEMMA 7.4. Let X be a scheme and letY ⊂ X be the closed subscheme
defined by the ideal generated by a sequence of sectionst1, . . . , td ∈ 0(X,OX).
LetUi0,...,ik ⊂ X be the maximal open subset ofX whereti0, . . . , tik is invertible
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for 1 6 i0 < · · · < ik 6 d and letji0,...,ik be the inclusionUi0,...,ik ↪→ X. LetF be
a quasi-coherentOX-module onXét and letC.t1,...,td (F ) be the complex whosekth
term is⊕16i0<···<ik6d(ji0,...,ik )∗(ji0,...,ik )∗F and whose differentialCk→Ck+1 is the
usual alternating sum of thek+2 homomorphisms. ThenR0ét,Y (F ) is canonically
isomorphic to the complexF→C

.
t1,...,td (F ), whereF is placed in degree0.

Let (S,N) be as in the beginning of Section 5.

COROLLARY 7.5. Let g: (Y, L)→ (S,N) be a smooth universally saturated
morphism, and letIg be as in Section2. Then, for any locally freeOY -module of
finite rankF and any integerd > 0, we haveH i

ét,Xd/Xd+1(IgF ) = 0 (i 6= d),

whereXd denotes the set of points of codimensiond in X.
Proof. By Lemma 7.1, it suffices to prove the corresponding claim for Zariski

cohomology. We may assumeY is quasi-compact. Then, sinceIgOY is a dualizing
complex onY by Theorem 2.21, the claim follows from [Ha] V Proposition 7.3.2
Let f : (X,M)→ (S0, N0) andKX/S be as in Section 5.

PROPOSITION 7.6.For any locally freeOX/S-moduleE of finite rank on(X/S)log
Rcrys

and any integerd > 0 H i
Xd/Xd+1(KX/SE) = 0 (i 6= d) andHd

Xd/Xd+1(KX/SE) is a

crystal ofOX/S-module, whereXd denotes the set of points of codimensiond in X.
Proof.By Proposition 6.8 and (6.3),H i

Xd
(KX/SE) is a crystal. HenceH i

Xd/Xd+1

(KX/SE) is a crystal. So the vanishing of the cohomology of degreei 6= d follows
from Corollary 7.5 and Proposition 6.4. 2
By Proposition 6.7, we obtain the following corollary.

COROLLARY 7.7.Under the assumption of Proposition7.6, we have a resolution
ofKX/SE

KX/SE → H0
X0/X1(KX/SE)→H1

X1/X2(KX/SE)

→ · · · →Hd
Xd/Xd+1(KX/SE)→ · · · .

8. Construction of the Trace Morphism

DEFINITION 8.1. For a locally Noetherian schemeX, a sheaf of Abelian groupsF
onX• (• = ét,Zar), and a pointx of X, we defineH i•,x(F ) := H i

•,{x}/({x}\{x})(F ).
We have an isomorphismH i

Zar,x(F )
∼= ix∗Hi

Zar,x(F ), whereix is the morphism
x→X ([Ha] IV Section 1 Variation 8 Motif F).

Let (S,N) be the same as in Section 5, and letg: (Y, L)→ (S,N) be a smooth
universally saturated morphism whose underlying morphism of schemes is of
finite type. Assume thatY is of constant dimensionn. We define the complex
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H
.i•,y(Ig(�

log
Y/S)

.
)(• = ét,Zar) for y ∈ Y to be

· · · →0→H i
•,y(IgOY )→H i

•,y(Ig(�
log
Y/S)

1)

→ · · · →H i
•,y(Ig(�

log
Y/S)

n−1)→H i
•,y(Ig(�

log
Y/S)

n)→0→ · · · ,
whereH i•,y(IgOY ) is placed in degree 0. LetεY denote the morphism of topoi
Y∼ét →Y∼Zar. Then by Lemma 7.1,

RεY∗(H
.i
ét,y(Ig(�

log
Y/S)

.
)) ∼= H

.i
Zar,y(Ig(�

log
Y/S)

.
). (8.2)

On the other hand, we obtain from Proposition 4.1 a morphism

Resg,y: RngZar∗(H
.n
Zar,y(Ig(�

log
Y/S)

.
))→OS,

for each closed pointy ∈ Y .
Let (S0, N0) be the same as in Section 5 and letf : (X,M)→ (S0, N0) be a

smooth universally saturated morphism whose underlying morphism of schemes
is of finite type. Assume thatX is of constant dimensionn. Let εX denote the
morphism of topoiX∼ét→X∼Zar and letuX/S be the projection((X/S)log

Rcrys)
∼→X∼ét.

LEMMA 8.3. Letx ∈ X be a point. Letg: (Y, L)→ (S,N) be a smooth lifting of
an open neighborhoodU ⊂ X of x. Then we have a canonical isomorphism

R(εXuX/S)∗H i
x(KX/S)

∼= ix∗H.iZar,x(Ig(�
log
Y/S)

.
),

whereix denotes the morphismix: x→X.
Proof.Let j denote the morphismU ↪→ X. Since we have an isomorphism

j−1R(εXuX/S)∗H i
x(KX/S)

∼= i′x∗H.iZar,x(Ig(�
log
Y/S)

.
)

by Proposition 7.6, Proposition 6.4, and (8.2), wherei′x denotes the morphism
x→U , it is sufficient to prove that the morphism

R(εXuX/S)∗H i
x(KX/S)→Rj∗j−1(R(εXuX/S)∗H i

x(KX/S))

is an isomorphism. Since the question is Zariski local onX, we may assume
that there exists a liftingg′ : (Y ′, L′)→ (S,N) of f globally. Then we have an
isomorphism

R(εXuX/S)∗H i
x(KX/S)

∼= ix∗H.iZar,x(Ig′(�
log
Y ′/S)

.
).

The claim follows from this. 2
Let fX/S: ((X/S)log

Rcrys)
∼→ (SZar)

∼ be the compositefZarεXuX/S.
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PROPOSITION 8.4 (cf. [B] VII Proposition 1.2.8).For a closed pointx ∈ X, there
exists a unique homomorphism ofOS-modulesResf,x: RnfX/S∗(Hn

x (KX/S))→OS

such that, for any smooth universally saturated liftingg : (Y, L)→ (S,N) of an
open neighborhoodU of x, the following diagram commutes

RnfX/S∗(Hn
x (KX/S))

Resf,x - OS

RngZar∗(H
.n
Zar,y(Ig(�

log
Y/S)

.
))

o
wwwwLemma 8.3

Resg,x- OS

wwwww (8.5)

Proof.The existence of a neighborhood and a lifting follows from [K1] Propos-
ition (3.14). ChooseU andg and define Resf,x by the commutative diagram (8.5).
Since, for any affine open neighborhoodU of X and any two liftings(Y, L) and
(Y ′, L′), there is an(S,N)-isomorphism(Y, L) ∼= (Y ′, L′) compatible with the
embeddings of(U,M|U) (loc. cit.), this definition does not depend on the choice
of U andg. 2
LEMMA 8.6 (cf. [B] VII Lemma 1.4.1).RiuX/S∗ commutes with direct sums.

Proof. Since the question is étale local onX, we may assume that there exists
a closed immersion of(X,M) into a smooth fs log. scheme(Y, L) over (S,N).
Then there exists an isomorphism

RuX/S∗F ∼= (F(X,X)→F(X,DX(Y ))→F(X,DX(Y 2))→ · · ·),

(cf. [B] V Proposition 1.3.1) and each term of the complex commutes with direct
sums. 2
LetXd be the set of points of codimensiond of X.

LEMMA 8.7 (cf. [B] VII Proposition 1.4.2).Assume thatX is quasi-compact.

(1) For all i andj , the homomorphism⊕
x∈Xi\Xi+1

RjfX/S∗(H i
x(KX/S))→RjfX/S∗(H i

Xi/Xi+1(KX/S))

is an isomorphism.
(2) For all i, RjfX/S∗(H i

Xi/Xi+1(KX/S)) = 0, j > n.

Proof. (1) This follows from Proposition 6.6, Lemma 8.6 and the fact that
RifZar∗ andRεX∗ commute with direct sums. Note thatX is Noetherian.

(2) By (1), it is enough to proveRjfX/S∗(H i
x(KX/S)) = 0 for x ∈ X andj > n.

This follows from Lemma 8.3. 2
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By Lemma 8.7 and Proposition 8.4, we obtain anOS-linear homomorphism

Resf : RnfX/S∗(Hn
Xn(KX/S))→OS. (8.8)

PROPOSITION 8.9 (Residue Theorem) (cf. [B] VII Proposition 1.4.5)Assume that
X is proper overk. Then the composite

RnfX/S∗(Hn
Xn−1/Xn

(KX/S))→RnfX/S∗(Hn
Xn(KX/S))

Resf- OS

is 0.

In the following until the end of the proof of Proposition 8.9, we simply write
X,Y, . . . , instead of(X,M), (Y,L), . . . , for log. schemes. We will need an ana-
logue of [B] VII 1.3 for fine log. schemes.

LEMMA 8.10. LetX andS be fine log. schemes, letf : X→ S be a log. smooth
morphism, letI be an ideal ofOS such thatI 2 = (0), and letS0 ↪→ S be the exact
closed immersion defined byI . LetX0 := X ×S S0 and let i be the exact closed
immersionX0 ↪→ X.

(1) Define the presheafAutS(X/X0) on (X0)ét by

0(U,AutS(X/X0)) = {σ ∈ AutS(X|U)| σ ◦ i|U = i|U }.
Then there is a canonical isomorphism

AutS(X/X0) ∼= HomOX0
(i∗�log

X/S, IOX).

EspeciallyAutS(X/X0) can be regarded as a quasi-coherentOX0-module.
LetZ0 ↪→ X0 be an exact closed immersion and letk be an arbitrary positive

integer. Letu0 : W0 ↪→ X0 (resp.u : W ↪→ X) be the exact closed immersion
whose underlying morphism of schemes gives thekth infinitesimal neighborhood
ofZ0 in X0 (resp.X). Letj be the morphismW0 ↪→ W .

(2) Define the presheafAutS(W/W0) on (W0)ét by

0(V,AutS(W/W0)) = {τ ∈ AutS(W |V )| τ ◦ j |V = j |V }.
Then there is a canonical isomorphism

AutS(W/W0) ∼= HomOW0
(j ∗�log

W/S, IOW).

EspeciallyAutS(W/W0) can be regarded as a quasi-coherentOW0-module.
(3) The homomorphismAutS(X/X0)→ u0∗AutS(W/W0) defined by restric-

tion is a homomorphism ofOX0-modules. Iff is integral, this is surjective as a
morphism of sheaves.
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Proof. (1) and (2) follows from [K1] Proposition (3.9). The surjectivity in (3)
follows from an analogue of [B] VII Lemma 1.3.2 for fine log. schemes in the same
way as [B] VII Corollary 1.3.3. Left to the reader for details. 2
DEFINITION 8.11 (cf. [B] VII Definition 1.3.1). LetX andS be fine log. schemes,
let f : X→ S be a log. smooth morphism, letZ ↪→ X be an exact closed im-
mersion, and letk be an arbitrary positive integer. LetW ↪→ X be the exact
closed immersion whose underlying morphism of schemes gives thekth infinites-
imal neighborhood ofZ in X. Let S ↪→ S ′ be an exact closed immersion, letI
be the ideal ofOS defining S and letSn ↪→ S ′ be the exact closed immersion
defined byI n+1. We say that anSn-fine log. schemeWn with anS-isomorphism
W
∼→ Wn ×Sn S is adeformation of ordern if it satisfies the following condition.
For eachx ∈ Z, there exist an étale neighborhoodU of x inX as a scheme and a

log. smooth liftingUn→ Sn of f |U such that there is anSn-isomorphism between
Wn|U andW ′n which induces the identity ofW |U . HereW ′n is thekth infinitesimal
neighborhood ofZ|U in Un endowed with the inverse image log. structure.

LEMMA 8.12. Keep the notation and assumption of Definition8.11. Furthermore
assume thatf is integral and the underlying scheme ofX is affine. Letn be a
positive integer and letWn−1 be a deformation of ordern − 1 of W . Then, there
is a deformation of ordern Wn with anSn−1-isomorphismWn−1

∼= Wn × snSn−1

which induces the identity onW . Furthermore such a deformation is unique up to
isomorphisms.

Proof.There existsWn étale locally onX, and two deformationsWn andW ′n are
isomorphic étale locally onX by Lemma 8.10 (3) (cf. [B] VII Proposition 1.3.4).
Hence the lemma follows from Lemma 8.10 (2). 2
COROLLARY 8.13 (cf. [B] VII Corollary 1.3.7).Keep the notation and assump-
tion of Definition8.11. Assume thatf is integral, the underlying scheme ofX is
separated, and the underlying scheme ofZ is noetherian of dimension1. Then, for
all n, there exists a deformation of ordern ofW .

Proof of Proposition8.9. The proof is essentially the same as that of [B] VII
Proposition 1.4.5. By Lemma 8.7, it is sufficient to prove that for anyz ∈ Xn−1\Xn,
the composite

RnfX/S∗Hn−1
z (KX/S) →RnfX/S∗Hn

{z}\{z}(KX/S)

∼=
⊕

x∈{z}\{z}
RnfX/S∗Hn

x (KX/S)→OS

is 0, where the last morphism is the sum of Resf,x .
Fix z ∈ Xn−1\Xn anda ∈ RnfX/S∗Hn−1

z (KX/S). Choose and fix an affine open
neighborhoodU ⊂ X of z and a log. smooth liftingg: V → S of f |U such thatV
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has an fs. log. structure. By Lemma 8.3, there is a surjectionHn−1
Zar,z(Ig(�

log
V/S)

n)→
RnfX/S∗Hn−1

z (KX/S). Let b be a lifting ofa under this surjection.
Let iz be the morphismz→V and letZ be the closure of{z} in X with the

reduced induced closed subscheme structure. Letk be a positive integer such thatb
is killed by thekth power of the defining ideal of the closed immersionZ∩U ↪→ V

as a section of the quasi-coherentOV -moduleiz∗Hn−1
Zar,z(Ig(�

log
V/S)

n).
Let h : W→ S be a deformation of orderm − 1 (Definition 8.11) of thekth

infinitesimal neighborhoodZ(k) of Z ⊂ X. Since the dimension ofZ is 1, such a
deformation exists (Corollary 8.13). Furthermore, by Lemma 8.12, we may assume
that we are given anS-exact closed immersionu : W ∩ U ↪→ V such that the
following diagram commutes andW∩U becomes akth infinitesimal neighborhood
of Z ∩ U ↪→ V by this morphismu.

Z(k) ∩ U - W ∩ U

U
?

- V.
?
u

By Theorem 2.21, we have isomorphisms

(h|W ∩ U)1OS
∼= u1g1OS

∼= u∗HomOV (OW∩U, g1OS)

∼= u∗HomOV (OW∩U,E(Ig(�
log
V/S)

n[n]))
and, hence, an isomorphism

((h|W ∩ U)1OS)
−1 ∼= u∗HomOV (OW∩U, iz∗Hn−1

Zar,z(Ig(�
log
V/S)

n)). (8.14)

Hereu denotes the morphism of ringed spaces(W ∩U,OW∩U)→ (V , u∗(OW∩U)).
Since the codimension functiond associated to the dualizing complexQ(h1OS)

is d(x) = codimZ(x)− 1, we have isomorphisms

(h1OS)
0 ∼= ⊕x∈Z\{z}(h1OS)

0
x, (8.15)

(h∗h1OS)
−1 ∼= ((h|W ∩ U)∗(h|W ∩ U)1OS)

−1. (8.16)

By the choice ofk and the isomorphisms (8.14) and (8.16), we can regardb as an
element ofh∗(h1OS)

−1, which we denote bya′.

Claim.For anyx ∈ Z\{z}, the image ofa under the composite

RnfX/S∗Hn−1
z (KX/S)

δ- RnfX/S∗Hn
x (KX/S)

Resf,x- OS (8.17)
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coincides with the image ofa′ under the composite

h∗(h1OS)
−1 δ- h∗(h1OS)

0
x

Resh,x- OS. (8.18)

Hereδ denotes thex-component of the homomorphismRnfY/S∗Hn−1
z (KX/S)→

RnfX/S∗Hn
Z\{z}(KX/S) (resp.h∗(h1OS)

−1→h∗(h1OS)
0) and Resh,x denotes the

restriction of the trace map to thex-component.
Sincehred is proper,h is also proper. Hence, by the Residue Theorem (Theorem

1.4), the sum of the images ofa′ under the homomorphisms (8.18) is 0. Hence the
proposition follows from this claim.

We will prove the claim in the following. Take an affine open neighborhoodU ′
of x in X and a log. smooth liftingg′: V ′ → S of f |U ′ such thatV ′ has an fs log.
structure. LetW ′ be thekth infinitesimal neighborhood ofZ ∩ U ′ in V ′ endowed
with the inverse image of the log. structure ofV ′, and leth′ be the morphism
W ′ → S. PutU ′′ = U ∩U ′. Then, by Lemma 8.12, [K1] Proposition (3.14) (1) and
Lemma 8.10 (3), there exist anS-isomorphismεW : W ′ ∼→ W ∩ U ′ compatible
with the embeddings ofZ ∩ U ′ and anS-isomorphismεV : V ′ ∩ U ′′ ∼→ V ∩ U ′′
compatible with the embeddings ofU ′′ such that the restriction ofεW toW ′ ∩ U ′′
coincides with the morphism induced byεV .

Let ε(b) be the image ofb under the isomorphism

Hn−1
Zar,z(Ig(�

log
V/S)

n) ∼= Hn−1
Zar,z(Ig|V∩U ′′(�

log
V∩U ′′/S)

n)

ε∗V- Hn−1
Zar,z(Ig′|V ′∩U ′′(�

log
V ′∩U ′′/S)

n)

∼= Hn−1
Zar,z(Ig′(�

log
V ′/S)

n).

Then the image ofa under the morphism (8.17) coincides with the image ofε(b)

under the composite

Hn−1
Zar,z(Ig′(�

log
V ′/S)

n)
δ- Hn

Zar,x(Ig′(�
log
V ′/S)

n)
Resg′,x- OS.

Let ε(a′) be the image ofa′ under the isomorphism

h∗(h1OS)
−1 ∼= (h|W ∩ U ′)∗((h|W ∩ U ′)1OS)

−1 ε∗W- h′∗(h
′1OS)

−1.

Then the image ofa′ under the morphism (8.18) coincides with the image ofε(a′)
under the compositeh′∗(h′1OS)

−1 δ- h′∗(h′1OS)
0
x

Resh′,x- OS.

The image ofε(a′) under the isomorphism

h′∗(h
′1OS)

−1 ∼= HomOV ′ (OW ′, i
′
z∗H

n−1
Zar,z(Ig′(�

log
V ′/S)

n))

coincides with the element defined byε(b), wherei′z is the morphismi′z: z→V ′.
Hence the image ofε(a′) under the trace map Tru′: h′∗(h′1OS)

−1→ g′∗(g′1OS)
−1,
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whereu′ is the exact closed immersionW ′ ↪→ V ′, coincides with the image
of ε(b) under the inclusionHn−1

Zar,z(Ig′(�
log
V ′/S)

n) ↪→ g′∗(g′1OS)
−1. Therefore the

claim follows from the following commutative diagram (Theorem 1.2 (1) and
Theorem 1.4).

h′∗(h
′1OS)

−1 δ- h′∗(h
′1OS)

0
x

Resh′,x- OS

g′∗(g
′1OS)

−1
?
Tru′

δ- g′∗(g
′1OS)

0
x

?
Tru′

Resg′,x- OS.

wwwww
LetE(KX/S) be the Cousin complex

· · · →0→H0
X0/X1(KX/S)→H1

X1/X2(KX/S)

→ · · · →Hn−1
Xn−1/Xn

(KX/S)→Hn
Xn(KX/S)→0→ · · · .

Then the morphismKX/S→E(KX/S) gives a resolution ofKX/S (Corollary 7.7),
and we obtain the spectral sequence

E
i,j

1 = RjfX/S∗(H i
Xi/Xi+1(KX/S))⇒ RkfX/S∗KX/S.

By Lemma 8.7 (2), we obtain an exact sequence

RnfX/S∗(Hn−1
Xn−1/Xn

(KX/S)) → RnfX/S∗(Hn
Xn(KX/S))

→ R2nfX/S∗(KX/S)→0.

Hence, by Proposition 8.9, we obtain the following theorem.

THEOREM 8.19 (cf. [B] VII Theorem 1.4.6).Assume thatX is proper overk.
Then there exists a uniqueOS-linear homomorphism (called trace morphism)Trf :
R2nfX/S∗(KX/S)→OS such that, for all closed pointsx, the following diagrams
commute.

RnfX/S∗(Hn
x (KX/S))

Resf,x- OS

R2nfX/S∗(KX/S)
?

Trf - OS.

wwwww
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