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MULTIPLIERS ON SPACES OF ANALYTIC FUNCTIONS

OSCAR BLASCO

ABSTRACT.  In the paper we find, for certain values of the parameters, the spaces of
multipliers (H(p, g, @), H(s, 1, 8)) and (H(p, g, @), '), where H(p, g, &) denotes the space

of analytic functions on the unit disc such that (1—-r)*M,(f,r) € L9( l_d:_r)‘ As corollaries

we recover some new results about multipliers on Bergman spaces and Hardy spaces.

0. Introduction. Giventwo sequence spacesX and Y, we denote by (X, Y) the space
of multipliers from X into Y, that is the space of sequences of complex numbers (\,) such
that (\,a,) € Y for (a,) € X.

When dealing with spaces of analytic functions defined on the open unit disc D we as-
sociate to each analytic function f(z) = >52, a,Z" the corresponding sequence of Taylor
coefficients (a,). In this sense any space of analytic functions is regarded as a sequence
space and it makes sense to study multipliers acting on different classes of spaces such
as Hardy spaces, Bergman spaces and so on.

During the last decade lots of results were obtained (see [AS, BST, DS1, M, MP1,
MP2, S2, SW]). Recently the interest on similar questions has been renewed and some
new results on multipliers on Hardy and Bergman spaces have been achieved (see [W,
MP3, JP, MZ, V]).

The aim of this paper is to study spaces of multipliers acting on certain general classes
of analytic functions, denoted by H(p, g, o), which consists of functions on the unit disc
such that (f3(1 — N~ M{(f.r) dr)'/ ! < o0,

The definition of these classes goes back to the work of Hardy and Littlewood (see
[HL1, HL2]) and they were intensively studied for different reasons and by several au-
thors. The reader is referred to the papers [DRS, F1, F2, MP1, S1, Sh] for information
and properties on the spaces.

There are two different techniques used in the paper. On one hand the use of a gen-
eral theorem on operators acting on H(p, g, «) for 0 < p < 1 which allows us to find
(H(p, q, ), H(s, t, 6)) and (H(p,q, ), l‘) forthecasesO <p,g<landl <s,r <00
and also for 0 < p < 1 < g although only for particular cases of s and ¢. In particular we
can get a proof of the recent theorem, due to M. Mateljevic and M. Pavlovic (see [MP3]),
which says that (H', BMO) = Bloch and we realize that this result still has an extension
to the setting of H(p, g, o) spaces.
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On the other hand, the use of Khintchine’s inequality allows us to see that multipli-
ers on H(p, g, o) for values p > 2 depend in most cases on those for H(2, g, o), being
these spaces isomorphic to /(2, g) (see definition below) and hence very easy to deal with
them. This will allow us, in particular, to extend and give simpler proofs of the results
on Bergman spaces B (corresponding to H(p, p, 1 /p)) due to P. Wojtaszczyk (see [W]).

The paper is divided into six sections. The first one has a preliminary character and
several general facts and properties on the spaces are shown. Sections 2 and 3 are de-
voted to the cases H(p, g, o) for values p = 2 and 0 < p < 1 respectively, finding
useful Littlewood-Paley type characterizations of the spaces and a general theorem on
operators acting on H(p, g, a) when 0 < p, ¢ < 1. In Section 4 we deal with multipli-
ers (H(p, q, o), l‘) recalling the known results and proving a new one regarding the case
0 < p <1 <gq. Section 5 concerns with multipliers (H(p, q, a); H(s,t, ,8)) and finally we
obtain applications to Bergman and Hardy spaces in the last section. Besides the results
in [W, MP] just pointed out above we can recover some new ones on multipliers acting
on Bergman spaces B” for 1 < p <2 obtained in [MZ, V].

Throughout the paper all functions f will be analytic on the unit disc and A may be
considered as a function A(z) = 3,2, A.2" or as the sequence (),) given by its Taylor
coefficients. If f(z) = X2 a,z" and g(z) = 3.2, b,2" then we shall write f * g(z) =
Y2 o anbp2". As usual M,(f, r) stands for ( JF f(re®)|P %)l/ ” and we denote by H? and
B? the classical Hardy and Bergman spaces respectively. Finally recall that the notation
p’ will be used for the conjugate exponent of p verifying 1 /p+1/p’ = 1 and C will stand
for a constant that may vary from line to line.

1. Background and preliminary results.
DEFINITION 1.1. Let0<p <ooand 0 < «, g < 00. H(p, g, @) will be the space of
analytic functions on the open unit disc D satisfying

I 1/
Fllpge = (/0 (1 — = M, r)dr) ! < .

Let 0 < p < ooand 0 < a. HY, (or H(p, 00, )) will be the space of analytic functions
on the open unit disc D satisfying

fllpooe = sup (1 = N*My(f, r)dr < co.
o<r<l1

Let us collect some estimates to be used in the sequel.

LEMMA A (GENERAL ESTIMATES). Letp; < p>, ¥ > l andd < 3. Then

(1.1) M, (f,r) < C(1 —n'/P=VPip, (f,r) (see [D, p. 84]),
o df

(1.2) b e = 01/ =) (see D. p.65))
Y

(1.3) [)l g(]l—r’:r)?)gdr:O(l/(l—s)ﬁ’é) (see [SW, Lemma 6]).
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We are going to formulate the results and properties that will be needed later on. We
start with some very elementary embeddings which follow easily from (1.1).

LEMMA B (EMBEDDINGS). If0 < p,q,a, p1 < p2,q1 < g2 and ay < ay. Then

(1.4) H’™ C H(pa,q1,a1) C H(py, g2, a2) C H
(1.5) H(pi,q,@) C Hpa, g, + 1 /py — 1/172),
(16) H(P,CD’(X)CH(P’C]!’(I"'I/C]I_1/(12)~

Now we shall state two easy results about multipliers with hold in general cases.
LEMMA C (MULTIPLIERS). Let 0 < pi,p2,q1,92, o, < 09, p_. +5 > ]l) =
l+lz—land1:q—'l+i. Then
(1.7 If * gllpg.ars < Ifllprarallg
Let 0 < g, a <ooandf(z) = X2, anz". Then

) |an|q l/tl
(1.8) (z-——ﬁj < Clfll1 e

=0 (n + 1)qa+l

p2.42.0*

PROOF. (1.7) follows by applying consecutively Young’s and Holder’s inequalities.
To show (1.8) we simply use the trival estimate |a,|r" < M\(f, r).

1—1/(n+1 1/
Wlhaa = (35 [ @ = e tatignyar)

n=|\

n+ 1
(Z/!l 1/( n r)qQAIrqn|an|qdr> /4
S lanlq 1 "ll)]/q
> P
_(,,2:4, (n+l)‘1‘)“ln(n+1)<1 n)

S o __lal e
_C(Z(n+l)‘i“+‘) ‘ .

0

The interest on these spaces appeared from their conection with Hardy spaces and
mainly from inequalities like the ones we mention in the next lemma. They were shown
in [HL1, F1, LP].

LEMMA D (INEQUALITIES). Let 1l <p <2 < g < 00. Then

19) (ﬂa—&wwwmfsawm

(1.10) (/0](1 My, r)dr) < Cllfllm,
. 1

(1.11) (fa=nrmysnar)’ < clflu,
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REMARK 1.1. It is easy to see that (1.9) is equivalent to

| ﬂ .
(1.9 (/0 (1— 7ML, r)dr>’ < ClIfll,-

The two first inequalities are due to Hardy and Littlewood. The case p = 2 follows from
the Plancherel’s theorem, the case p = 1 from factorization of H'-functions as product
of two H?-functions and finally the cases | < p < 2 from interpolation (see [D, Theo-
rems 5.11, 5.6]). An alternative much simpler proof of (1.9), based upon Marcinkiewich’s
interpolation, was shown by Flett (see [F1]).

The inequality (1.11) is due to Littlewood and Paley (see [LP]) and it can be obtained
by means of the operator T(f) = (1 — |z|)f'(z). This operator is bounded from H? into
Lz(fi—’;, Lz(d())) and from H* into L°°(]—‘1f—r,L°°(d9)), then we get the other cases using
interpolation.

Given f(z) = ¥°°,a,z" and 3 > 0 we denote by £ the fractional derivative of f
defined by f9(z) = 22, Tt a, .

The reader is referred to [HL1, F1, F2, DRS] for different results on fractional deriva-
tives. Let us recall that for 1 < p < 00,0 < a, 8 < 0o we have (see [D, Theorem 5.5]
forg=1)

(1.12) feH;, ifandonlyif ' € HY .

The next result covers other values of g, 0 < ¢ < oo and although it is part of the
folklore we include a proof here because of the lack of any reference.

THEOREM A (FRACTIONAL DERIVATIVES). Let1 <p <00,0< ¢, o, 3 < 00. Then
f belongs to H(p, q, @) if and only if f® belongs to H(p, q, a + 3).

PROOF. Let us assume f € H(p,q, a). Denoting by Kz(z) = 1/(1 — 2%*! we can
write f¥ = f x Kj, therefore

M,,(]dﬁ), r2) <M, (f, M (Kg, r) < C(—l——_lT)B-M,,(f, r).

From this easily follows that f® € H(p, g, a + ).
Conversely, let us assume ¥ € H(p, g, a + §) and 3 > 1. Observe first that

f@)= [O](l — )PP (s2) ds.
This gives
My(rr) < [0 = My, ) ds
i /Or(l” _ S)B*lMll(f(ﬁ)’s) ds

T o\p-l B
5/0(1 P IML (P, 5) ds
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Hence

r 1/q
Illpga < (/Ol(l — )t <[) a- s)ﬁ_]M,,(f(B),s)ds)qdr) =A.

To estimate A we consider first the case 0 < g < 1. Then
1 r
q _ pyge-l — ¢Ya a8
A7 < [a—ne [ =P Mgy, ) dsar
1 1
_ )81 B _ga—l
< [a =9 mg @, 9)( [0 = netar) ds
= (1/qfPIIS , us-

Assume now g > 1. From (1.4) we have that f® € H(p, 1, a+3) and then integration
by parts gives

1 r q—1
q9 — — p)qatf-1 B _ B! B ) Je
AT = (1/ge) [ =@ g, 0O ( [ (1= 9P M sy ds)” .
Now writting (1 — r)#*=1 = (1 — p)@*8-1/4(1 — p)e~D2=1/4' Holder’s inequality gives

1 1 /
Al < C(/o a-— r)(’(‘”ﬁ)_'Mg(f(m, r dr) /qACI/q .

which is the desired inequality.
For general value of 8 we now argue as follows: If f¥ € H(p, g, a+3) and 0 < § < 1
then f#*D € H(p,q, o + 3 + 1) and now apply the previous case. .

Let us finish this section with a theorem about duality that we shall use later. The
reader is referred to [S1, F2, DRS, ACP, SW, Ma] for different duality resuls on several
cases.

We denote by Hy(p, g, &) the closure of polynomials in H(p, g, ). It follows from
standard techniques that the polynomials are dense in H(p, g, @) when p, g < 00, that is
Ho(p,q,x) = H(p,q, @). Next theorem is due to T. M. Flett (see [F2, Theorem 2]). We
present here a proof by using a pairing which is convinient for our purposes.

THEOREM B (DUALITY). Let 1 <p < ooand g € {1,00}. Then
(Ho(p.q. )" = H(p'.q'. )

under the pairing

o0
(f-8)a =Y BQa,n+ l)ayb,
n=0

where B(a,b) = fg(l — gy,

PROOF. Let f(z) = X0 a,2" and g(z) = 372, b,2". It is clear that

1 1 2 —i
f.8)a = T o (1 — 22! (/0 f(re®)g(re 9)d0)rdr
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Therefore using Holder’s inequality twice one gets
1
[(f. 8)al < C/O a- ”)za_lMp(f, My (g, nrdr < C|fllpqallglly g .o

Assume now ¢ € (Ho(p, 1, a))* and define f(z) = ¢(K,) where K,(w) = “fzfvjm
Assume first ¢ = 1. Using duality one can write

2m , . db
My(f,r)= sup || fre®)ge™)—=| = sup |¢(h,)|
g ||gup:l'/° 2l el =

where h,(2) = i 725 £ = K, % g(2).

Observe that since M,(h,,s) < ||g||[;Mi(K,,s), a simple computation, using (1.2)
and(1.3), gives ||A,||p1a < C(I—Jr)—a. This and the previous equality imply that f €
H(', 00, Q).

Assume now g = 00. Let us denote by f(z) = f(sz) for 0 < s < 1. Using the previous

case one has

Willec = sup_ [ 8)el = sup_|o(go)]

| 8lip.coa= g||p.oo4u: 1

Observe now that ||g|lpcoa < |lgllpooq forall 0 < s < 1. Hence ||fi]ly.1.0 < Cllo|l-

Now apply Lebesgue convergence theorem to getf € H(p’, 1, ). u

2. The space H(2,q, ). A sequence space S is called a solid if (a,) € S and |a| <
|a,| implies (a,) € S. It is clear, from Plancherel’s theorem, that H(2, g, @) is a solid
space. In fact, since B(3,n) ~ n—P, we can identify H(2, 2, o) with the space of sequences
(M) such that (n=%),) € 2. Our aim is to get similar identification for other values of
0 < g < oo (see [MP1, S1]). For such a purpose we shall need the following spaces.

DEFINITION 2.1.  Let0 < p, g < 00. Denote by I, = {k € Z : 2""! <k < 2"} and
Iy = {0}. The spaces I(p, q) consist of sequences (a,) € C such that

A
l@lls = (S(S lal)"™) <
n €l,

(with the obvious modifications for the cases where p or ¢ = 00.)
It is very elementary and well known that if o, > 0 and o > 0 then

& 1
2.1) S = 0(——————) if and only if Y g = O(2"*).
n=0 (I=re kel,
As a simple consequence of (2.1) and Plancherel’s Theorem we can obtain, for any
a >0,
(2.2) H2 = {(\) : n" %\, € 1(2,00)}.

To characterize H(2, g, 00) for other values of g we shall use the following lemma.
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LEMMA 2.1. Let0 < gq, 8 < ooanday, > 0. Then

/(1 ryf! (Za ) dr s 22-"54(2 )

kel,

PROOF.

/(1 — ! (Za ) dr= Z/ 22"',.”. =

n=0

e q
> a,,r") dr
n=0

]_2—ln+li

>cy il [0 (5 o) ar
n=0 -2 kel,

1-2 -(n+1)

2 C i 2—)1(/3(/—])(2 ak)q/l‘ By r2’vq dr

n=0 kel, -2

> (Y )

n=0 kel,

Let us now show the converse inequality. Assume first 0 < g < 1.

/(1 Py ‘(nzoa )’ dr<c o -ni (;)(kglnak)rzn")qdr
<C/ (1—ry- I(Z(Z Olk>qr(2"_”") dr

0 “kEl,

q
<cC (1 — pylaty2a-t o) dr
> (T )
<c Z BB 29 (T )’

kel,
<C Z 273 o).
n=0 kel,

Assume now 1 < g < 0o. Write

@) = (1= (3 A,

n=0

Clearly (2.1) gives that ® is a bounded operator from I(1, 00) to L2([0, 1], = r) and
the previous case ¢ = 1 shows that ® is also bounded from (1, 1) into L'([0, 1], ¢ %),
then an interpolation argument shows

[ =y '(Za 2) dr<CZ2 (3 ) .

n=0 =0 kel,

THEOREM 2.1 (SEE [S1, MP1]). Let0 < g <00, a>0andf(z) =32, a,z". Then

fE€HQR,q,a) ifandonlyifn “a, € 12, q).
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PROOF. Use Plancherel’s theorem together with Lemma 2.1 or (2.1) according to
g < 00 or g = oo respectively.

REMARK 2.1. Clearly one can formulate Theorem 2.1 by writing

”f”lq.a ~ (E.O: 2—nqa”Anf”‘2’)l/tl

n=0

where A f(6) = ey, are™.
This can be extended to 1 < p < 00,0 < g < 0o and a > 0 (see [S1, MP2]) to get

00 1/
2.3) llrae (3 2t o) .

n=0

Using (2.3) one can easily obtain the following duality result for | < p, g < oo and
a >0 (see [S1])

(2.4). (Hp.q.@)" = HP'.q', ),

under the pairing (f, g)a = £520 272" 2" Auf (D)A,8(—0) L.

Given a sequence space X, we denote by s(X) and S(X) the largest solid subspace
contained within X and the smallest solid containing X respectively.

It is not hard to show (see [BST, AS]) the following two characterizations:

s(X) = {1 an), € X for every (a,) € I} = (™, X),
S(X) = {A, : there exists (a,) € X such that |\,| < |a,|}.

Let us give S(H(p, q, a)) and S(H(p, q, a)) in the cases which are easy to compute.
Next results follows from either Khintchine’s inequality the case p < 0o or a result by
Kisliakov (see [Ki]) the case p = 00.

LEMMA 2.2, Let0<t<2<p <00, 0<g<oo0oanda>0. Then

2.5 S(H(o0,g, @) = H(2,q, ),
2.6) S(H(p.q. @) = H(2,q, ),
2.7) s(H(t,q, @) = HQ2, 4, ).

REMARK 2.2. We refer the reader to [BST, Theorem 1.8] and [MP2, Theorem 2.4}
for a proof of (2.5), to [MP2, Theorem 2.5] for a proof of (2.6) and to [AS, Lemma 6]
for a particular case of (2.7).
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3. The space H(p,q, @) for 0 < p < 1. Our objective now is to extend (2.3) to
values 0 < p < 1. This can be achieved by replacing the convolution with Dirichlet
kernels Y¢;, € by smooth kernels.

In [JP] the following functions w, were considered:

nel

k
wo(z) =14z, wal@)= Y ¢(F)Z"

k=211
where ¢(r) = w(t/2)—w(t) and w(?) is any infinitely differentiable function with w(r) = 1
fort < 1,0 <w@) <l1forl <tr<2andw()=0fort > 2.

For such functions they showed that for 0 < p < 1 and any analytic function f one

has
3.0 f= Zf * W,
(32) 7 wan < ClIfllp-
THEOREM 3.1. Let0<p <1,0< g, o < oo andf an analytic function. Then
6.3 Wil (352700 o)

PROOF. Using (3.1) it easily follows

X 1/p
My(f.r) < ( S MI(f % wa, r))
n=0
Using now the fact (see [MP2, S2])
(3.4) My(f xwy, 1) R r2"|[f*w,,||,,,

we can write
g < [0 -7 (Sotr et
Applying now Lemma 2.1 we get
Fllrge < (35 27 5 waf) "
n=0

For the converse inequality we use (3.2) and (3.4) to get

- m+|>

1
1 —1
/0 (1 — P MY(F, )y dr = Z [ L (=T MY

> 03 e “/ M(f, r)dr

n=0 e
_p—(n+) "

>czz @D f w1 / L rar

> CZ 27MY|f % w,,||7,. n
n=1
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REMARK 3.1. A similar argument to the one used above, replacing w,, * f by A,f,
gives an alternative proof of (2.3) (the restriction on 1 < p < oo coming from the use of
the boundedness of the Riesz transform).

COROLLARY 3.1. Let0<p <1and0<gq, a<ooandf(z) =2, a,7". Then

(ol
“” ey l)an“m,q < CIV”p,q,a-

PROOF. Note that if ¢, = w,_| + w, then |<;7>,,(k)l > C for k € 1,. Therefore

1
sup |a| < E”% *fll.
kel,

This together with (3.3) implies that for any S,

””_ﬁan”oo,q < C“f“l,qﬁ'
The proof is completed taking 8 = o + % — 1 and using that |V||,,4’0+%_1 < |llpga
which is given by (1.5). u
COROLLARY 3.2. Let ]l <p<2<s5s<00,0<g<o00 |l <t<ooandl < q,
B <00, Iff(2) = £ and” then
3.4 ””kaan”p’,q < C“f”p,q,a’
(3.5) ”f“s,tﬁ < C“”‘ﬂanns’,r

PROOF. Using Corollary 3.1 and Theorem 2.2 we have
H(l,q,0) C {a, : n %, € l(00,q)},
HQ2,q,0) = {a, : n “a, € 1(2,9)}.
Hence an interpolation argument gives
H(p,q,) C{ay:n%a, € I(p,9)}.
To get (3.5) we apply duality. Since 1 < s, ¥’ < 0o applying (2.4) we get

<f’ g>,3 = 2:0272[5" Z akbk'

kel,

Then (3.4) easily gives

o0
Z 272[3" Z akbk

n=0 kel, l

A1l = sup

I|8“",l'.ﬁ§]

< sup [ Pa)lle | Ply)||s
||5’||\-/,r’./1§l

< | Ban)ly -

Next we shall show that the study of multipliers and, in general, of operators acting on
H(p,q,a) for 0 < p, g < 1 relies upon the case H(1, 1, a+i — 1). The reader is referred
to [B1] for a more general formulation of the following result and its applications.
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THEOREM 3.2. Leta > 0,0 < p, ¢ < 1and E be a Banach space. Let T be a linear
map from the space of polynomials into E. Then the following are equivalent

(i) T extends to a bounded operator from H(p, q, &) into E.

mﬂmmm=mmmmmwm@=7¢—

T
| — )t s

(iii) T extends to a bounded operator from H(1, 1, o + 117 ~— 1) into E.

PROOF. (a) = (b). It follows from estimating ||Ky||p 4> since [|[T7(K)|le <
ClIKwlp.g.cc
Using (1.2) and (1.3) we have

_aag—! 1/q
' (1—r) d) 1

(/1(1 — PP MK, r)dr)l/q < C( I <C—
0 prwe - 0 (1 —|w|r)? (= whx

(b) = (c). Since the polynomials are dense in H(1, 1, o + 117 — 1) then it suffices to
prove [T(O|le < ClIfll; | aur_; for all polynomials f.
T
It is immediate to show that if 3 > 0 and f is a polynomial then

. i0
f@zﬂfﬂ—#”ﬁﬁzl—mﬁ.

— Zre'io)ﬂ” 2

Take 8 = 2a+ i — | and a polynomial f, then we have
I o , df
—_ _ G- 0 .
f@ = [ 0= K 2y dr
Then, by linearity

0 : df
T(f) = ./0‘ /02 (1— r)ﬁ— lf(relo)T(Krewie)dr—Q;;.

Therefore .
1 f2r .
Tl < /0 /0 (1—ry! [f(re’e)]]IT(K,e,,,,)“Eer_r
V=N
= C/(; d=n (1 —re dr= Cnf”l,l,wrplq
(¢) = (a). It follows from (1.5). .

REMARK 3.2. Note that the previous result essentially shows that the Banach enve-
lope of H(p,q, ) for 0 < p,q < lis H(1,1,a + zl) — 1) (see [DRS, Sh] for particular
cases).

4. Multipliers (H(p, q,Q), F). There is a general procedure to deal with multipliers
from spaces of analytic functions into ¥ spaces (see [BST, AS]) which consists of iden-
tifying the smallest solid containing the space. This approach can be applied for values
2<p<oo.
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LEMMA 4.1 (SEE [AS, LEMMA 3]).  Let X be a sequence space and S be a solid. Then

(X, 9) = (5X),5),
(S5, X) = (S, s(X)).

@.1)
4.2)

LIIEMMA 4.12 (SEE [lK]). Let 0 < p1,q1, p2.q2 < 00. If we writeg = “—(ﬁ - pl.
(l”ld; = mintg o) - q—] then

(11,90 Up2. 2)) = 1P, @).

As a simple consequence of (4.1), Lemmas 2.2 and 4.2 and Theorem 2.1, we can state
the following

THEOREM 4.1.

Let2SpSoo,0<q§ooand0<a<oo.If%—
and%: !

|
— L then
min(s,q) q

" min(s,2)

1
2

(Hp.q. @), F) = {\ : n%\, € l(r.1)}.

Now we shall try to study the case H(p, g, a) for p < 1. Our main tool will be the
Theorem 3.2.

THEOREM 4.2. Let0<p,g<1<s5<o00

(Hp.q, @), F) = {\, : 077\, € U(s5,00)}.

PROOF.  Apply Theorem 3.2 and observe that condition (ii) says that (A,) belongs to
(H(p.q. ), F) if and only if

n=0

5%l Il I = 0(1/01 = o).

where (u1,) are the Taylor coefficients of 1 /(1 — z)>*+!/7.
Therefore, estimating j, ~ n2**'/7~! and using (2.1) we get n

REMARK 4.1.

a+l

7\, € I(s,00). m

The case p = g = 1 of the previous result was already known (see
[DS1, Theorem 2]), and then, the equivalence between (i) and (iii) in Theorem 3.2 might

have been used, but we have decided to include here this simple direct proof.
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THEOREM 4.3. Let0<p <1 <g<sand0< a < 0. [flr = min(:j‘;,q) +4—1
then

(Hp.q, @), F) = {X s 0™ N, € U(r,00)}.

PROOF. Let us start with the case s = ¢. Then also r = g. Assume first that (),) €
(H(p, q, Q), l'“). Denoting by V, the de la Vallée Poussin kernel, we consider

Ou(t) = Van(t +2").

Since ||Va|]; < 3 forall n € N then it follows that M;(¢,,r) < Cr* and therefore
l¢ll145 < C27 for any 3 > 0.

On the other hand V,, is a polynomial of degree 2n+1 having V,(j) = 1 for |[j| < n+1
and then the assumption on (}\,) and (1.5) imply

(2 b)" < (S 1butor)” < Cléllge

kel, kel,
< )l gasijp1 < C2HEPTD,

Assume now that n‘”rl"”‘)\n € l(g, 00) and use Corollary 3.1 to have

3 allant’ < 32( 5 Pulflanl?)

n=0 “kel,

) i
<y (Z n(‘“F"””I)\nlq) (i;',p n"‘”%*”"]anl")

n=1 “k€l,
a+d -1 —(a+1-1)
S C”l’l ’ A"llz,oo“n r a"“go,q S C”f”?),q,zx‘
Let us now show that the case g < s follows from the previous one. Using duality one
has that if + = 1 — £ then

Ow) € (Hp.q. ). F)  if and only if (\,8,) € (H(p.q. ). ) forall (B,) € I'.

L

From the previous case this means (1>~ \,8,) € (g, 00) for all (8,) € I, that is
1
n®r I, € (l(t, 1, (g, oo))‘ Then the proof is completed by invoking Lemma 4.2. =

REMARK 4.2. For 0 < p < 1 and g = oo the multipliers can be characterized for all
0 < s < o00. The reader is referred to [M, Theorem 1] for a proof of the following result

4.3) (H,F) = {\y : n®5 7N, € I}

Let us conclude with a partial result for the values 1 <p < 2.
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THEOREM 44.  Let 1 <p <2. Let0 < g < oo and s < min(p’, q). Put  +; = 1,

1_1__ 1 1_1_1
r s p’andr—s q°

If 1®\,) € U(r,1) then (\,) € (H(p, q. ), F).

PROOF. Using (3.4) and Holder’s inequality for %I and ? consecutively we have

3 Pallant < 3 (T Pablant)

kel,

Sz alal) " (S aar)”

kel, kel,

<C”(”_"“n>ﬂpq(2(z 2l )S/I

kel,
S C“f”p.q,a”na)‘"“r‘l' L]

5. Multipliers (H(p, g, @), H(s, 1, §)).

LEMMA 5.1. Let0 < p, g < 00. Let f(z) = X2, an2". Let us denote by fi(z) =
Y22 0 tn(X)anz" where ry, stand for the Rademacher functions. Then

1
Mi(f,r) ~ /O Mi(f, r)dx.

PROOF. For p < g we have

(/01 MZ(fx,r)dx)‘/p < ([)' Mz(fx,r)dx)l/q < ([0' Mg(fx,r)dx)l/q

For g < p we have

(/01 MZ(ﬂ,r)dx)l/q < (/O' Ml‘i(fx,r)dx)l/q < (/0' Mg(fx,r)dx)l/p

Then the proof follows form these estimates together with Khintchine’s inequality which
says

(fol MZ(fX,r)dx)l/qNMg(f,r)m ([O' Mg(fx,r)dx)l/p. .

THEOREM 5.1. Let0 < s <2 <p <00, 0< gt <ooanda,B > 0. Let
1/r =1/ min(g,7) — 1/q. Then

(H(p. g, ), Hs.1,0)) = {(\n) : n° PN, € (o0, M)}

PROOF. Using Theorem 2.1 and Lemma 4.2 we have

(HQ2.q, ), H2,1,8)) = {(\) : n°PA, € l(00, 1)}
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We shall show that
(H(p.q. ), H(s,1,)) = (H2.q, ), H2,1. ).

It is immediate that (H(2, ¢, @), H2.1,)) C (H(p.q. @), H(s.1. 3)).

Take now A\, € (H(p, q,a), H(s,t, B)) and f(z) = 3,2, a.z" € H(p, g, @). Denote by
(f * Mx(2) = 202 r(0)agA,2".

In the case t < 0o an application of Lemma 5.1 and Fubini’s Theorem give

[ =i xndr < c [[a-n? [ Mg D) dx) dr
< c/()' (/0'(1 — PIM, x )\,r)dr) dx

! ! t/z/
oGl agq e _
S ¢ 0 (/() (l r) Mp(f\‘ﬁ r)dr) dx = A.

Now if t < g then apply Jensen’s inequality, Fubini and use Lemma 5.1 again, to get

A< C(/Ol(l — ! (/(;l M;f(fx,r)dx) dr)'/q

1 1/q
< _ -1 ) .
< ([ a=nmig.rydr
Ift>qgputr= 5 and apply duality and Lemma 5.1 to get
t/q

I 1
A= CII/SHupl(/O ( 0 (= r)aq_le(f"r)dr)h(x)dx)

< C(/Ol(l — ! (/0' M., r)dx)q/l a’r)

<c(/ (1 — g, r)dr)r/ " .

t/q

THEOREM 5.2. Let1 <s<2<p<oo, | <t<ooanda,3 > 0. Then
(Hb. H(s,1,3)) = {(An) : n% P\, € I(00, 1)}

PROOF.  Arguing as in the previous theorem we only need to show
(HD. H(s,1.8)) C (H2 H2.1.53)).
Observe that (X, Y) C (Y*, X*) then Theorem B or (2.4) in Remark 2.1 imply
(H(p, 00, @), H(s, 1, 8)) C (Ho(p, 00, @), Ho(s,1,3)) C (H(s',7. B), HP', 1, ).
Now apply Theorem 5.1 and duality again to get
(HGs'. 1, B).HQ' 1, 0)) = (HQ.{', B), H2, 1, ) C (H(2,00, ), H(2,1.)).
The proof is completed by combining both sequences of embeddings. L]

REMARK 5.1. Theorems 5.1 and 5.2 have a natural extension to weights more gen-
eral than power weights w(t) = 1* (see [B2]).
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LEMMA 5.2. Let0 <p, g < ooand0 < a, § < 00. Let f be an analytic function
on the disc and f,(z) = f(rz). Then

1

fEH, , ifandonlyif||f|lpga = O(W)

PROOF. Let us assume g < 00 (since ¢ = oo is obvious) and M, (f, s) = 0((1—‘%)@).
Then it follows from (1.3) that

(1 _ s)qa—l <
o (1= reyada = (1= -

|
/0 (1 — ) Mi(f,, 5)ds < C

Conversely observe that

Y
(1 =9 Mytfes) < ([0 =0 MG 00a) " < fllg

Therefore if [[f, |p.q.0 = O(72 ) then M, (f, rs) < ==y Which givesf € HY, ;. =

(1-rp

THEOREM 5.3. Let0<p,g<1,1<s,t<ooando,3>0.LetYy=a+1/p—1.
Then

(H(p.q. @), H(s.1,8)) = {(\) : AV € H3}.

PROOF. From Theorem 3.2 the condition for A to be a multiplier is

1
)\ Kw st :0 PPN K
3 Koo ((1 —lwl)a)

where K,,(z) = 1/(1 — zw)z‘“‘/f’. In other words, writing 6 = 2« + l/p —landw=r,

1
A = 0(———).
” r ” s[sﬁ (l — r)a

Hence Lemma 5.2 implies that \) € H;, ; and then (1.12) gives A7 € HS,. .

THEOREM 54. LetO<p<1,1<s,g<ooando,f>0.Lety=oa+1/p—1.
Then

(H(p.q. ), H(s,q.8) = {(\) : XV € H}}.

PROOF. Assume (},) € (H(p, q,x),H(s, q, 6)) and fix 0 < r < 1. Therefore

XT2Yy+n+1)

< C||Ky,, ,
nzz() r'@2v)n! < ClIK,, ”p,q.a

PN
5,9,

I
where Ky /(2) = g
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Since || Ky [lpg.a < 755 then [|]AP|;q5 <
that \*) € H},.

For the converse first note that since H(p, g, «) C H(1, g,7) then it suffices to show
that if A" € Hj then A € (H(l q.7).H(s,q.B)).

Assume ﬁrst thaty > 1 and A\ € Hy,. From (1.12) we have PN H;4

To show that (),) € (H(p, q,x),H(s,q, ﬂ)) is equivalent, by duality (see Theorem B
and (2.4), to show that

= m Now Lemma 5.2 and (1.12) imply

G.1

4.8

forall f(z) = X2y anz" € H(1,q,7) and g(z) = L2 baz" € Ho(s',4', ).
On the other hand given f and g as above, (1.7) in Lemma C implies that 37° ) a,b,z" €
Hy(s’, 1,7 + 3), and duality again gives

> BQ2B,n+ Ananby,

n=0

o0

=Y BQB+27V,n+ 1)pyanby
n=0

< C”h”s,oo,WﬁHf * gllst1v465

where p1, = 722D\ and h(z) = S0 a2

B(2p3+2Y,n+1)
Hence the proof of (5.1) will be finished, using (1.7), by showing h € H. %B
Now observe that denoting by 6, = %, a simple computation, under the

assumption ¥ > % shows that 6,41 + 6,1 > 26,. This allows us to consider K(t) =
> é.e™ which from the convexity condition is integrable (see [Ka, page 22]). There-
fore since A(re?) = K x M(re®®) we get ||hlls0onss < ClIAP |5 00745-

The case ¥ < 5 follows from the previous case by observing that (1.12) gives that
A" € Hy is equ1valent to X7*! € H}, | and that Theorem A gives that

(H(1,q. 7). H(s,q.0) = (H(1,q.7 + 1), H(s,q, 8 + 1)). .

Let us finish the section with a partial result for 1 < p < 2.

THEOREM 5.5. Let | <p<2<s<o0. Let0<g<o00 | <t<o0and0 < q,

[ R R S T |
B <oo. Put ;= p TS and ;, = e

If (1°PX,) € U(r, u) then (\n) € (H(p, g, @), H(s, 1, §)).

PROOF. The proof follows by combining Corollary 3.2 and Lemma 4.2.
If f(z) = ¥2°, a,2" we can write

nanzn“ S “(n_g)\nan)“x’,[
sB

S ”(na—ﬁ/\")”r‘" “(nﬁaan)ul?'.q
< Al A rallfllp o .
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6. Applications to multipliers on Bergman and Hardy spaces. Since B, =
H(p,p,1/p) Theorems 5.1 and 5.2 give

COROLLARY 6.1 (SEE [W, THEOREMS 7 AND 11]). Leta>0,1<p<2<g< ™

dl=1_1 Then
and ; = ;=2 he

(By»By) = {1 0" Ay € U(r, 00)},
(H?,B,) = {A\n : n°71 ), € I(p,00)}.

REMARK 6.1. Assume A, € (X, Y) can be written as A\, = u,v, where u, € (X,S)
and v, € (S, Y) for some solid space S, then it follows from (4.1) and (4.2) that (X, Y) =
(S(X),s(Y)). Therefore an alternative proof of Corollary 6.1 consists of showing that
An € (Bg, Bp) can be written as A\, = p,v, where p, € (By, 1?) and v, € (%, B,) (see [W,
Proposition 1]).

Let us recall that an analytic function is said to be a Bloch function if

If'@)] =001/ —|z)).
Hence we have for any a > 0
Bloch = {f : ' € H(00, 00, a)}.
With this notation Theorems 5.3 and 5.4 give the following

COROLLARY 6.2. Letl <p,g<oo, 1 <t<ooandf>a>0.

6.1) (H(1,1, ), H(oo, t,a)) = Bloch,
(6.2) (H(1,q, @), H(c0, g, @) = Bloch,
(6.3) (Hy, HY) = HY_,.

To get our next applications let us denote by J,, , the space of analytic functions f such
that f' € H(p, g, 1). With this notation Bloch corresponds to J -0, and Lemma D allows
us to write the following embeddings:

(6.4) Jii CH' CJys.
(6.5) Joq CHY (g >2).

Note that for “nice" analytic functions f and g
2m ) . do 1 pl /27 . . de
i =iy _ (0N o (o — 10 “v
J FE@ge =5 [0 [0 =Py e (e rdr.
Using this equality a simple duality argument gives

(6.4 Joo2 C BMO C Bloch.
6.5") H CJ,, (p<2).

https://doi.org/10.4153/CJM-1995-003-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1995-003-5

62 OSCAR BLASCO

COROLLARY 6.3 (SEE [MP, THEOREM 1]).  (H',BMO) = Bloch.

PROOE.  Note that we have (J,.4, J..s) = (H(p, g, 1), H(r, s, 1)).
Using (6.4), (6.4") and (6.2) we have

Bloch = (H(1,2,1), H(00,2,1)) = (J12,Jo2) C (H',BMO).
Using (6.4), (6.4") and (6.1) we have
(H',BMO) C (J1.1.Jooc0) = (H(1, 1, 1), H(00,00, 1)) = Bloch.

Let us now give a different approach to the following result due to MacGregor and
Zhu.

COROLLARY 6.4 (IMZ, THEOREM A]). Let1 < p < 2. Then B(n+1,1/p) €
(B", HP).

PROOF. Observe that to show that for all (a,) we have

&) &
> B(n+1,1/p)a > an"
n=0 n=0

<C
Hr

k)

.

is equivalent to show that for all (a,) we have

&, X Tn+1+1
2 a2 $ (n /p)
n=0

apl

n=0 r(l /p)n!
Then the proof is finished by using (6.5’) together with Theorem A which implies that
fMP € H(p,p,1/p)if and only if f € J,,,,. .

We shall finish the section with some new results on multipliers on Bergman spaces.
Let us first show two elementary lemmas.

n

<C

Hr Br

LEMMA 6.1. Let1 <p <2 <g<oo. Letf(z) = 372, an?".
(i) Iff € B, then (n'/>~*/Pa,) € 12, p).
(ii) If (n'/*"49a,) € 12, q) then f € B,

PROOF. From (1.9) one has
[ =g ar < il
This implies
/Ol Ol(l — r)”/zM’z’(f', rs)drds < C||f ||,
Now applying Plancherel together with Lemma 2.1 one easily gets
' 22Pa,) |2 < Clf

This gives the proof of (i).
We can easily get (ii) from (i) using a dual argument from the identity

0 1 _ 1 1 r2r 0 —if dg
,;—n+ la,,b,, = 5/0 /0 fre)g(re )rdrﬂ. n

REMARK 6.2. Lemma 6.1 might have been shown by using Corollary 3.2 which
gives better estimates.
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LEMMA 6.2. Let2 <g<ooand0< a, < 00.
If X\, = O P19y then \® e H.

PROOF. It is elementary to see that A, = O(n®#~1/¢) implies
Mz(/\(m,r”) — 0(1/(1 _ r)a+l/q—l/2)'

Now use (1.1) to get \® € HY, "

COROLLARY 6.5 (SEE [V, THEOREM 2]). Let0 <p <2 < g < o0.
If Ay = Om*/ 9727 then )\, € (B, BY)

PROOF. The case 1 < p < 2 follows trivially combining (i) and (ii).
For the case 0 < p < 1 we can use Theorem 5.3 to get

(B, BY) = {O): A*PD e HY 3,

and then apply Lemma 6.2 with « = 1/gand 8 = 2 /p—1to show that \, = O(n?/4-2/7)
gives \2/7=1 ¢ H,,. .

In [V] Vukotic showed that for sequences A, = O(n”) the exponenty = 2/q —2/p
was sharp in the case of multipliers in (B, B?). A better result in the setting of I(p, q)
spaces follows from Theorem 5.5.

COROLLARY 6.6. Let 1 <p<2<g<oo Purl=
If Sier, [M]” = OQ7") then N, € (B, BY).

1 _1
P q
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