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THE REAL SPECTRUM OF HIGHER LEVEL 
OF A COMMUTATIVE RING 

SUSAN MAUREEN BARTON 

ABSTRACT. The following paper defines a new type of ordering of higher level on 
a commutative ring. This definition allows the set of all orderings of level n to be given 
a topology which we show is consistent with the topology of the real spectrum. 

Introduction. In the 1930's Artin, Schreier and Baer [1,2,3] each studied orders 
on a field. Recently Becker broadened this to orderings of higher level on a field [5] 
(with further work in [7] by Becker, Harman, and Rosenberg). Here orders are called 
orderings of level 1. Orders were also generalized by Coste and Coste-Roy to orderings 
of level 1 on a commutative ring with unit [11] (see also Becker [4], and Lam [15]). For 
a commutative ring A, these can be viewed as pairs (p,x) where p is a prime ideal of A 
and x is a signature from the quotient field of A/ p into { ±1} . The resulting structure 
is called the real spectrum. The work in this area has evolved into a foundation for Real 
Semi-Algebraic Geometry, where the objects of study are sets which can be defined by 
a finite number of polynomial equalities and inequalities. 

This paper extends the order concept to that of orderings of level «ona commutative 
ring, and is modeled on Becker's presentation of the level 1 case for commutative rings 
[4]. Orderings of level n on a ring A are defined so as to be in one to one correspondence 
with the sets (p,x) where p is a prime ideal of A and x is a signature from the quotient 
field of A J p into the 2nth roots of unity. Note, we identify an ordering with a signature. 
A second type of ordering of level nona ring, which may be identified with the kernel 
of a signature, has also been defined [6, 16]. 

We define the real spectrum of level n of A, denoted /?„-specA, to be the set of all 
orderings of level n on A. We examine two topologies on Rn-specA. And show that 
Rn-sipecA is a contravariant functor from the category of commutative rings with unit 
into the category of topological spaces. In future papers we hope to further investigate 
real algebraic geometry of higher level. For other work in this area see also Berr [9]. 

1. Defining Rn-sptc A. Given a ring A, let À = A\ { 0} . Further, given any prime 
ideal of p of A, let k(p) denote the quotient field ofA/p, and k(p) denote k(p)\ { 0} . 
Finally by â we shall denote a + p in A/ p Ç k(p). 

Let yi{m) = {z G C | zm — 1} be the group of mth roots of unity, and let \i — 
lim/i(m) be the group of all roots of unity. A signature x is a homomorphism of the 
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multiplicative group of a field, with values in /x, whose kernel is additively closed. This 
implies that if a signature has image p,(t) then t is even [7]. We say a signature has level 
n if its image is a subset of /i(2rc), and exact level n if its image equals //(2rc). 

An order on a field Fis a subset P of F, such that P + P Ç P,P-P ÇP, Pn-P = 0, 
and P U — P = F. It can also be defined as the kernel of a signature x : F —• /i(2), where 
every such signature yields an order P — ker \ U { 0} . 

An order on a ring A is a subset a of A, such that oc + a Ç a , a • a Ç a, a n —a = a 
prime ideal, and a U — a = A. Orders on rings are equivalent to pairs (p, P) where p is a 
prime ideal and F is an order onk(p). Indeed, if TT :A —> A/ p is the canonical projection, 
then a = 7r _ 1 (PnA/p) , [4]. Since F = ker%U {0} where xm> Kp) —> M(2), it is clear 
that P completely determines \ (or ker x) and that x (° r ker x) completely determines P. 
Therefore the pairs (p,P), (p,x) a nd (p,kerx) are equivalent, furthermore it has been 
shown all are equivalent to a where a = { « G A | (a + p ) G F = ker x U { 0} } [4]. 

We now consider the pairs (p, %), where x is a signature of level « on fc(p). Again 
there are homomorphisms A —-> fc(p) and A;(p) —> \iCLri) and we have 

THEOREM 1.1. Let A be a ring, p G spec A, \ a signature of level n on k(p) andQ 
a primitive 2nth root of unity. If oct — {a £ A | a + p — â £ x - 1 ( O U { 0} } > ^ ^ tne 

family of subsets ot\,..., 0C2n obeys the following rules: 
(i) A — a\ U • • • U a2n 

(ii) at n aj• — p ifi / j , and denoting cc\ p by a* 
(Hi) a* + a* Ç a* 
(iv) a* • a* Ç a£ where k = i +j ifi +j < In, andk = i +j — In ifi +j > In. 

PROOF. The first two statements are clear, and the fourth is easily verified. To prove 
the third statement we let at and /?/ be in a*, so x(^/) = C1 a°d X(W = Cl- To compute 
X(cii + bi), we first note that dt = b[ • cj d where cj d G k(p). Furthermore, cj d is in the 
kernel of x since Ç = xfe) = x(ft ' cj 3) = x(ft) ' x(cjd) = Ç - x(cj d). Therefore 
Xiat + bi) = X(dl+bl) = x{Ûc/d+lj) = x(ft) • x(cj d + 1) = x(£) • 1 = <'"and 

LEMMA 1.2. Given a ring A and a family of subsets ct\,..., a2n satisfying 1.1 (i) 
through (iv), then 1 G a2\ and — 1 G a^. 

PROOF. Assume 1 G a *. If i < n then 1 = 1 • 1 G a2*, and this yields the contradic
tion 1 G a* D a2* = 0. So / > n and 1 = 1 • 1 G «2/-2n- Therefore 1 G or* D ûr2*_2w, 
which implies / = 2/ — 2n, that is / = 2n. 

Now assume —1 G Oy*, then 1 = — 1 - — 1 lies in a2* if j < n and in ar2-_2n if y > n. 
Since 1 G a2„ either j = « or y = 2n. If j = 2rc then —1 and 1 both lie in a2\, which 
contradicts a2n + a2n Ç a2w. Thereforey = rc, and —1 G a*. 

Given a collection of subsets cx\,..., a2n of A so that (i) through (iv) of 1.1 hold, the 
next theorem yields a signature of level n on &(p), where p = a, D or,-. Subsequently, 
given a i , . . . , a2n found from a signature via Theorem 1.1 we will find a method for 
obtaining the original signature from the subsets at. 
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THEOREM 1.3. Let Abe a ring with a family of subsets a j , . . . , ct2n such that 
(i) A = a\ U • • • U a2n 

(ii) ai H (Xj = p a prime ideal for all i ^ j , and defining a* — a*\ p 
(Hi) a* + a* Ç a* 
(iv) a* • a* Ç a* where k = / +j ifi +j < In, and k = i +j — In ifi +j> In. 

Then for any primitive 2nth root of unity, £, the map x'.k(p)—+ p (2n) given by\{¥) — 

£ l~] is a signature. 

PROOF. Using Lemma 1.2 we see there is a unitary homomorphism of semigroups 
(f'.A/p —• p(2n) given by (f (ai) — £'. This extends to a group homomorphism 
X: k(p) —» fi(2n) given by x ( f ) — V~j f°r at £ at and ty E a7. We need to show 
the kernel of \ is additively closed. 

Let at E a* and bj E af, then x (^) = £ I'~7' = 1 if and only if / = j . Thus ker \ — 

{f- \ ah and bh are in a£ \. Let |- and j be in the kernel of \ where at and /?/ are in a *, and 

ç,- and dj are in a*. Then if k is as in hypothesis (iv), ^ + 5- = a' —'Cy = a' —lCj — r4r f o r 

some n and ^ in aj*. Therefore the kernel of \ is additively closed and \ is a signature. 

DEFINITION AND REMARK 1.4. Let the primitive root ( e / i (2rc) from Theorem 1.1, 
and the primitive root £ E //(2rc) in Theorem 1.3 be the same. Then we have a one-to-
one correspondence between the ordered pairs (p,x) where p is in spec A and x is a 
signature of k(p), and collections of subsets a j , . . . , a2n obeying 1.1 (i) through (iv). 

Let / = \f—\, from this point on we will always use emln for the primitive 2nth root of 
unity used in Theorems 1.1 and 1.3, and will consistently denote it £. It is not necessary to 
use this particular root, but we need to fix £ in order to get a one-to-one correspondence. 
Furthermore, we shall henceforth denote by \ a the signature obtained from ot\,..., a2n 

using Theorem 1.3, and( = enl/n. 
Note, if two collections are the same except for indexing they yield different signatures 

and so we will consider them distinct. 

DEFINITION 1.5. An ordering a of level n on a ring A is an ordered collection of 
subsets of A; oc\,..., a2n, such that 

(i) A = OC\ U • • • U OC2n 

(ii) ai n OCJ = p a a prime ideal, and denoting a * = a\ pa 

(iii) a* + a* Ç a* 
(iv) a* - a* Ç a* where k = / +j if / +j < 2n, and k = i +j — 2n if / +j > 2n. 

We call pa the support of a, and write it supp(a). As in Remark 1.4, we consider the 
indexing part of the ordering. Therefore, there is a bijection between orderings of level 
n and pairs (p, x), where p is in spec A and x is a signature of level n on k(p), given 
by a—> (supp(a),x«)-

DEFINITION 1.6. Let 7?„-specA = { a | a is an ordering of level n}. 

The following lemma yields an equivalent definition of an ordering. 
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LEMMA 1.7. The four conditions of Definition 1.5 are equivalent to 
(i) A — oc\ U • • • U a2n-

(ii) at H (Xj = pa a prime ideal. 
(Hi) at + (xt Ç a/. 
(iv) at • (Xj Ç a^ where k = / +7 ifi +7 < 2ft, «ftd & = / +7 — 2n ifi +7 > 2ft. 
(V) — 1 ^ a2n (equivalently — 1 G a„J. 

DEFINITION AND REMARKS 1.8. If a is an ordering of level n whose associated 
signature \ a maps fc(pa) onto /i(2ft), then we define both a and x« to have exact level 
ft. Note, if a is an ordering of exact level n on a ring A, then xâ1 (CÔ 7̂  0 so a, / p a . 
Therefore if a* is empty for some /, then Im(xa) = /i(2m) C /x(2n). Thus there exists 

an ordering /? of level m < n associated with \ a . 
If a is an ordering of level n on A associated with a signature \ mapping k(pa) 

into /z(2n), then a}-, = [a G A \ a + pa = à G X - 1 ^ 7 ^ " ) 7 ) U {0} }. If x maps into 
\x (2m) C \x (2n), so ft/ mG Z, then there is an ordering (3 of level ft? associated to \. Here 

ft-{«GA| a G x - 1 ( ( ^ ' / m y ) u { 0 } } = {a£A \ a G X'l((enin/nmy) U {0}} -
0Cj.nlm. Similarly xïnj m divides 7 then a7 = /37-m/n, and if nj m does not divide 7 then 
a, = p£. Therefore every ordering a of level n associated with a signature \ which 
maps onto fi(2m) C /x(2ft) is associated to an ordering (3 of level m. Henceforth we shall 
not distinguish between orderings obtained from the same signature, and will indicate 
the level in which we are writing by a left subscript where needed. Thus, for (3 as above, 
(3 = ma. That is, when a is written as an ordering of level m it equals (3. 

EXAMPLE 1.9. If ^a — a = { a i , a2, #3, oc^ oc$, oc^] is an ordering of level 6, then 
we identify a with 12a where 12a = { noc\ = pa, \i(x2 = au 12^3 = pa, 12̂ 4 = a2, 
12«5 = P a , 12 «6 = « 3 , 12^7 = p a , 12«8 = «4, 12«9 = p a , 12«10 = <*5, 12<*H = p a , 

n<xn = a 6 } . 

2. The topologies of 7?n-spec A. In Section 1 we defined the real spectrum of higher 
level of a commutative ring, Rn-specA. In this section we will define two topologies on 
Rn-specA and examine the resulting structures. 

DEFINITION 2.1. In order to topologize Rn-spcc A we will view/ G A as a function 
from Rn-specA into Uk(pa) by setting/(a) = / + pa G k(pa). Given \ a and ( as 
in Definition 1.4, we define D(f,t) = [a G #n-specA | Xa(/(&)) = C'} = { « G 
/?„-specA | Xa(/ + pa) = ( '} — i a \f £ a * } where 1 < f < 2ft. 

DEFINITION 2.2. If a G Rn-spec A, then a, ^ p a for some r, so there exists/ G A 
such that/ G or*. Thus every a is contained in some D(fj), so the sets D(f,t) make 
up a subbasis for a topology on /?n-specA. By definition its basis is given by the sets 
(%=i D(fi9 U). We will call this the Coste-Roy (C-R) topology on tf„-spec A. 

REMARK 2.3. If A is a field then the only prime ideal is the zero ideal, so by Defini
tion 1.5 the orderings of A are bijective with the signatures of À. Let Xn denote the set of 
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all signatures of level n on À, where <P: Rn-spec A >-» Xn via a —• \ a is the above rejec
tion. We topologizeXn, as usual, by giving the character group of À the standard compact 
open topology, using the discrete topology on À and /x(2n), and then giving Xn the sub-
space topology. A subbasis of this topology is given by the sets { \ e Xn | \(c) — C '} 
forcinAand<; = eniln, [see 8, Definition 1.3(H)].NowO"\{\ € Xn \ x(c) = ( '}) = 
{a G Rn-specA | c G a*} = D(c,i), and <D(D(C,/)) = {x € Xn \ \(c) = C'} so that 
O is a homeomorphism of Rn-spec A with Xn, [8]. Therefore, when A is a field, the C-R 
topology on Rn-spec A is equivalent to the compact open topology on Xn. 

We will now look at slightly more general sets than the D(f, t). They will form a 
subbasis of a finer topology of /?„-spec A, and will allow us to arrive at conclusions about 
the C-R topology. To simplify our notation we first note the following fact. 

LEMMA 2.4. Let A be a ring, then V^Lx{oc \ f G pa} = { a \ Y™=J? 6 p a } for 
f\,...,fm in A. 

This may be proved by considering the images of the/ under the map A—+A/pa —> 
k(pa) and using the fact that k(pa) is formally real [5]. 

DEFINITION 2.5. Let { a \ f G pa, git\,...,giJti G a* for 1 < i < In and tt > 1} = 
{«\fep*}n V\tx n;L,{« I gij e a*} - {a\fe Pa] H fig, fTjLi D(gij,0- Note 
that by Lemma 2.4 it does not increase the generality of the set to include fl£Li { <* | f G 

DEFINITION 2.6. A subset of /^-spec A is constructible if it can be obtained from the 
sets D(f, t) by a finite sequence of taking unions, intersections, and complements. 

PROPOSITION 2.7. A sef is constructible if and only if it can be written as a finite 
union of sets of the form 

(2. 8) {oc\fe pa, andgtf,.. .,gitti G a*, for 1 < i < In and U > 1} . 

PROOF. Let *T be the collection of all subsets of /?„-spec A that are finite unions of 
the sets of the form (2.8). If T G T, then T is constructible if and only if a set of the form 
2.8 is constructible. But this follows from Definition 2.5 and the fact that {a \ f G pa } 
equals [D(f, l)c H D(f, 2)c H • • • H D(f, 2n)cl 

Conversely, since the D(f, t) satisfy 2.8, to show all constructible sets lie in T, it is 
enough to show T is closed under finite intersection, complement and union. Since by 
definition T is closed under finite unions, we proceed to intersections. 

Let A = UJU Tk and B = \J?=l Wt be in T where Tk and Wt are of the form 2.8. 
Then AHB= [llJLi Tk] H [\J?=l W£ ] = U*=i UjLiO* H W£). This lies in T since by 
2.4 and 2.5 it is clear that Tk D We is of the form 2.8. Now induction yields T is closed 
under finite intersections. 

Again assume A = U£=i Tk lies in T where the 7* are of the form 2.8. To show T 
is closed under finite complement it is enough to show Ac — [fk^x{Tk)

c lies in T. But 
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T is closed under finite intersection, therefore, we need only show (Tk)c G T. Since 
Tk is of the form 2.8 this follows from the fact that {a \ h £ a*)c = {a \ h E 
Pa} U \J%x{a I h G a*} G T and { a | / G p a } c = U ^ , { a I / G < } G T. 

REMARK 2.9. We now put another topology on Rn-specA which we will show has 
the constructible sets as a basis. This shall involve mapping Rn-sptcA into 
I1/GA{ 0,1, • • •, 2n), where Z = 11/GA{ 0 , 1 , . . . , 2n) is given the Tychonoff topology. 
That is, it is given the product topology using the discrete topology on { 0 , 1 , . . . , 2n) . 
By Tychonoff's theorem [14], Z is compact and Hausdorff in this topology. 

DEFINITION AND PROPOSITION 2.10. Define ip : Rn-spec A —» II/GA{ 0 , 1 , . . . , In) by 
(f(oc) = UfeA{ea(f)} where ea(f) is 0 iff G pa, and equals i iff G a*. Then ip is 
injective, and the image of ip is closed in the Tychonoff topology. 

PROOF. Suppose y?(a) = <p(J3), \henea(f) = ep(f) for all/ in A. Thus {/ | ea(f) = 
/} = {/ | e 13(f) = i) for 0 < / < In. This implies pa — Pp and a* = (3* for 
1 < / < 2n. Therefore at = (3t for all i, so a = (3, and 99 is injective. 

Now let x = (JC/) lie in Imip, the closure of ln\(p. For / = 1, . . . , In let at = {/ | 
Xf ~ 0 or / } . To show JC G Im(/? we must show that the at obey the four statements of 
Definition 1.5. 

The first statement is clear. To show the second statement we must first show p is 
closed under subtraction. Assume/ G p and g G p but/ — g $ p. Then Xf = 0, xg = 0 
and jty_g = h ^ 0, for some natural number /z, where 1 < h < 2n. Let U — { y G Z | 
j / = yg — 0,yf-g = h), then U is an open neighbourhood of x — (xf) G Imtp since the 
topology is discrete. Therefore UP\ Inap ^ 0. Let /3 G #„-specA such that ^?(/3) G £/, 
then/ and g lie in supp(/3 ), and/ — g $ supp(^ ). This is a contradiction since supp(/3 ) 
is an ideal. Therefore,/ G p and g G p implies/ — g G p . 

The rest of the proof is similar. That is, we define an appropriate open set containing 
x, as above it intersects Irrap, and this gives a contradiction. 

DEFINITION 2.11. The Tychonoff topology on Rn-sptcA is the topology inherited 
via the pullback of ip, when Z = I1/<5A{ 0 , 1 , . . . , In) is topologized as in Remark 2.9. 
That is, a subset T of Rn-spccA is open in the Tychonoff topology of Rn-spec A if and 
only if (f(T) equals the image of ip intersected with an open subset of the Tychonoff 
topology of Z. 

PROPOSITION 2.12. 

(i) The constructible subsets ofRn-spec A form a basis of the Tychonoff topology, 
(ii) In the Tychonoff topology Rn-spec A is compact and Hausdorff. 

(Hi) A set is constructible if and only if it is clopen in the Tychonoff topology. 

PROOF, (i) Let hn = {0, l , . . . , 2 n } . A subbasis of the product topology on 
UfeA{ 0 , 1 , . . . , In) is given by I2n x I2n x • • • x hn X {/} x I2n x . . . where 0 < / < 2n. 
Therefore a subbasis of the Tychonoff topology on #n-spec A is given by sets of the form 
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{a | / G a / } = D(f,i) or { a | / G pa}• A basis thus consists of all possible fi
nite intersections of sets of these forms. Hence by Définition 2.5 and Proposition 2.7 the 
constructible subsets of Rn-spec A form a basis of the Tychonoff topology. 

(ii) Let Z = Uf£A{ 0 , 1 , . . . , 2n), and (p: /?„-spec A —̂  Z as in Definition 2.10. Since 
the image of ip is closed in Z, and Z is a compact Hausdorff space, then the image of 
(p is compact in Z. Therefore Rn-specA is compact in the topology inherited from (p. 
But any bijective continuous map from a compact space into a Hausdorff space is a 
homeomorphism [14], therefore Rn-specA is also Hausdorff in the Tychonoff topology. 

(iii) By Definition 2.6 the complement of a constructible set is constructible. There
fore since in the Tychonoff topology constructible sets are open, they are also closed. 
Conversely, assume S is clopen in the Tychonoff topology. As an open set it is a union of 
constructible sets. But S is also closed, and hence compact. Therefore it is a finite union 
of constructible sets, so by definition S is constructible. 

REMARK 2.13. Any basis element, fl/=i £*(//> U), of the C-R topology on 7?n-spec A is 
constructible by definition. Therefore, by Proposition 2.12 (i), it is open in the Tychonoff 
topology. That is, the Tychonoff topology is finer than the C-R topology. 

THEOREM 2.14. In the C-R topology, J?„-specA is quasi-compact, and every con
structible set is quasi-compact. 

The proof of compactness follows from 2.12 and 2.13. In Example 2.17 we shall show 
that Rn-specA is not necessarily Hausdorff in the C-R topology. From now on, unless 
otherwise stated, we will only consider the C-R topology on Rn-spec A. 

LEMMA 2.15. Let a and (3 be members of Rn-specA, then at Ç (3t for all i — 
1, . . . , 2n if and only if (3* C a* for all i = 1, . . . , 2n. 

PROOF. Suppose at Ç j3lfor i — 1, . . . , In. If there exists an/ G (3* with/ $ a* for 
some j between 1 and In, then/ G at for some t ^ j . But since at Ç /?, we have/ G f3t. 
This contradicts the fact/ G (i*, so f3* Ç a* for / = 1,...,In. The converse is proved 
similarly. 

LEMMA 2.16. Let a and f3 be members ofRn -spec A, and let {a} denote the closure 
of a in Rn-specA. Then f3 G {a} if and only if at Ç ^t for all i — 1, . . . , In. 

PROOF. Suppose at <£ fa for some / between 1 and 2n. Then there exists/ G at such 
that/ G /?y for some j ^ /. Hence D(fJ) — {7 | / G 7/} is an open set containing (3 

but not a. Thus (3 $ { a } . 
Conversely, suppose at Ç $• if 1 < i < 2n, so that by Lemma 2.15 we have (3* Ç 

a*. It is enough to show that every basis element containing (3 contains a. Let U = 
(XL i D(fh U) = fgL i { 7 | ./«• G 7,*} be an arbitrary basis element containing (3. If a g U, 
then/ ^ a* for some /, so that f3* C a* implies/ ^ (3*. But this contradicts the fact 
f3 eU, therefore, (3 G {a}. 

Note that if Rn-specA is Hausdorff then its points are closed. By Lemma 2.16, (3 G 
{ a } if and only if a, Ç f3i for all / = 1, . . . , 2n. Therefore, to ascertain whether Rn -spec A 
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is Hausdorff it is not enough to examine a2n and fan we need the added structure found 
in Definition 1.5. 

Let A be a field and assume there are two orderings of level n, a and (5. In the field 
case the a* and the /?•* both form partitions of A, so a; Ç ft for all / implies a — (i. 
Thus, by Lemma 2.16, when A is a field the points of Rn-sptcA are closed. This agrees 
with the fact that in the field case the topology on Rn-spec A is homeomorphic with the 
compact open topology on the space of signatures (Remark 2.3), and this topology is 
Hausdorff [8, Prop. 1.4]. 

To give an example of a ring A such that 7?n-spec A is not Hausdorff, it is enough to find 
a ring with two distinct orderings a and (3 in /?n-spec A such that a, Ç ft if 1 < / < In. 
Becker [4, p. 34] shows that if A — R [t] then points are not closed in R\-spec A. The 
next example is of a ring A such that the points of Rn-specA are not closed for any n. 

EXAMPLE 2.17. Let A = R (*)[[*]], the ring of formal power series in one variable 
over the field R(JC). We shall show 7^-specA is not Hausdorff by finding two distinct 
orderings of level n, a and f5, such that at Ç ft for / = 1, . . . , In. We first consider the 
orderings of level n on A with support zero. These are merely the restrictions of orderings 
of level n on R (x)((t)) to R (*)[[£]], where R (x)((t)) is the field of formal power series in 
t over R (x). To obtain a signature of exact level n on R (x)((0)/ { 0} we start with a sig
nature x of exact level n on R (JC)/ { 0} [7, Prop. 2.9(ii)], and let \' map R (*)((*))/ { 0} 
into /z(2n) via x'[/b(*)**0 + / i W +/2W 2 + . . . ) ] = x ( / o « ) • <*- We shall show X ' is 
a signature of exact level n on R (x)((/))/ { 0} . 

Clearly \'1S a character, it remains to show the kernel of \' is additively closed. Let 
x'[/bW*(l +/i(*)f +/2W 2 + . . . ) ] = 1 = x'feoW'O + Si(x)t + g2(x)t2 + - . . ) ] , so that 
X (/oW) • C* — X (go(*)) • C7 — 1 • Either j ^ & or y — k. In the first case, we may assume 
j > /: so that x U « ^ ( l + / i ( - * ) ' + • • • ) + go(x)Hl+gl(x)t + -• • )] = x ' l / b t o ^ a + n t o * + 
ri(x)t2 + •••)] for appropriate r/(x). But this is x(/bW) • C^ — L In the second case, 
we have7 = k so that x(/oW) = x(go(*)) and x (goW//o(*)) = 1. Now x'f/oW^O + 
/i (*)*+• • • )+goto**(l+gitof+- ' • )] = x'[(fo(x)+go(x))tk(l+s\(x)t+- ' • )] for appropriate 
*,-(*). But this equals x(/bto+£o(*))-C* - x(fo(xj)-X[l+(go(x)/Mx))Kk = x(/oW)' 
1 • £* = 1. Therefore the kernel of \' 1S additively closed, so x' is a signature. It has 
exact levels since fi(2n) = x (R(*) /{0}) = x ' ( ^ W / { 0 } ) Q x ' ( ^ W ( W ) / { 0 } ) Ç 
/i(2/t). Let a be the ordering on R(JC)[[Y|] determined by a, = (x ' ) - 1 ^ ' ) restricted to 
R (*)[[*]]. Thus <*: = { / ( j : , 0 = / o W ^ ( l + / i ( ^ + - - - ) inRW[W] | x'(/X*,0) = C'"}-

Our second ordering of exact level n on R (.*)[[>]], shall have suppport fR (*)[[>]], a 
maximal ideal of R (jc)[[f]]. To define it we first determine an ordering of exact level n on 
K=K (x)[[t]]/ tK (*)[[*]] = R (JC). Let \ be the signature of exact level n on R (JC)/ { 0} 
used above. Let 6 : K —-> R (JC)/ { 0} be the above isomorphism, and let IT : 7?(x)[[r]] —> # 
be the canonical projection. Then x# is a signature on K, and by Theorem 1.1, we have 
ft = [fixJ) e RW[[/]] I 7r(/(jc,0) lies in ( x 0 ) _ 1 ( O U fR (*)[[*]]} yields an ordering 
of level n on R(x) [[*]]. Simplifying we see ft = {/(JC, 0 = /o(x)f*(l +/I(JC)J + • • •) G 
R WtM] | ^(f(x,t)) € fl^X'^Ô or /: > 0} - {/(x,r) = /0(*)**(l +/i(x)f + • • •) G 
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R (*)[[/]] | k > 0, orBir(f(x,tj) G x~l(Ô} = {Mx)tk{l+Mx)t+f2(x)t2 + ---) G 

R (*)[[']] I * > 0, or k = 0 and/oW G X~\Ô}' 

We now have two orderings a and /3 of exact level n on R (*)[[*]] such that {/o(x)f* ( 1 + 

Mx)t+f2(x)t2 + • • •) G R (*)[[/]] | x(/bW)C* = C ] = a i C ft = {/o(*)/*(l +/ito* + 

/2(x)t2 + • • • ) G R (*)[[*]] | k > 0, or A; = 0 and \ (f0(x)) =£*}• Therefore points are not 
closed and Rn-spec (R (*)[[*]]) is not Hausdorff. 

DEFINITION 2.18. Let a and ft be in Rn-specA. If a and ft lie in disjoint open subsets 
of Rn-specA, then we say a and /? can be separated. 

PROPOSITION 2.19. Two orderings a and ft in Rn-specA can be separated if and 
only if there exist i such that at £ ft and there exist j such that ft % <Xy 

PROOF. If a and ft can be separated then they lie in mutually disjoint open sets, so 
ft $ { a} and a $ {ft }. Therefore, by Lemma 2.16, there eixst / such that at % ft and 
there exist y such that ft 2 aj-

Conversely, suppose a, % ft and ft % aj for some / and j . Since at % ft there exists 
/ G (Xi such that/ G ft£ for some m ^ /. If/ ^ pa, then /3 G D(f, m) and a G D(f, i) so 
a and ft lie in two disjoint open sets, and thus can be separated. Therefore, we need only 
consider the case/ G pa, with/ G ftj. Similarly we may assume there exists g G pp 
with g G a/ . 

Iff ^ mthen(f+g) G fe+a;) C a\ md(f+g) G ( f t ^ ) Ç ft^soa £ D(f+gJ) 
and /? G D(f + g, m). These are disjoint open sets so a and ft can be separated. If I = m 
then (/ - g) G (/^ - pp) C ft*, and since - 1 G a„ we have (f - g) £ (pa + a*) C a* 
where t = t +nif t +n < 2nzndt = £ +n — In if £ +rc > In. Therefore a G D(f — g,t) 
and /? G />(/" — g, m) which are disjoint open sets since m ^ t. Therefore a and ft can 
be separated. 

DEFINITION 2.20. We will write a Ç ft for at Ç ft for all i, and we will say 
ft specializes a, or is a specialization of a if a Ç ft. In this situation, a is called a 
generalization of ft, or is said to generalize ft. 

Let a and /3 be orderings of levels m and n respectively, where s = lcm(m, n). Then 
following the logic of Remark 1.8 we write a Ç ft if sa Ç sft. Note a Ç /3 if and only 
if fo- Ç r/3 for all t divisible by s. 

THEOREM 2.21. Given a ring A, let a he an ordering of level n and ft and ordering 
of level m. Assume m divides n, then a D nft implies a = „7 for some 7 an ordering of 
level m. That is, specializations do not increase level, a specializes an ordering of level 
m if and only iflm \a Q fi(2m). 

PROOF. Assume a 2 nft for ft an ordering of level m, but a ^ nJ for 7 an ordering 
of level m. By Remark 1.8 there exists an / not divisible by nj m such that at D pa-

Let a G at\ pa — a*. Since a 2 nft we have a* Ç „ft*, therefore a G nft*. But this 
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is impossible, since n(3* is the empty set whenever njm does not divide /. Therefore, 
a — ^ for some 7 an ordering of level ra. 

In order to put #n-spec A in context, and allow the use of previously proved theorems, 
we make the following remark. 

REMARK 2.22. Rn-spec A is an example of a spectral space [12] (or coherent space 
[13]). I.e. it is TQ and quasi-compact, the quasi-compact open subsets are closed under 
finite intersection and form an open basis, and every nonempty irreducible closed subset 
has a generic point. The patch topology of the spectral space is the Tychonoff topology. 
I.e. the Tychonoff topology has the quasi-compact open subsets and their complements 
as an open basis. These assertions easily follow from Propositions 2.12 and 2.19, The
orem 2.14, and [12, Prop. 4]. In fact we shall see Rn-specA is a normal spectral space 
[10]. That is, we shall see that each point has a unique maximal specialization. 

PROPOSITION 2.23. 

(i) The specializations of an ordering form a chain under inclusion of ordering, 

(ii) {a} is closed if and only if a is a maximal ordering 

(Hi) An ordering is contained in a unique maximal specialization. 

PROOF. (i)Let a Ç f3 and a Ç 7. If 0 % 7 and 7 %$ then by Proposition 2.19 we 
see that (3 and 7 are contained in two mutually disjoint open sets. But this is impossible 
since by Lemma 2.16 these sets must both contain a. Therefore (3 D 7 or 7 2 /?, so the 
specializations of a form a chain under inclusion. 

(ii) If { a } is closed, then by Lemma 2.16 there does not exist a f3 properly containing 
a. Hence a is a maximal ordering. Conversely, if there does not exist (3 such that (3 ~3 a 
then { a } = { a } s o a i s closed. 

(iii) This is equivalent [10, Prop. 2] to showing any two distinct closed points of 
Rn-specA may be separated. But closed points are maximal orderings, and by Proposi
tion 2.19 these can be separated. 

Note that Proposition 2.23 states that the closure of a singleton { a } , which is the set 
of all specializations of a, is a totally ordered set, containing a minimum element, a, 
and a maximum element. 

DEFINITION 2.24. Let Rn-specmA be the closed points of Rn-specA. Then 
#„-specm A consists of the maximal orderings of #n-specA, and is called the maximal 
real spectrum of level n on A. We give Rn-specm A the subspace topology inherited from 
Rn-specA. 

PROPOSITION 2.25. Rn-specmA is a compact and Hausdorff space. 

The proof uses Theorem 2.14 to show /?n-specmA is compact, and Proposition 2.19 
to show it is Hausdorff. 
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3. The topology of F C #„-spec A. We now consider the topology of subspaces 
F of i?„-spec A, where Y is closed in the Tychonoff topology of Rn-specA. Note that 
by Proposition 2.12 (iii) these results will hold for constructible sets. Unless otherwise 
specified we give Rn-spec A the C-R topology and give Y the subspace topology. 

In addition, we also have a topology inherited from the Tychonoff topology of 
Rn-spec A, we call this topology the Tychonoff topology of Y. A subset U of Y is Ty
chonoff open in Y if U = V D Y where V is Tychonoff open in Rn-spec A. Similarly a 
subset U of Y is Tychonoff closed in Y if U — V H Y where V is Tychonoff closed in 
Rn-specA. 

A set is called constructible in Y if it is the intersection of Y with a constructible set of 
Rn-spec A. By definition these sets form a basis of the Tychonoff topology of Y. By Propo
sition 2.12 (iii) the constructible sets of Rn-specA are clopen in the Tychonoff topology 
of Rn-spec A, therefore a set which is constructible in Fis clopen in the Tychonoff topol
ogy of Y. Furthermore, if V is constructible in Rn-spec A then Y\ (YD V) = YHVC. That 
is, if U is constructible in Y then Y\ U is constructible in Y. 

In the coarser C-R topology, we note only that constructible sets in Y are compact 
subsets of Y. This follows from the Tychonoff topology, as was seen for the correspond
ing statement in Rn-spec A (2.14), since constructible sets of Y are Tychonoff closed in 
Rn-spec A, which is compact Hausdorff in the Tychonoff topology. 

REMARK 3.1 [12]. Using the language of Remark 2.22; if Y is closed in the Ty
chonoff topology of /?„-spec A, then F, when given the subspace topology, is a spectral 
space. Furthermore the patch topology on Y agrees with the topology inherited from the 
Tychonoff (or patch) topology on Rn -spec A. 

LEMMA 3.2. If Y is closed in the Tychonoff topology of Rn-specA, then it is the 
intersection of constructible subsets ofRn-sptcA. 

PROOF. Since Yc is open in the Tychonoff topology, we have Yc — \JieI A/, for some 
index set /, where the A/ are constructible sets. By 2.6 the complement of a constructible 
set is constructible, so Y — [U/eM/]c — fl/eM/" is m e intersection of constructible sets. 

PROPOSITION 3.3. Let Y be a subspace ofRn-specA, with Y closed in the Tychonoff 
topology, and let a be an element ofY. 

(i) a is a maximal ordering in Y if and only if { a } is closed in Y. 
(ii) a admits a unique maximal specialization in Y. 
(iii) y1"^ = { a G Y \ a is maximal in Y} is a compact Hausdorff space. 

The proof is like that of Propositions 2.23 and 2.25. 

REMARK 3.4. It is clear from Proposition 3.3 and Remark 2.22 that if Y is closed in 
the Tychonoff topology of/?n-specA, then F is a normal spectral space. 

PROPOSITION 3.5 [10, PROP. 3]. The map X : tf„-spec A —> Rn-specmA sending a to 
the maximal specialization of a, and the map Xy from Y to F"1^ which sends a to its 
maximal specialization in Y, are continuous and closed. 
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PROPOSITION 3.6 [13, CHAPTER II, PROP. 4.6]. A subset X of Y is closed (respectively 
open) in Y if and only if it is Tychonoff closed (respectively Tychonoff open) in Y, and it 
is closed with respect to specializations (respectively generalizations) in Y. 

DEFINITION 3.7. We shall call a set open constructible in Y if it is the finite union of 
sets of the form Y Pi nj=i D(ft, tt). We shall call a set closed constructible in Y if it is the 
finite union of sets of the form Y C\ n[= i D(fu U)c'. 

Note that the open constructible sets are by definition the basis elements of the topol
ogy of Y, that is the topology inherited from the C-R topology of jRn-spec A. Furthermore, 
X is open constructible if and only if Y\ X is closed constructible. 

PROPOSITION 3.8. Let X be constructible in Y, then X is open (respectively closed) 
in Y if and only ifX is open constructible (respectively closed constructible) in Y. 

PROOF. It is enough to prove the theorem for open constructible sets. Let X be 
constructible in Y with X open in Y. Since a basis of Y is given by sets of the form 
Y H nj=i D{fu tt), we have X = \Jj\Y n D/Li D(fip ttj) for some index set J. But X is 
compact in Y so this is a finite union and X is open constructible in Y. The converse is 
clear from the definition of open constructible. 

4. The contravariant functor /?n-spec. In this section we see that #„-spec is a 
contravariant functor on the category of commutative rings with unit into the category 
of topological spaces. 

LEMMA 4.1. Let A and B be commutative rings and (p:A —> B be a unitary ring 
homomorphism. Then if (3 € Rn-specB, and a is the indexed collection of subsets of A 
where at = v?_1(/3i)» then a lies in Rn-specA. 

The proof is straightforward. 

DEFINTIION 4.2. For A and B commutative rings and (p: A —> B a ring homomor
phism, let (p*: Rn-specB —+ Rn-specA be defined by <£>*(/?) = a where at — (p~x(f3i). 

We now note several facts which allow us to show that (p* is continuous and that 
Rn-spcc acts as a contravariant functor. 

Let ip: A —-> B, as above, with f3 E Rn-specB and a = <£*(/?). Let â be the ordering 
on A/ pa given by â/ = { a + pa \ a G at}, and let /3 be defined similarly. Then we have 
themonomorphism^:(A/pa ,â) —• (/?/ pp,/3), given by (a + pa) --> (<p(a) + pp). 
Now <p_1 (/?,-) = oti implies (p(at + pa) = (ip(aï) + pp) = (frr + p^) for some fcf G /S,-. 
Therefore (^(a,) Ç /?,-. 

If we use the function notation/(a) = / + pa G /c(pa), as in Definition 2.1, we see 

that(^((M/3))j = ë\f(a)l=£(f + Pa)=v(f) + Pp = ^(f)(/3). 

LEMMA 4.3. Recalling the notationD(f, t) — {l | / G 7*} /rora Definition 2.1, we 
have: <pïl(D(f,tj) = D{<p(f),t). 
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PROOF. We have (f~l (jD(f9 tj) = (f~l ({7 | / G 7 *} ). Let 7 = <̂ *(6 ), so that 7/ = 

^-1(«/), then <p;l(D(f,tj) = y*"1 ({*>*(«) \ f G ^ («*)*} = {* I / G <p~l(St*)} = 
{£ lv(Oe«;}=D(^(0,r). 

PROPOSITION 4.4. G/ven (/?: A —+ 5 arcd </?*: Rn-sptcB —> #n-specA, </?* /s continu
ous in the C-R topology of the nih level real spectra, and in the Tychonoff topologies. In 
particular, inverse images of constructible sets are constructible. 

PROOF. TO show (/?* is continuous in the C-R topologies we need to show (f~\V) 
is open for an arbitrary basis element V = (Yi=l D(fi,tï) of Rn-specA. But (f^l(V) = 
rfi=\ (P^1 {pifh U)) = n}=i D(ip(fi), tt) by Lemma 4.3, and this is open by definition. 

Similarly, to show 99* is continuous in the Tychonoff topologies, it is enough to show 
(f~l(W) is open in the Tychonoff topology of Rn-specB for an arbitrary basis element 

W = \JJLX n"=i D(fij,tij) n {7 I fi• £ pf} . Again using Lemma 4.3 and simplifying 

we have (^-'(W) = [^^^D^if^t^H {8 \ ip(fj) € ps} 
Tychonoff topology of 7?„-spec B. 

which is open in the 

THEOREM 4.5. 7?n-spec is a contravariantfunctorfrom the category of commutative 
rings with unit into the category of topological spaces. 

PROOF. We have shown #n-spec is a functor. Now let <p: A —-> B and *F: B —• C, 
with 7 £ Rn-specC, then (4V)"1 (X) = <p ~lx¥l (7/). Therefore ÇVtp)* = <p**F* and 
Rn-spcc is a contravariant functor. 
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