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Schubert presentation of the cohomology
ring of flag manifolds G /T

Haibao Duan and Xuezhi Zhao

ABSTRACT

Let G be a compact connected Lie group with a maximal torus 7. In the context of Schubert
calculus we present the integral cohomology H*(G/T) by a minimal system of generators and
relations.

1. Introduction

Let G be a compact connected Lie group with Lie algebra L(G) and exponential map exp :
L(G) — G. For a non-zero vector u € L(G) the centralizer P of the one-parameter subgroup
{exp(tu) € G | t € R} on G is a parabolic subgroup of G. The homogeneous space G/P is
canonically a projective variety, called a flag manifold of G [25, 26]. If the vector u is non-
singular the centralizer P is a maximal torus T on G, and the flag manifold G/T is also known
as the complete flag manifold of G.

Schubert calculus [31] began with the intersection theory of the 19th century, together with
its applications to enumerative geometry. Clarifying this calculus was an important problem of
algebraic geometry [6, 19, 24, 32]. van der Waerden and Weil, who secured the foundation of
modern intersection theory [36], attributed the classical Schubert calculus to the determination
of the integral cohomology rings H*(G/P) of flag manifolds G/P (see [35] and [37, p. 331]).

The cohomology of flag manifolds has now been well understood. The basis theorem of
Chevalley [2, 7, 8] assures that the classical Schubert classes on a flag manifold G/P form
an additive basis of the cohomology H*(G/P); an explicit formula for multiplying the basis
elements was obtained by the present authors [10, 14, 16]. However, concerning many relevant
studies [9, 11, 13, 15, 18, 19, 25, 26], such a description of the ring H*(G/P) is not a practical
one, since the number of Schubert classes on a flag manifold is normally very large, not to
mention the number of structure constants required to expand the products of Schubert classes.
It is natural to ask for a concise presentation of the ring H*(G/P), which is characterized as

follows.
Given a set {x1,...,z,} of k elements, let Z[x1,...,z;] be the ring of polynomials
in xy,...,z; with integer coefficients. For a subset {f1,...,fm} C Z[z1,...,x], write

(f1,--., fm) for the ideal generated by f1,..., fm.

DEFINITION 1.1. A Schubert presentation of the integral cohomology ring of a flag manifold
G/ P is an isomorphism

H*(G/P) =Z[z1,...,xi]/{f1,-- -, [m), (1.1)
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where {z1,...,z} is a set of Schubert classes on G/P that generates the ring H*(G/P)
multiplicatively, and where both the numbers k and m in (1.1) are minimal. O

Prior to the use of Schubert classes as generators, the numbers k and m in Definition 1.1
can be seen to be invariants of the ring H*(G/P). Indeed, let D(H*(G/P)) C H*(G/P) be
the ideal of decomposable elements, and denote by h(G, P) the cardinality of a basis for the
quotient group H*(G/P)/D(H*(G/P)). Then k = h(G, P) — 1. Furthermore, if one changes

the generating set in (1.1) to zf,...,z}, then each old generator z; can be expressed as a
polynomial g; in the new ones z7,...,2}. The invariance of the number m is shown by the
presentation

HY(G/P) =Zlxy, ..., xi )/ {1, fo)s

where the polynomial f] is obtained from f; by substituting the polynomial g; for z;, 1 < j
<m.

Among all the flag manifolds G/P associated to a Lie group G it is the complete flag
manifold G/T that is of crucial importance. The inclusion T'C P C G of subgroups induces
the fibration P/T — G/T -+ G/P in which the induced map 7* embeds H*(G/P) as a
subring of H*(G/T) (see Lemma 2.3). In this paper we establish a Schubert presentation for
the cohomologies of all complete flag manifolds G/T.

Recall that all the 1-connected simple Lie groups consist of the three infinite families
SU(n + 1), Sp(n), Spin(n + 2), n > 2, of classical groups, as well as the five exceptional
ones: G, Fy, Eg, E7, Eg. It is also known that, for any compact connected Lie group G with
a maximal torus T, one has a diffeomorphism G/T = G1/T; X ... X Gy /T} with each G;
a 1l-connected simple Lie group and with 7; C G; a maximal torus. Moreover, by the basis
theorem of Chevalley (see Theorem 2.1), the integral cohomology H*(G/T) is torsion free.
Therefore, the problem of finding a Schubert presentation of the ring H*(G/T) is reduced by
the Kiinneth formula to the special cases where G is one of the 1-connected simple Lie groups.
For this reason we can assume in the remaining part of the paper that the Lie groups under
consideration are all simple. In addition, the cohomologies are over the ring Z of integers,
unless otherwise stated.

For a Lie group G of rank n, let {w1,...,w,} C H*(G/T) be a set of fundamental dominant
weights of G [4], and set m = h(G,T) —n — 1. Our main result is the following theorem.

THEOREM 1.2. There exists a set {yq,,...,Yd,, } of m Schubert classes on G/T, with 1 <
di < ...<dy and degyq; = 2d;, so that the inclusion {wi,...,Wn,Yd,,---,Yd,, } € H*(G/T)
induces an isomorphism

H*(G/T) = Z[wh ey Wns Ydyy - 7ydm]/<ei7fjagj>1<i§k;1<j<ﬂ% (12)
where:
(i) k=n—m for all G # Eg but k =n —m+ 2 for G = Es;
(i) e; € (wiy...,wn), 1 < i< k;

(iii) the pair (f;,g;) of relations is related to the class yq, in the fashion
fi=pj vya; +j, g Zij +85, 1<j<m,

with p; € {2,3,5} and a;, B; € (w1, ..., wn). O

A set S = {yay,---+Yd, } of Schubert classes on G/T satisfying (1.2) will be called a set

of special Schubert classes on G/T. In the course of showing Theorem 1.2, a set of special
Schubert classes, as well as the corresponding system {e;, f;, g;} of polynomials, will be made
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explicit for each simple Lie group. Along the way an algebraic criterion for a set of Schubert
classes on G/T to be special is given in Theorem 6.3.

Since the set {wi,...,wy,} of fundamental weights is precisely the Schubert basis on the
group H%(G/T) [17], the presentation (1.2) describes the ring H*(G/T) by certain Schubert
classes on G/T. Tt is worthwhile to know whether it is indeed a Schubert presentation of the
ring H*(G/T).

THEOREM 1.3. If G # Eg, the formula (1.2) is a Schubert presentation of H*(G/T). If
G = Es, a Schubert presentation of the ring H*(Eg/T) is

Zlwi, . w8, Ydys -+, Ydr)/(€is f55 G, PI1<i<a1<i<T,4=1,2,3.55 (1.3)
where:
(a) the Schubert classes yq,,...,Yd, and the polynomials e;, f;, g. are the same as those in
(1.2) for the case of G = Es;
(b) ¢ =2y2 — y3y + yis + B with B € (w1, ...,ws). O

This paper is arranged as follows. Section 2 develops cohomology properties for fibrations in
flag manifolds. Granted with the packages ‘The Chow ring of Grassmannians’ and ‘Giambelli
polynomials’ compiled in [17, §2.6], initial data facilitating our computation are generated in
§§3 and 4. With these preparations the presentation (1.2) for the exceptional Lie groups is
obtained in § 5. Finally, Theorems 1.2 and 1.3 are established in § 6.

Certain relations on the ring H*(G/T) may be seen as detailed. However, they are useful
for encoding the topology of the corresponding Lie group G. Using the set {e;, f;,g;}
of polynomials in (1.2), one can construct uniformly the integral cohomology of compact
Lie groups [11, 15], deduce explicit formulae for the generalized Weyl invariants of G in
a characteristic p [18, Propositions 5.5-5.7], and determine the structure of the mod p
cohomology H*(G;F,) as a module over the Steenrod algebra A, [18].

2. Fibrations in flag manifolds

Let G be a Lie group with maximal torus T and Cartan subalgebra L(T"). Equip the Lie algebra
L(G) with an inner product (, ), so that the adjoint representation acts as isometries on L(G).
Assume that the rank of G is n = dim T, and a system {f1,...,3,} of simple roots of G is
so ordered as the vertices in the Dynkin diagram of G pictured in [21, p. 58]. Then the Weyl
group of G is the subgroup W C Aut(L(T)) generated by the reflections o; in the hyperplanes
L; c L(T) perpendicular to the roots 8;, 1 < i < n. By the relation H*(G/T) ® R = L(T)
due to Borel and Hirzebruch [4], the set {w1,...,w,} C H?(G/T) of fundamental dominant
weights of G can be regarded as the basis of the space L(T) defined by the formulae

2(Bi,w;)/(Bi, Bi) = 03y, 1 <i,j <.

For a parabolic subgroup P on G, let W and W' be the Weyl groups of G and P, respectively.
In term of the length function [ : W — Z on W, the set W of left cosets of W’ in W can be
identified with the subset of W:

W={weW]|l(w) = l(w),w; € wW'};

see [2, 5.1]. It follows that every element w € W admits a decomposition w = ¢;, o ... 0
o;, with 1 < iy,...,% < n and r = [(w). This decomposition is called minimized, written
w = oliy, ..., ], if the relation (i,...,4,) < (j1,...,7r) holds for any (j1,..., ) satisfying
w = 0y, 0...00; , where < means the lexicographical order on multi-indices.
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For an element w € W with minimized decomposition o[iy, ..., i,], the Schubert variety X,
associated to w is the image of the composition

Kix..xKi -G5G/P, (ki,....k)+— pk1... k),

where K; C G is the centralizer of exp(L;) in G, p is the obvious quotient map, and where
the product - takes place in G. In [7], Chevalley announced the following remarkable cellular
decomposition on the flag manifold G/ P:

G/P= | Xu, dimgX, =2(w) (seealso [2, 8]). (2.1)

wewW
The Schubert class s, € H*(")(G/P) corresponding to w € W is defined to be the Kronecker
dual of the fundamental classes [X.] € Hyj(w)(G/P). Since only even-dimensional cells are

involved in the decomposition (2.1), one has the next result, called the basis theorem of
Schubert calculus.

THEOREM 2.1 (see [2, 7, 8]). The set of Schubert classes {s,, € H*(G/P) | w € W}
constitutes a basis of the graded group H*(G/P). O

For a subset I C {1,...,n}, let P; be the centralizer of the one-parameter subgroup « : R —
G, a(t) = exp(t ),y wi) on G. Useful information on the geometry of the flag manifold G/ Py
is given by the following lemma.

LEMMA 2.2 [14, 17]. The centralizer of any one-parameter subgroup on G is conjugate to
a subgroup Py for some I C {1,...,n}. Moreover:
(i) Py is a parabolic subgroup; its Dynkin diagram is obtained from that of G by deleting
the vertices B; with i € I, and the edges adjoining them;
(i) the Weyl group Wy of Py is the subgroup of W generated by ¢;,j ¢ I;
(iii) the Schubert basis of H*(G/Py) is {8y | w € W/W;}.

Property (i) of Lemma 2.2 characterizes the subgroup P; only up to its local type. A method
for deciding the isomorphism type of Py is given in [12].

For a proper subset I C {1,...,n}, the inclusion T C Pr C G of subgroups induces the
fibration in flag manifolds

P /T < GIT S G/Py. (2.2)

The next result implies that the cohomologies of the fiber space Pr/T and the base space G/ P
are much simpler than that of the total space G/T.

LEMMA 2.3. With respect to the inclusion Wy C W, the induced map i* identifies the
subset {$y fwew,cw of the Schubert basis of H*(G/T) with the Schubert basis {Sy fwew, of
H*(P;/T).

With respect to the inclusion W/W; C W, the induced map ©* identifies the Schubert basis
{5w}wew/w, of H*(G/Pr) with the subset {sy}wew w, of the Schubert basis {5y }wew of
H*(G/T).

Proof. These come directly from the next two properties of Schubert varieties (see for
example [17, §2]). With respect to the cell decompositions (2.1) on the three flag manifolds
P;/T, G/T, and G/ Py, one has:

(i) for each w € W; C W, the fiber inclusion i carries the Schubert variety X,, on Pr/T

identically onto the Schubert variety X,, on G/T;
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(ii) for each w € W/W; C W, the projection 7 restricts to a degree-one map from the
Schubert variety X,, on G/T to the corresponding Schubert variety on G/P;. O

CONVENTION 2.4. In view of Lemma 2.3 and for notational convenience, we shall make no
difference in notation between an element in H*(G/Pr) and its * image in H*(G/T), and
between a Schubert class on P;/T and its ¢* pre-image on G/T.

To formulate the ring H*(G/T) in question from the simpler ones H*(P;/T) and H*(G/Pr),
assume that {y1,...,¥yn, } is a subset of Schubert classes on Pr/T, {z1,...,Zn,} is a subset of
Schubert classes on G/ Py, and that with respect to them one has the following presentations
of the cohomologies:

Tl Zlxj)i<;
Zlyiicisn . gogypy) = Htihi<icn (2.3)
(he)1<s<m, (re)1<t<ms

where hs (S Z[yi]1<i<n17 re € Z[xj]lgjgng-

H*(P;)T) =

LEMMA 2.5. The inclusions y;,x; € H*(G/T) induce a surjective map
@ Ly, Tjli<i<ny,i<j<ne — H*(G/T).
Furthermore, if {ps }1<s<m, C Z[yi, x;] Is a system satisfying

@(ps) =0 and  psle,—0 = hs, (2.4)

then ¢ induces a ring isomorphism
H*(G/T) = Zlyi, wil1<i<ni 1<i<na / (Ps: T1)1<s<ma 1<t <me - (2.5)

Proof. Lemma 2.3, together with Convention 2.4, implies that the map ¢ is surjective. It
remains to show that for a g € Z[y;, x;]1<i<n,,1<j<n. the relation ¢(g) = 0 implies g €
(Pss Tt)1<s<my 1<t<m,- By Lemma 2.3 and by the Leray—Hirsch property [22, p. 231] of the
fibration (2.2), one has the following presentation of H*(G/T), a module over its subring
H*(G/Pr):

H*(G/T) = H*(G/Pr){1, sw}twew;-

It follows from the presentation of the ring H*(Pr/T) in (2.3) and the assumption (2.4) that,
for any polynomial g € Z[y;, x;], one has

9= Z Guw * Sw  mod (ps)i<s<ms  With guw € Z[x]1<j<ns-
weWr

From this, we find that ¢(g) = 0 implies ¢(g,) = 0, w € Wy. That is, gy € (Te)1<t<ms,
w € Wy, by the presentation of the ring H*(G/Pr) in (2.3). This completes the proof. U

3. Cohomology of generalized Grassmannians

If I = {k} is a singleton, the flag manifold G /Py, is called the Grassmannians of G
corresponding to the weight wy [17]. Using Table 3.1, we associate to each exceptional Lie
group G a Grassmannian G/ Py where in the third row the subgroups Py, are presented by
their local types determined by Lemma 2.2(i), and where the group Pf,, in the fourth row is
the simple part of the group P;y. Our approach to the ring H*(G/T) amounts to applying
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Lemma 2.5 to the fibration in flag manifolds
Py /T < G/T 5 G/ Py (3.1)

To this end, an account for the cohomologies of the base spaces G /Py, is required.
In [17], a program calculating Schubert presentation of a Grassmannian G/ Py has been
compiled, whose function is briefly described below.

Algorithm: The Chow ring of Grassmannians
Input: The Cartan matrix C' = (¢;j)n of G, and an integer k € {1,...,n};
Output: A Schubert presentation of the cohomology H*(G/ Py ).

As applications of the algorithm, Schubert presentations for the five Grassmannians as shown in
Table 3.1 have been obtained. To state the results, we introduce for each of the Grassmannians
G/ Pyiy a set of Schubert classes {s,} on G/Pyy) in terms of the minimized decomposition
oli1, ..., ir] of the corresponding w, together with their abbreviations y; (with degy; = 2i), in
Table 3.2.

TABLE 3.1. A Grassmannian associated to each exceptional Lie group.

G Gz F4 E@ E? ES

k 1 1 2 2 2

Pyy  SU(@2)-S' Sp3)-s' SuU(®)-S' SU(T)-S' SU@8)-S*
Phy  SU(2) Sp(3) SU(6) SU(7) SU(8)

TABLE 3.2. A set of special Schubert classes on G/Pyy.

yi  Gaf/Puy  Fa/Ppy En/Pp2y,m=6,7,8

Yz on2 0[3,2,1] Ol5,4,2),n =6,7,8

ba 014,3,2,1] 06,542, =6,7,8

s 017,6,5,4,2, 0 =17,8

Yo 03,2,4,32,1] O[1,3,6,54,2,7 =06,7,8
yr o

[
[
[
[
[1,3,7,6,5,4,2], 0 = 7,8
[
[
[
[

Ys 0[1,3,8,7,6,5,4,2], 0 = 8

Yo 001,5,4,3,7,6,5,4,2], 7 = 7,8

Y10 011,6,5,4,3,7,6,5,4,2], 0 = 8

Y15 015,4,2,3,1,6,5,4,3,8,7,6,5,4,2], 1 = 8

THEOREM 3.1. With respect to the special Schubert classes on G /Py given in Table 3.2,
the Schubert presentations of the integral cohomology rings of G/ Pyyy are

H*(G2/SU(2) - Sl) = Z|w1,ys)/{rs,re), where (3.2)
r3 = 2y3 — wi;

Te = Z/32,

H*(F4/Sp(3) - Sl) = Zlw1,Y3,Y4,Ys)/(r3,76,78,T12), Where (3.3)

rg = 2y3 — wf;
6 = 2Ys + Y3 — SWiya;
rs = 3y; — wiye;

.2 3
T2 =Yg — Yyu-
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H*(Es/SU(6) - S*) = Z|wa, y3, ya, 6]/ (76,78, 79, 112), where (3.4)
6 = 2y + Y3 — 3ways + 2wiys — WS
rs = 3yj — 6waysys + wiyes + Bwiys — 2wiys;
ro = 2y3y6 — WaYe;
T2 = yé - yi’-
H*(E7/SU(7) - SY) = Zlwa, y3, ya, ys: Y, Y7, Yol / (75) jer(7)
with R(7) = {6,8,9,10,12, 14,18}, where (3.5)
re = 2Ye + y3 + 2ways5 — 3w2y4 + 2w2y3 wQ,
rs = 3y; — 2ysys + 2wayr — Bwaysys + wiys + Swiys + 2wiys — 2wiys;
ro = 2yo + 2yays — 23y — dwaysys — wiyr + wiye + 2wsYs;
10 = Y3 — 2ysyr + wiyr;
12 =Yg + 2ysy7 — Ui + 2ysYo + 2ysyays + 2waysys — bwayayr + Wiy
14 = Y7 — 2ysyo + Yays;
18 = Yo + 2Ysysyr — Yays — 2yaYsyo + 2ysys — wayFyr.

H*(Eg/SU(8) - S') = Zlwa, ys, Ya, Ys, Y6, Y7» Us, Yo, Y10, Y15)/ () jer (s)
with R(8) = {8,9,10,12, 14,15, 18,20, 24, 30} where (3.6)
rs = 3ys — 33 + 2y3ys — 2wy + Bwayzys — WIYs—w3 26 — BwWiY3
- 2W295 + 2W2y37
ro = 2yg + 2yays — 2ysYs + ways — dwaysys — wiyr + Wiy + 2wsys;
10 = 3Y10 — 203 + 6Yaze — 2y3yr—dwayszg — ways + wWiyr + 2whz6;
12 = Y3 — Yg + 425 — 2ysy7 — 6yays — 2ysye — 2y3yays — 20525 — 2w2lsYs
— dwayszg + Bwayayr + 6wiysze — 2w3Ysyr + wiyr;
ria = Y3 — 626Ys — 3ysys — 2ysyo + 3yayio + 6y326 — 2yay5 — 4ysys2e
— dy3ys + dwozeyr + dw3zZ + 2w3Ysys;
15 = 215 — YrYs + 2Ysy10 — 25 + Ya¥sze + 2y325 — 2ysyays + 2wr26Ys
— 2w3Y2 + wWiyays;
18 = yS + 9y10ys — 3Y10yrw2 — 6910260-15 - 3y10y50-/§’ + 4ygz6Y3
— 2yoysys — 2yawi + ysyrys + 18ys 26y + 2ys26yswa — 2ysys
— 6Ysysyawa + 6Ysysysws — Ysysws — 2ysyays + Ysyaysws — Yya
+5y726ys — 10y726yaws + 3yrysyaws + 3yrysys — 2yrYsysws
— 1023 + 1Oz§y5w2 — 16231/40.)3 + 4z§y§ — 426Y5YaYs3
+ 626y5y§w2 — 426y5y3w§l + 2y§w§;
r20 = 3(y10 + 2yaz6 — y3)? + ys(—4yoys + 2yows — Bysya + 2ysysws
— Yswy + Yrys + 226Yswa — 826Y3 + 4z6yswh + 2ysYay3 — YsYaws );
roa = 5zg + ys(6y1026 — 1241096 — 18y10y5w2 — 12y10Y5 — Syoyr
— 4yozewa — 2yoyewz + 2yoysws — 6Yoyays + 3yoyaws — 2yoyzwa
+4y3 — ldysyrws — 6yszews + 6ysyews — 14ysysys — 21ysy;
+ 22ysyayswa — dysyaws + SyFws + 10yrzews — 4yrysys
+ 6yrysyswa + 21yryiws — 10yrysysws + dyryaws + 2yrys
+ 4zgy3w2 + 1526Y6ys — 1226Ysyswe — 12z6y§ + 4z6y5y3w§
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— 2426yiw§ — 1226y4y§ + 3026y4y3w§’ — 14z6y4wg — Zygygwg
+ dyey — 6ysysysws + Yeyays + 12y8wa + 2y3);
30 = 25 — (Y10 + 226y — Y2)° + (Y15 + Y10Y5 + 25Ys — 25w + 226ysys — Y5 )°
+ys(y15Y7 — dy1526w2 + 4Y15Y1ys — 3y15Yaws + 6Y10Yoys
— 3y10yows — IY10Ysys + 12y10YsYsw2 — IY10Ysws — 2Y10Y7Ys
— 24y1028 + 48y1026Y6 + 50y1026Ysw2 — 48y1026Yaws + 24y1026Y3
— 6y1026Y3ws — 2Y10Y5Y4Y3 + 6Yoysys — AYoysyiw2 + SYoysysws
— Yoysws + BYoyrzs — 2YoYrle — 2YoyryYswe + 3YoYryaws
— 5yoyry; + 2yoyrysws — Byozgwr — AyozeYsws + 44yo 26Yswh
+ 4y9z6Yays — 2Y926y3w2 + 81yaze + 14ydys — 11yayswe
+16y3yaws + 11y3y3 — 4y3ysws — Tysys — 19ysyrzews — Bysyryews
+ 6ysyrysws — Tysyryays — Sysyryswa + 2ysyrysws + 96yszgws
+ 24ys zeysws + 44yszeysys — 32yszeYsws — HYszey] + 108yszeyayswe
— 2Ty Zeyaws — 16ysz6y3w5 + 2ysysws + Ousyeysys + Ysysyi
— 2ysYsYayawa + YsYsyaws + Oysysyaysws — BYsyay3 + Ysyiyswi
— 34yF z6w3 + Yrzys — 109y725w5 — dyrzeyeys + 2y726Y6ws
+ 8yr26YsYswa — 24yrz6yiwe + 4yr26yaysws + yrys — 51l2gys
— 92230)‘21 + 1022§y6y4 — ngyﬁygwg + SZgygwé + 982§y5y4w2
+9625ysysws — 15325y5ws + 5525yay3 — 25yaysws — 4z5y3we
+ 1226ygysws — 426Yaws — 1226Y6Y3ws + 826Ysyays + 276Y6Yaysws
— 2z6ysyawa + Yyaws),
and where zg = 2ys + y3 + 2ways — 3wiys + 2wiys — w§.

We note that results in (3.3) and (3.4) have been shown in [17, Theorems 1 and 3].

4. Computing with Weyl invariants

As mentioned earlier, our approach to the ring H*(G/T) amounts to applying Lemma 2.5 to
the fibration (3.1). It requires in addition to Lemma 3.1 that:

(i) a presentation for the cohomology of the fiber space Py /T

(i) a set {ps}igsgm, of relations on H*(G/T) satisfying (2.4).
These two tasks will be implemented in Lemmas 4.2 and 4.4, respectively.

The Weyl group W of a Lie group G can be regarded as the subgroup of Aut(H?(G/T))
generated by the elements o1, ...,0, € Aut(H?(G/T)) whose action on the set {wi,...,w,}
of weights is (see [17, §2.1])

Wj if £ 75 i,
Ui(wk) = Yw; — Z CijWj if k=1, l<i<n, (41)
1<j<n

where ¢;; is the Cartan number relative to the pair 8;, 8;, 1 < i,j < n, of simple roots. Given
a subgroup W/ C W and a weight w € H?(G/T), let O(w,W’) C H*(G/T) be the W'-orbit
through w, and write e.(O(w,W')) € H*(G/T) for the rth elementary symmetric functions
on the set O(w,W’). In Table 4.1, we define for each simple Lie group G # Spin(n) a set
¢ (G) € H*(G/T) of polynomials in the weights wi, ..., wy,, where Wy;; is the Weyl group of
the parabolic subgroup P(;; C G specified in Table 3.1.
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EXAMPLE 4.1. The expressions of ¢,.(G) as polynomials in the weights wy,...,w, can be
concretely presented. As examples, in the order of G = SU(n), Sp(n), Fy, Eg, we get from the
formula (4.1), together with the Cartan matrix of G given in [21, p. 59], that

O(w1, W) = {wi,wp — wp—1, —wn—1 | 2 <k <n—1},
O(w1, W) = {twy, t(wr —wi—1) | 2 < k < n},
O(ws, Wi1y) = {ws, w3 — wy, wy — w3, w1 — wa + W3, w1 — Ws + wWa, w1 — wWal,

O(ws, Wi2)) = {ws, ws — we, wa — w5, wa + Wz — Wy, w1 +wp — w3, wz — wi }.
In the following results we clarify the roles of the polynomials ¢, (G).

LEMMA 4.2. If G = SU(n) or Sp(n), the inclusion w; C H?(G/T) induces ring isomorphisms
H*(SU(n)/T) = Zlwr, ... ,wn—1]/{c2,- .- cn), ¢ = (SU(N)), (4.2)
H*(Sp(n)/T) = Z|w, .. .,wn]/{c2y. .. Can), Cor = cor(Sp(n)). (4.3)

Proof. For G = SU(n) or Sp(n), we have by Borel [3] that

H*(G/T) = Zlws, ..., wn]/(Z]w1, ... ,wu]TW),

where Z[wi,...,w,| ™" denotes the set of W-invariants in positive degrees. The lemma is
verified by the classical results that the sets of polynomials ¢,(G) in (4.2) and (4.3) generate
the subrings Z[wi, .. .,w,]HW. O

For an exceptional Lie group G, let Py C G be the parabolic subgroup given by Table 3.1,
and consider the corresponding fibration

Py /T’ % G/T 5 G/Puyy

in flag manifolds, where P{Sk} is the simple part of the group Py}, and where T’ is the maximal
torus on P{Sk} corresponding to T

LEMMA 4.3. For each exceptional Lie group G, the polynomials ¢.(G) € H*(G/T) defined
in Table 4.1 satisfy the following relations:

(i) ¢ (G) € Im[z* : H*(G/Pgy) — H*(G/T)];

(i) i"er(G) = er(Ppy)-

Proof. For any parabolic subgroup P C G with Weyl group W (P), the induced map 7* is
injective by Lemma 2.3, and satisfies

Im7* = H*(G/T)V®)  (see [2, Proposition 5.1]), (4.4)

where H*(G/T)W () ¢ H*(G/T) is the subring of W (P)-invariants. Property (i) follows from
¢ (G) € H*(G/T)Wi} by the definition of the polynomial c,(G) in Table 4.1, where k = 1 for
G=Gyor Fy,and k =2 for G = E,, with n =6,7,8.

Note that the induced map i* is Wy -equivariant. Relation (ii) comes from i*(O(wy, Wiy} )) =
O(i*wg, Wygy), where t = 2,4,6,7,8 in accordance to G = Gy, Fy, Es - Er, Eg. O

TABLE 4.1. The definition of the polynomials ¢, (G).

G SU(n),Sp(n) G2 Fy E.,n=6,7,8
CT(G) eT(O(wl,W)) GT(O(WQ,W{l})) 6T(O(UJ4,W{1})) er(O(wn,W{Q}))
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LEMMA 4.4. For each exceptional Lie group G, a set {ps} of relations on the ring H*(G/T')
satisfying the property (2.4) is given in the table below:

G Aps}
G2 3w —c1; 3w —c
Fy  3wi —c1; dwi — c2; 6ys — c3; 3ya + 2wiys — Ca; WiYs — C55 Yo — Co
Es 3wz —c1; dw3 — ¢s; 2ys + 2ws — c3; 3Ya +wi — C4;
Swaya — 2w§y3 + wg — C5; Y6 — Co
E; 3wz —c1; dw3 — ¢; 2y3 + 2w3 — e3; 3ya + ws — cy;
2ys + 3ways — 2wiYs + wh — 55 Yo + 2ways — Co; Y7 — C7
Es  3w2 —c1; 4w§ —c2; 2y3 + 2wg —¢3; Y4 +w§ — C4;
2y5 + 3ways — 2w§y3 +wh —cs;
5ye + 2y?2, + 6ways — 6w§y4 + 4w§y3 — QUJS*%;
y7 + dways + 2wa§ + 4w%y5 — 6w§y4 + 4w§y3 — Qw; —cy;
Ys — Cs

where the y; are the m*-images of the Schubert classes on G /Py specified in Table 3.2,
¢r = ¢-(G), and where the sets {p;} are presented by the order of the degrees of the enclosed
polynomials p.

Proof. By Lemma 4.3(i) and by the injectivity of the map 7*, we can regard c¢,.(G) €
H*(G/ Py ); see Convention 2.4. Moreover, since ¢,(G) is a polynomial in the Schubert classes
w1, ... ,wn, the package of ‘Giambelli polynomials’ [17, §2.6] is functional to expand it as a
polynomial in the special Schubert classes on H*(G/Pyy) given in Table 3.2. This yields the
relations p, on the ring H*(G/T) presented in the table.

Finally, by Lemma 4.2 and Lemma 4.3(ii), property (2.4) is satisfied by the set {p,.} of
relations on H*(G/T). (|

REMARK 4.5. Results in Lemma 4.4 have geometric interpretations. Taking G = E,, with
n = 6,7,8 as examples, the subgroup Poy = SU(n)-S I has a canonical n-dimensional complex
representation that gives rise to a complex n-bundle &, on the Grassmannian E,, /P2y [1]. It
can be shown that if we let ¢.(&§,) € H"(E,/Pj2y) be the rth Chern class of §,, 1 <7 < n,
then

er(&n) = (G), 1<r<n.

In this regard, the relations ps = 0 indicate formulae that express the Chern classes ¢, (§,,) by
the special Schubert classes on E,,/P(o;.

Note that if we let p : CP(£,) — En/Ppy be the complex projective bundle associated to
&n, then CP(&,) = E, /P2y, and the projection p agrees with the bundle map induced by
the inclusion Py .,y C Ppgy C E, of parabolic subgroups.

5. The ring H*(G/T) for exceptional Lie groups

Summarizing the computation of §§3 and 4, we have associated each exceptional Lie group
G with a fibration P{Sk}/T’ < G/T — G/Pgy in which presentations of the cohomologies
of the base and fiber spaces by Schubert classes have been obtained in Theorem 3.1 and
Lemma 4.2, respectively. In addition, a set of relations on H*(G/T) satisfying the condition
(2.4) has been determined in Lemma 4.4. Therefore, Lemma 2.5 is directly applicable to yield
the following result, where the y; are the Schubert classes on G/ Py given in Table 3.2, and
where ¢, = ¢,.(G) as in Lemma 4.4.
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THEOREM 5.1. For each exceptional Lie group G, the cohomology ring H*(G/T) has the
following presentation:

H*(G2/T) = Z|w1,wa,ys]/{p2,73,r6), where (5.1)
p2 = 3w% — 3wiws + w%;

ry = 2y — Wi

Tre = yg

H*(F4/T) = Z[wlaWQaw37w4vy33y4]/<p2ap47r37T65T8ar12> where (52)

p2 = ¢y — w3

P4 = Y4 + 2w1Ys — c4;
r3 = 2y3 — wi;

re = y§ + 2¢c¢ — 3w%y4;
rg = 3yi — w%c@-;

3 2
T12 =Yg — Cg-

H*(Eg/T) = Z|wa, - - . ,we, Y3, Ya)/{p2, P3, P4, P5:T6, '8, T9, T12), Where (5.3)
p2 = 4w3 — co;

p3 = 2ys + ng — C3;

pa = 3ys + wh — Ca;

ps = 2wiys — wacs + C5;

reg = y% — wacs + 2c4;

ryg = SyE — 2¢5y3 — wgcﬁ + OJSC5;

ro = 2y3¢6 — WiCs;

3 2
T12 =Yg — Cg-

H*(E7/T) = Zlwn, - - ., w1,Y3,Y4, Y5, Yol /(P2: P35 P4, P5,T4)
where ¢ € {6,8,9,10,12,14,18} and where (5.4)
p2 = 4w§ — Ca;
p3 = 2ys + 2wi — c3;
P4 = 3ya erg — C4;
ps = 2ys — 2w3Ys + wacy — Cs;
re = Y3 — wacs + 2¢g;
rs = 33 + 2ysys — 2y3C5 + 2wacy — wWice + wies;
ro = 2o + 2yays — 2Y3C6 — wWhCr + Wi
10 = Y3 — 2yscr + whcr;
12 = Y3 — dyser — ¢§ — 2y3yo — 2Ysyays + 2waysCe + dwayscr + C507;
14 = & — 2ysyy + 2y3yacr — whyCr;
18 = Y5 + 2Y5C6Cr — YaCh — 2yaYsYo + 2y3y5 — Bwayzcr.

H*(E8/T) = Z[wla c.e,Ws, Y3, y47y5ay67y9vy107y15]/<pi7rj>5
where ¢ € {2,3,4,5,6},5 € {8,9,10,12,14, 15,18, 20,24, 30} and where (5.5)
p2 = 4wl — ¢

p3 = 2ys + 2w3 — c3;
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pa = 3ys + wy — c4;

ps = 2ys5 — 2wiys + wacs — Cs;

p6 = 5y + 23 + 10ways — 2wacs — cg;

rg = 3cg — 3yZ — 2ysys + 2yscs — 2wacr + w%c(; - wgcs;

o = 2yo + 2yays — 2ysYs — dwaysys + wacs — wicr + whce;

10 = 3y10 + 6yaz6 — 2y5 — 2ysc7 — wics + wicr;

T2 = Y5 — 2ysyo — 2326 — 2YsYaYs — Cg + 4ce26+2waysC — 2waCs 26
—4yscr + 3wayscr + cscr — Byycs;

14 = 6§ + 3yayio + 63 26 — 2ysysce — wiYsCr + wiysce mod cs;

15 = 2y15 + 2y5 (Y10 — Y2 + 2yaz6) + 2y32§ — 2wh2g mod cs;

18 = yg — 1028 + 5ysz6yr — yays — 2yaysyo + 4yszeyo + 6Y3ysyi0
— 4y3y3 + Bysyaysze + 4325 — Y3ysyr — Bwayryio + 10ways 2
— 10wayazeyr — 2way3ys26 — 6w zey10 — 16wiyazg + 3wiyaysyr
— 3w§’y5y10 + 2w§’yg’ mod cg;

20 = 3(y2 — Y10 — 2yazs)> — Y5 ps mod cs;

ros = 5(2y6 + Y5 + dways — wacs)* — 2y py mod cs;

30 = (—Y15 — YsY10 + Y5 — 2yaYsz6 — Y325 + ws28)” + (Y5 — y10 — 2ya26)°
+ (26 + Y3 + dwoys — w205)5 — 6ygpg mod cs,

in which zg = 2ys + Y3 + 4ways — wacs. U

Concerning the formulation of the presentations (5.1)—(5.5) in Theorem 5.1, we make the
following remarks.

(a) Certain Schubert classes y; on the base space G/Ppy; can be eliminated against
appropriate relations of the type pi. As an example, when G = FE; the generators yg, y7
and the relations pg, p7 can be excluded by the formulae pg (ys = c6 — 2ways) and pr (y7 = ¢7)
in Lemma 4.4.

(b) For simplicity, the relations r on the ring H*(Eg/T) with k > 14 are presented after
module cg, while their full expressions have been recorded in (3.5).

(¢) Without altering the ideal, higher degree relations of the type r; may be simplified using
the lower degree relations. The main idea of performing such simplifications is the following
one: for two ordered subsets {fi}1<i<n and {h; }1<icn of a graded polynomial ring with

deg fi <...<degf, and deghy <...<degh,,

write {h; }1<i<n ~ {fi}1<i<n to denote the statements that deg h; = deg f; and that (f;—h;) €
(fi)1<j<i- Then

{fi}’lgign ~ {hi}lgign implies that <h1, e, hn> = <f1, ceey fn) (56)

6. Proofs of Theorems 1.2 and 1.3

Proof of Theorem 1.2. If G = SU(n) or Sp(n), we have m = 0, and the presentation (1.2) is
shown by Lemma 4.2. If G = G3, Fy, Eg, E7, the formula (1.2) is verified by the presentations
(5.1)—(5.4).

For G = Eg, the presentation (5.5) can be summarized as

H*(Eg/T) = Zwy, . . . ,ws, yr] /{es, fis 9t ¢>1<i<3;1<j<7,t:1,2,3,57 (6.1)
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where 1 € {3,4,5,6,9,10,15} and where:
(1) e; € (wl,...,wg;), 1<i<3;
(ll) fj = PjYd; +aj, pj € {2,3,5}, o € <w1, C.. ,wg>, 1<5<7;
(iil) g: =y} + B with B, € (wi,...,ws), t = 1,2,3,5;
(iv) ¢ =2yg — i + yis + B with 8 € (w1, ..., ws).
Comparing (1.2) with (6.1), we find that:
(a) the polynomial ¢ in (iv) does not belong to any of the three types e;, f;, g; of relations
in Theorem 1.2;
(b) the polynomials g4, gs, g7 in (1.2) required to couple fy, fg, fr (see Theorem 1.2) are
absent in (iii).
However, if we set

g4 = —12¢ + 5yg f1 — 4yio fe + 6y15 f7,
g6 = —100 + 4yg f1 — 3yiofe + Sy1s f7, (6.2)
g7 = 156 — 6yg f1 + 5yiofo — Tyisfr,

then the obvious properties

94,96, 97 € (€is [r, 95, D) & = 294 — g6 + g7 € (€43 [}, 95)1<i<3,1<5<7

with 1 <1<3,1<k<7,s=1,2 3,5, imply the relation

<€i; fj7957¢>1<i<3;1gj<7,s:1,2,3,5 = <€i§fj,9j>1gi<3,1<jg7-

It shows that the formula (1.2) for G = Ej is identical to (6.1).

For the remaining case G = Spin(m), let yx be the Schubert class on Spin(2n)/T associated
to the element wy, = oln —k,...,n —2,n — 1] in the Weyl group of Spin(2n), 2 <k <n — 1.
According to Marlin [27, Proposition 3], one has the presentation

H*(Spin(2n)/T) = Zw1, ... ,wn, Y25 - - Yn—1]/(i, &, L)

with
0; :=2y; — ci(wiy. .., wn), 1<i<n—1,
, . n—1
Gr=yy + (1yi+2 > (~D)'yyzr, 1<5< { 2 ],
1<r<i—1
n
= (= 1)MyE +2 Z (=1)"yryok—r, {2] Sk<n-1,
2k—n+1<r<k—1
where ¢; (w1, .. .,wy,) is the ith elementary symmetric function on the orbit set

O(wna W) = {w’ruwi — Wi—1,Wnp—1 +wn — Wp—2,Wn—-1 — Wna2 < v g n— 2}

In view of the relations of the type &;, we note that the generators yo; with 1 < j < [(n —1)/2]
can be eliminated to yield the compact presentation

H*(Spln(2n)/T) = Z[wlv s Wny Y3, Y5, 7y2[(n—1)/2]—1]/<6£7/$;c>7 (63)

where §] and pj, are the polynomials obtained from ¢; and y, by replacing all the classes yo
by the polynomials

()" 'yr 42 Z (—=1)* Y990, (by the relation &,.).
1<k<r—1
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For G = Spin(2n), we have formula (1.2) and it is verified by (6.3). Similarly, one obtains
formula (1.2) for G = Spin(2n + 1) from [27, Proposition 2].

It remains to show that the numbers n and m in (1.2) satisfy A(G,T) = n+m+ 1. This will
be done in the proof of Theorem 1.3. (]

The sets of integers appearing in the formula (1.2),

{k,m}, {degeitici<k: {dj;pjskjiti<ci<m, (6.4)

can be shown to be invariants of the corresponding Lie group G and will be called the basic
data of G. With the formula (1.2) being made explicit, all the simple Lie groups in Lemma 4.2,
in formulae (5.1)—(5.5) and in formula (6.3), one gets the following corollary.

COROLLARY 6.1. The basic data of the 1-connected simple Lie groups are as given in Tables
6.1 and 6.2.

For a Lie group G, we set A(G) := H*(G/T)/{w1,...,wy). In the associated short exact
sequence of graded rings,

0= (wi,...,wn) = H*(G/T) 5 AG) — 0, (6.5)

the quotient map p is clearly given by p(a) = &|w,=..—w,—0, @ € H*(G/T). It follows from
the formulas (1.2) and (1.3) that

Z[ydla“wydm] lfG?éEg
(pi - ydivy§:>1<i<m
A(G) = (6.6)
Z[yd17 e 7yd7}

if G = Fs.
k
(Piva., Ya! 293, — Y, + Y3 )1<i<7,1=1,2,3,5

Inputting the values of the data {d;; p;; k; }1<j<m given by Corollary 6.1 one gets, in particular,
the following corollary.

TABLE 6.1. Basic data for the classical groups.

G SU(m+1) Sp(n) Spin(2n) Spin(2n + 1)

IR (2 5 )

{dege;} {2i+2} {4i} {4t 2n, 200822y, oy e {4 2008 MRy g

{d;} {47 + 2} {47 + 2}
{p;} {2,...,2} {2,...,2}
{k;} {2[1082 ((nfl)/(2j+1))]+1} {2[103;2 (n/(2j+1>>]+1}

TABLE 6.2. Basic data for exceptional Lie groups.

G Gz F4 Eﬁ E7 ES

{k,m} {11} {2,2} {42} {3,4} {3,7}

{dege;t {4} {4,16) {4,10,16,18} {4,16,28}  {4,16,28}

{d;} 6} {6,8) {6,8) {6,8,10,18}  {6,8, 10,12, 18,20, 30}
{pi} {2} {2,3}  {2,3} {2,3,2,2} {2,3,2,5,2,3,2}

{kJ} {2} {273} {273} {2737252} {8537475725372}
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COROLLARY 6.2. For the five exceptional Lie groups, one has

A(G2) = Zlys/(2ys, v3);
A(Fy) = Zlys,yal/(2ys, 43, 3ya, v3);
(Es) = Zlys, yal/ (23, 3, 3ya, y3);
(E7) = Zlys, ya,ys, Yo/ (2y3, 3ya, 2Ys, 240, U3, Ui U3, U5 );
(Es) = Z[ys, ya, Ys, Y6, Yo, Y10, Y15]/
(2y3, 3ya. 2¥5. 56, 20, 3Y10, 2Y15, Y3, Vi Vs Yo 298 — Yio + Yis)-

> oo

Proof of Theorem 1.3. By Theorem 1.2, the numbers of generators and relations in the
presentation of the ring H*(G/T) in (1.2) for G # Es, and in (1.3) for G = Es, are both
n + m. We shall show that this number is minimum with respect to any presentation of the
ring H*(G/T) in the form (1.1) without the constraint that the generating set {z1,...,x}
consists of Schubert classes on G/T.

Let {s1,...,8n} C H*(G/T) be a subset that generates the ring H*(G/T) multiplicatively.
Since the set {w1,...,w,} of fundamental weights is a basis of the group H?(G/T), none of
which can be expressed as a polynomial in the lower degree ones, we can assume h > n and
s; = w; for 1 < i < n. Now (6.5) implies that the quotient ring A(G) is generated by those
p(s;) with n+1 < ¢ < h. Since m is the minimal number of generators required to present the
quotient ring A(G) by (6.6), we have further that h — n > m. This shows that m + n is the
least number of generators of the ring H*(G/T). In particular, h(G,T) =n+ m + 1.

To show that n+m is the least number of relations to characterize H*(G/T'), we can assume,

by the remark after Definition 1.1, that {h1,...,hq} is a set of homogeneous polynomials in
{wi, ya,; F1<i<n,1<j<m Which satisfies
H*(G/T) = Z[wz‘,ydj]lgign,lgjgmﬂhl, RV hq>. (6.7)

Then one gets in addition to (6.6) another presentation of the quotient ring:
A(G) = Z[yd17' .- aydm]léj@nﬂﬁh cee ,Eq>, Hz = hi|w1:---:wn:0-

Comparing this with (6.6) and in view of the sets {d;}1<j<m, {kj}1<j<m of integers given by
Corollary 6.1, we can assume further ¢ > m and h; = p;yq, for all 1 < ¢ < m, where the latter
is equivalent to

hi = piya, +v Wwith v € (w1,...,wn), 1<i<m. (6.8)
Since H*(G/T;Q) = H*(G/T) ® Q, one gets by (6.7) and (6.8) that

H*(G/T;Q) = Qlwr, ..., wn) /{1, - hg), (6.9)
where ﬁt, m+ 1 < ¢t < g, is the polynomial obtained from h; by substituting in y4, =
—(1/pi)v: by the relations (6.8). Since the variety G/T is finite dimensional, we must have
dim H*(G/T;Q) < oco. Consequently, ¢ —m > n by (6.9). That is, in the presentation (6.7)
one must have ¢ > n + m. This completes the proof. [l

Let D(A(G)) be the ideal of decomposable elements of the ring A(G), and let ¢ : A(G) —
A(G) :== A(G)/D(A(G)) be the quotient map. In view of (6.6), the graded group A(G) is
determined by the data {d;;p;}1<j<m as

=2 @ A%(@) with A%(G) = Z,,. (6.10)

1<ism

The proof of Theorem 1.3 is applicable to show the following theorem.
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THEOREM 6.3. A set S = {xq4,,...,%q,, } of Schubert classes on G/T is special if and only
if the class q o p(xq,) is a generator of the cyclic group A (@), 1<j<m.

We give an application of Theorem 1.2. For a Lie group G with a maximal torus 7T,
consider the corresponding fibration 7 : G — G/T. In [20], Grothendieck introduced the
Chow ring A(G€) for the reductive algebraic group G¢ corresponding to G, and proved the
relation

A(G®) =Im{r": H*(G/T) — H*(G)}. (6.11)
On the other hand, resorting to the Leray—Serre spectral sequence of 7, one can show that
Im7* = H*(G/T)/{ImT) (see [11, Lemma 4.3]), (6.12)

where 7 : HY(T) — H?(G/T) is the transgression in the fibration 7 [28, p. 185]. Granted with
the explicit presentation of the rings H*(G/T), as well as the formula [11, formula (3.4)] for T,
formula (6.12) is ready to apply to yield formulae for the ring A(G¢) by the Schubert classes
on G/T.

As examples, if G is 1-connected, then (Im7) = (wy,...,w,) by [11, formula (3.4)]. Formula
(6.12) implies that

A(G°) = A(G) (see Corollary 6.2).

Similarly, for the adjoint Lie groups PG with G = SU(n), Sp(n), Es and E;m, one has (see
[11, formula (6.2)])

Z[Wl]
(bywl |1 <r < n)
Zw]

<2w1 ) w%r+1 > )

A(PSU(n)°) = with b, = ged {C},...,C"},

A(PSp(n)°) = n=2"(2s+1),
(6.13)
Zlw1, Y5, y4]

<3w17 22/;/37 3y4a x,62) wfl)7 y2>

A(PES) = s Y= ys Wi,

/
A(PE?) _ 5 [WQay37y4ay5,y92] — g
<2w27w2a 2y3a 3194, 2957 2y97y37y47y57y9>

REMARK 6.4. For G = Spin(n), G2 and Fy, Marlin [27] obtained the ring A(G¢) by Schubert
classes on G/T. For the simple Lie groups, Ka¢ [23] computed the algebras A(G®) ® F,, with
generators specified by the degrees.

REMARK 6.5. For the earlier works studying the presentation of the ring H*(G/T), see
[3, 5, 27, 29, 30, 33, 34|. A basic requirement of intersection theory [19] is to present the
cohomology H*(X) of a projective variety X by explicit described geometrical cycles, such as
the Schubert classes of flag manifolds, so that the intersection multiplicities can be computed
by the cup products on the ring H*(X). In this regard, the approaches due to Bott—Samelson
[5] and Marlin [27] are inspiring.
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groups.
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