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1. Introduction. Let M be an n-dimensional connected submanifold in an m-
dimensional Euclidean space E™. Denote by A the Laplacian of M associated with the
induced metric. Then the position vector x and the mean curvature vector H of M in E”
satisfy

Ax = —nH. (1.1)

This yields the following fact: a submanifold M in E™ is minimal if and only if all
coordinate functions of E™, restricted to M, are harmonic functions. In other words,
minimal submanifolds in £ are constructed from eigenfunctions of A with one eigenvalue
0. By using (1.1), T. Takahashi proved that minimal submanifolds of a hypersphere of E™
are constructed from eigenfunctions of A with one eigenvalue A (#0). In {3,4], Chen
initiated the study of submanifolds in E™ which are constructed from harmonic functions
and eigenfunctions of A with a nonzero eigenvalue. The position vector x of such a
submanifold admits the following simple spectral decomposition:

x=x9+x, with Axo=0 and Ax,=Aix, . (1.2)

for some non-constant maps x, and x,, where A is a nonzero constant. He simply calls
such a submanifold a submanifold of null 2-type.

Chen has proved in [3, 4] that the only null 2-type surfaces in E? are open portions of
circular cylinders and the only null 2-type surfaces in E* with constant mean curvature are
open portions of helical cylinders, by which we mean the product surfaces of a straight
line and a circular helix. In this paper we study Chen surfaces of null 2-type and obtain
the following result.

THEOREM. Let M be a (connected) non pseudo-umbilical Chen surface in E™ with
constant mean curvature. If M is of null 2-type, then M is flat and lies fully in an affine
subspace E°, E*, E° or E® of E™

Since circular cylinders in E* and helical cylinders in E* all are Chen surfaces, the
theorem is a generalization of Chen’s results (for the definition of Chen surfaces please
see [2,7] or Section 2). Moreover, some examples will be given in Section 4 for null
2-type Chen surfaces fully in E° and E°®.

2. Preliminaries. Let M be an n-dimensional submanifold in an m-dimensional
Euclidean space E™. We denote by h, A, H,V and D the second fundamental form, the
Weingarten map, the mean curvature vector, the Riemannian connection and the normal
connection of M in E™ We choose an orthonormal local frame {e,,...,e,} on M such
thate),...,e, are tangent to M and e, is in the direction of H. Denote by {w},..., ™}
the dual frame and w3 (A4,B=1,2,...,m) the connection forms associated with
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{e1,...,en}. Then we have the following useful Chen’s formula (cf. [2, p.271]):
AH = APH + D, h(e;, Aye;) + 2tr(Apy) + 3nVa?, (2.1)
i=1

where APH is the Laplacian of H with respect to the normal connection D, a = |H| the
mean curvature of M in E™ and Va? the gradient of o, Moreover, for the terms in (2.1)

we have
> h(en Aner) = 1 Anai P H +a(H), 22)
i=1
tr(Apy) = 2, Apyei=AnuVa+ta 2 Alwhi)s (2.3)
i=1 r=n+2

where we put A, =A,, DJH=D.H, Al =tr A A, (@ha1)e = 21 wn1(e:)e; and

a(H) = § tr(A,+14,)e,. A submanifold M in E™ is called a Chen submanifold if
r=n+2

a(H) =0 identically. Minimal submanifolds, pseudo-umbilical submanifolds and hyper-
surfaces are trivial examples of Chen submanifolds. Non-trivial examples can be found in

[7]. For Chen surfaces of null 2-type, we have the following result.

LEmMMA 1. Let M be a Chen surface in E™ with constant mean curvature such that M is
not of 1-type. Them M is of null 2-type if and only if the following hold:

> A(wh)s=0; (2.4)
r=4
tr(Dw3) = (Des, De,), r=4,...,m; 2.5)
| As]|* + (Des, Des)=c, for some nonzero constant c. (2.6)
Proof. Let M be a surface in E™ of null 2-type. From (1.1) and (1.2), we have
AH = AH, for some nonzero constant A. 2.7

On the other hand, if M is a Chen surface in E™ with constant mean curvature, then (2.1)
becomes

AH = APH + |As|> H +2a D, A (w})s, (2.8)
r=4

where APH = (De;, De;)H + § a{(Des, De,) — tr(Vw5)}e,. Combining (2.7) and (2.8), we
r=4
obtain (2.4)-(2.6) immediately. The converse is clear. O

We also need the following, which is a straightforward generalization of Chen’s result
in [3]. '

LemMa 2. [8]. A surface M in E™ with parallel normalized mean curvature vector is of
null 2-type if and only if M is an open portion of a circular cylinder.

Here the normalized mean curvature vector means the unit vector field in the direction of
the mean curvature vector.
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3. Proof of the theorem. In this section, we shall prove the theorem by the methods
used in [1] and [6].

Let M be a Chen surface of E”. We choose {e;,e,} which diagonalizes Ay and
H = ae;. Suppose that M is not pseudo-umbilical, i.e., the Weingarten map Ay is not
proportional to the identity map. Then we have A%, =...=Ah%} =0. If the normalized
mean curvature Vector e; is not parallel, i.e., De; # 0, since M is 2-dimensional, we may
assume that De; lies in the normal subspace spanned by e, and es. Then by a suitable

choice of ey, ..., e, we have
o o a=(y oh =0 oh 4= o)
A =< = b = b A = 9
=0 4 A7 0 A=\e 0 ““\¢ o0 (3.1)
A7=...=Am=0, De3=wge4+wges.

If M is of null 2-type and the mean curvature a of M is constant, then by Lemma 1
we have (2.4), which implies, with the help of (3.1),

dwile) + ewi(e) =0, i=1,2. (3.2)

This means that
(h(ey, ez), € =0, i=1,2, (3.3)
where we put & = wi(e;)es + w3(e;)es, i =1,2. Consequently, if & A&, =0, then Des3a
D,e; =0, and we may let De; = w3es and choose e, so that h(e), e;) = eq. If & A £ 50,
then Dje; A D,e; # 0, and we may let h(e,, e;) = {es. Summarising, we have the following.

Case (1)
o 0 4=(5 o) ;
A=< = s As=...=A,, =0, Des; = ; 3.4
3 0 v/ 44 5 0 5 €3 = w3es (3.4)
Case (2)
50 e
A3_<0 v ’ AG— é, 0 ’
A4 =A5 =A7 =... =Am = 0, De3 = O)ge4 + w§e5. (3.5)

But Case (1) can be regarded as Case (2) with w}= 0. Thus we have the following lemma.

Lemma 3. Let M be a non pseudo-umbilical Chen surface of E™ with constant mean
curvature. If M is of null 2-type and the normalized mean curvature vector is not parallel,
then on M, with respect to a suitable frame field, we have (3.5).

For convenience in the following we will investigate Case (1) and (2) separately.

LemMma 4. Under the hypothesis of Lemuma 3, if Case (1) holds, then M is flat and lies
fully in an affine surface E* or E° of E™.

Proof. Suppose that Case (1) holds. Then we have

4
w}=Bo’, w3 = yw?, w} =802, w3 = 8w’,
w;=0, for i=1,2, r=5,...,m (3.6)
Des=wies, w5=0, r=4,6,...,m
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Differentiating o} = 0, we have
0=dw}=-wirw; - 0l i=1,2. 3.7

If §=0, (3.7) implies K=By=0, i.e., M is flat, since De;#0. Further by taking
exterior differentiation of w3=0,r=4,6,...,m, we have

0=dw}= —wiAwl, r=4,6,...,m (3.8)

On the other hand, we have from (2.5)

2
0 =tr(Vw}) = (Desy, De,y = D, wie)wi(e), r=4,6,...,m. (3.9)
i=1
Combining (3.8) and (3.9), we find that w5=0 for r =4,6,...,m. Since we have known
in (3.6) that w3=0 for r=4,6,...,m, the normal subspace v spanned by {e;,es} is
parallel with respect to the normal connection D. Thus by a reduction theorem of
submanifolds [5], we may conclude that in fact M lies in an affine subspace E* of E™,
since the first normal space is just spanned by {e;} and contained in v. Moreover, from
the connection form (w3), A, B =1,2,3,5 of M in E™, we may also conclude that M lies
fully in E*.
If 6 #0, then (3.7) implies

wile)=Suie),  wiled=Yuie) (3.10)

Since w}=0, (2.5) gives
0= tr(Vw3) = (Des, Des) = wi(e)wile)) + wiler)wiles). (3.11)

Substituting (3.10) into (3.11), we find that w3(e;)w3(e,) =0. Without loss of generality,
we may choose that wj3(e,)=0 and w3(e;)#0 since De;#0. Then the exterior
differentiation of w} =0 gives

wie)wi(e)) = (v - B)8, (3.12)
and (2.6) becomes

(03(e))=c- B -y (3.13)

Combining (3.12) and (3.13), we obtain, with the help of (3.10),

(y-B)&=(c—B* = ¥)r. (3.14)
Furthermore, taking differentiation of w3} =Bw', w3 = yw? w}=86w? and w}=dw', we
have
wiAw! =7_Bdr/\w2=5d8/\w2,
(3.15)
2 2 1 1 1 1
WAL = dBArw =——dbrw’,
vy—B 28
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and since M is non pseudo-umbilical and « is constant, we have y — 80 and df = —d,
and thus from (3.15) we may deduce

d(y—B)_ds

—_— = (3.16

Y-8 8 )
which implies

Y- B =k, (3.17)

where k; is some constant. Now from (3.14), (3.17) and the fact 8 + y = 2a = constant,
we may conclude that 3,y and § are all constant. Consequently, it follows from (3.15)
that w3 =0. Thus M is flat.

Differentiating wj=0, for i=1,2, r=6,...,m, we find, with the help of (3.6),
wy=0,r=6,...,m. Applying (2.5) and (3.8) to w3, r=6,...,m, we may obtain ws= 0,
r=6,...,m. Since in (3.6) we have already known w3=0, r=6,...,m, we may
conclude that the normal subspace v spanned by {es, e4, es} is parallel. Then similar to the
case of § =0, we may obtain that M lies fully in a E> of E™. The proof of the lemma is
completed. O

LemMA S. Under the hypothesis of Lemma 3, if Case (2) holds, then M is flat and lies
fully in an affine subspace E*, E° or E® of E™.

Proof. 1f Case (2) holds, we have

3 _ 1 3 - 2 6 _ 2 6 __ 1
(‘)I_Bw’ w3 = Yw, wl_gwa w2_§w,
w'=0, r=4,57,..,m, (3.18)
De; = wie, + wies, wi=0, r=6,...,m

Differentiating w{ =0 and w3 =0, i = 1,2, we have
Bwirw' + lwiAaw’ =0, yoisAw?+ {wiaw' =0, for r=4,5. (3.19)

If (=0, (3.19) implies that By =0, since De;#*0. Thus by taking notice of
B + v = 2a = constant, we find that 8 and vy are both constant. Then differentiating
w3 =Bw' and w3} = yw? we get that w}=0. Thus M is flat. Moreover, without loss of
generality we may choose y#0 and B =0; then (3.19) implies that D;e;=0 and
Dyes = wi(ey)es + wi(ey)es. After rechoosing the normal frame field we have Des = w3es
and the situation turns into Case (1) with 8 =0. Thus M lies fully in a E* of E™

If £#0, (3.19) gives

wiler) = ? i) wie)=Tuke),  r=4.5 (3.20)

Since w§ =0, we have from (2.5)

2 2
0= tr(ng) ={(Dej;, De¢) = E wg(ei)wg(ei) + 2 wg(ei)wg(ei)- (3.21)
i=1 i=1
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Substituting (3.20) into (3.21), we obtain
wi(e))wi(er) + wile)wi(er) =0. (3.22)

It follows that if we choose e, such that D,e; = wi(e,)es, then D,e; = w3(e,)es. If one
of wi(e;) and w3(e,) vanishes, then the situation turns into Case (1) with § #0, and M is
flat and lies fully in a E° of E™

Now suppose that wi(e;)w3(e;) #0. Differentiating w3 = Bw’, 03 = yw?, 0= {0’
and w$§ = {w', and comparing the results, we may obtain, with the help of dB = —dy,

y =B =k, (3.23)

where k, is some constant. Applying (2.5) to w} = wi(e;)w' and w3 = wi(e,)w?, we have

e1(wi(er)) — wile)wi(es) — wiles)wiley) =0,

(3.24)
ez(wg(ez)) - w';(ez)w%(el) - wg(el)wg(el) =0.
On the other hand, differentiating them, we have
ez(wg(el)) - w?&(el)w%(el) = wg(ez)wg(el), (3.25)

er(w3(en)) + wile)wiley) = wile)wi(e,).

Then (3.24) and (3.25) give, with the help of differentiating $ = {w? and w$ = {w',

ed[(w3(e)))’ — (@3(e2))’)/}=0, i=1,2, (3:26)
which implies
(wi(e))’ — (w3(e2))* = k3!, (3.27)
where k; is some constant. Differentiating w§ = 0, we have
B(wi(e2))’ — v(wi(e)))’ = (v - B). (3.28)
Moreover, from (2.6) we have
(w3(en))’ + (w3(e2))’ =c — B> — ¥~ (3.29)

Putting (3.23) and (3.27)-(3.29) together and taking notice of B + y = 2a = constant, we
may conclude that B, v, {, wi(e;) and w3(e,) are all constant from which we may deduce
that w? =0 as in the proof of Lemma 4. Thus M is flat.

Consequently, applying (2.5) to 0} and w3, we have

wi(e)wi(e) =0,  wile))wi(e;)=0. (3.30)
Since wi(e;)wi(e,) #0, (3.30) implies
w;=0. (3.31)
Differentiating w;=0,i=1,2,r=17,...,m, we have

W0i=0, r=7,...,m (3.32)
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Then differentiating (3.31) and using (3.20), we have

i
N
3

ywi(e)wi(er) — Bwi(e)wi(e) =0,  r
again from (2.5) we have
0 = tr(Vw3) = (Des, De,)
= wi(en)wi(er) + wi(e)wi(er), r=6,...,m.
(3.33) and (3.34) give
wi(e)) =0, ws(ey) =0, r=7,...,m

Thus from (3.20), (3.21) and (3.35) we have

m

D|e4 = 0)?1(61)63, Dze4 = 2 wf;(ez)e,.
r=6

239

(3.33)

(3.34)

(3.35)

(3.36)

In (3.36) we see that D,e, has no component in Span{e;, e, es} and we may choose e; in

such a way that
Dses = wiler)es + wiler)er.
It follows that

On differentiating w3=0,r=7,...,m, we have
g

0= dws = [wi(edws(e)) — wie)wi(e]winwy,  (r=T7,...,m).

In particular, we have, with the help of (3.38),

wi(e) =0, r=8,...,m,
which with (3.35) gives
ws=0, r=8,...,m

Differentiating w} = w}(e;)w? and w] = wl(e,)w', we find
ei(w3(ez)) =0, ex(wi(er)) =0.
On the other hand, (3.39) gives for r =7
wi(e)wi(er) — wile)wi(er) =0,

from which we may deduce, by differentiation,

ez(wZ(ez)) =0, e](w;(el)) =0.

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

Hence we obtain that w}(e;) and wi(e;) are both constant, and (3.43) implies that they
either both vanish or both do not. Furthermore, differentiating (3.31), we have, with the

help of (3.18), (3.20) and (3.38),
0=dw}=—0irwl— wiAws— wiAw)

= {wi(ewiler) — wile)wi(er) — wile)wile)lo' A w?

={[(3* - By)/8*|wi(ex)wi(er) — wilen)wi(e}w’ Aw?
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Then since we know that M is flat, which means that K = 8y — §=0, we may deduce
from (3.45) that wj(e;)wi(e;,) = 0. Consequently, both of wj(e,) and wi(e;) must vanish.
Finally, from (3.18), (3.31), (3.32), (3.35)-(3.37) and (3.41), we have

Dey= wie, + wies, Des= wie;+ wie, (3.46)
Des = w§e3 + wgCG, D86 = wge4 + wzes,
which implies that Spanf{es, . . . , ec} is parallel. Then we may prove that M lies fully in a E®

of E™. This completes the proof of the lemma. O

Proof of the theorem. Combining Lemmas 2-5, we obtain the theorem
immediately. O

4. Examples. In this section we will give some examples of surfaces for the
theorem; each one is flat and fully in E*, E* E° or E°®.

(a) CircuLaR cYLINDERS. Chen [3] proved that circular cylinders are the only null
2-type surfaces in E°. It is clear that they are non pseudo-umbilical Chen surface in E*
with constant mean curvature. Thus circular cylinders are also the only examples for the
theorem in E>.

(b) HeLicaL cyLiNDERs. Chen [4] proved that helical cylinders are the only null
2-type surfaces in E* with constant mean curvature. For a helical cylinder M in E*, by a
suitable choice of the Euclidean coordinates, its equation takes the following form:

x(u,v) = (u,a cosv,asinv, bv), 4.1)

for some constants @ and b. By direct computation, we may confirm that M is a non
pseudo-umbilical Chen surface in E* with constant mean curvature which is flat and lies
fully in E*. Thus helical cylinders are also the only examples for the theorem in E*.

(c) Let M be a surface in E° which takes the following form:

x(u,v)=(au,b cosu cosv, b cosu sin v, b sin u cos v, b sin 1 sin v) 4.2)

for some constant a and b (ab #0). By direct computation, we see that the Laplacian A of
M is given by

T L W L
Ams———=—. 4.3
a’*+b*ou® b*? (43)
We put
Xo = (au,0,0,0,0),
o=t ) (4.4)
x,=(0,b cosu cosv,b cosu sinv, b sinu cos v, b sin u sin v).
Then we have
1 1
Axy, =0, Ax, = Ax,, )\=m+?. 4.5)
This shows that M is of null 2-type. Furthermore, we may choose orthonormal frame field
{e1,...,es} on M in such a way that
er=x,/Va*+b*,  e;=x,b, e3=xu.l/b, es=x,1b. (4.6)
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Then, by direct computation, we may obtain

_(bl@+b?) 0 _ 0 1/Va® + b?
A3"< 0 1/b>’ A“"(l/\/a2+b2 0 ) As

From (4.7) it is easy to see that M is a non pseudo-umbilical Chen surface in E° with
constant mean curvature which is flat and lies fully in E°. Thus M can serve as an
example for the theorem in E°.

(d) Let M be a surface in E® which takes the following form:

=0. (47

x(u,v) = (au,cv,b cosu cos v, b cosu sinv, b sin u cos v, b sin u sin v), (4.8)

for some constant a, b, and ¢ (abc # 0). By direct computation, we see that the Laplacian
A of M is given by

A= -5 ———-5T53 4.9
a*+b*ou* *+ b’ “9)

We put
xo = (au,cv,0,0,0,0),
‘ (4.10)
x,=1(0,0,b cosu cosv,b cosusinv,b conu cosv, b sinusinv).
Then we have
1 1
Axy =0, Ax, = Axg, /\=m+‘cz—+b—2. (4.11)

This shows that M is of null 2-type. We choose an orthonormal frame field {e,,. .., es}
on M in such a way that

e, =x, Va2 +b%,  e;=x,/VF+b%,  es=x,lb, es=x,/b. (4.12)

Then, by direct computation, we obtain

_ (b/(@®+b?) 0 4
A3‘< 0 b/(c2+b2)>’ As=As=0, s
A _( 0 b/\/(a2+b2)(c2+b2)> ( . )
8 \b/V(@@+ b2+ b)) 0 '

Now it is clear that if a # ¢, then M is a non pseudo-umbilical Chen surface in ES with
constant mean curvature which is flat and lies fully in E®. Thus if a # ¢, M is an example
for the theorem in ES.
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